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Abstract

Matrices that can be factored into a product of two simpler matrices can
serve as a useful and often natural model in the analysis of tabulated or high-
dimensional data. Models based on matrix factorization (Factor Analysis,
PCA) have been extensively used in statistical analysis and machine learning
for over a century, with many new formulations and models suggested in re-
cent years (Latent Semantic Indexing, Aspect Models, Probabilistic PCA, Ex-
ponential PCA, Non-Negative Matrix Factorization and others). In this thesis
we address several issues related to learning with matrix factorizations: we
study the asymptotic behavior and generalization ability of existing methods,
suggest new optimization methods, and present a novel maximum-margin
high-dimensional matrix factorization formulation.
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Chapter 1

Introduction

Factor models are often natural in the analysis of many kinds of tabulated
data. This includes user preferences over a list of items (e.g. Section 5.1),
microarray (gene expression) measurements (e.g. [4]), and collections of
documents (e.g. [24]) or images (e.g. [52]). The underlying premise of
such models is that important aspects of the data can be captured via a low-
dimensional, or otherwise constrained, representation.

Consider, for example, a dataset of user preferences for movies. Such a
data set can be viewed as a table, or matrix, with users corresponding to rows
and movies to columns. The matrix entries specify how much each user likes
each movie, i.e. the users’ movie ratings.

The premise behind a factor model in this case is that there is only a small
number offactors influencing the preferences, and that a user’s preference
vector is determined by how each factor applies to that user. In a linear factor
model, each factor is a preference vector, and a user’s preferences correspond
to a linear combination of these factor vectors, with user-specific coefficients.
These coefficients form a low-dimensional representation for the user.

Tabulated and viewed as a matrix, the preferences are modeled as the
product of two smaller matrices: the matrix of per-user coefficients and the
matrix of per-movie factors. Learning such a factor structure from the data
amounts tofactorizing the data matrix into two smaller matrices, or in the
more likely case that this is impossible, finding a factorization that fits the
data matrix well.

The factorization, or reduced (low dimensional) representation for each
row (e.g. user), may be useful in several different ways:

Signal reconstruction The reduced representation, i.e. the per-row coeffi-
cients, may correspond to some hidden signal or process that is ob-
served indirectly. Factor analysis was developed primarily for analyz-
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ing psychometric data: reconstructing the underlying characteristics of
people that determine their observed answers to a series of questions.
A more modern application can be found in gene expression analysis
(e.g. [4]), where one aims at reconstructing cellular processes and con-
ditions based on observed gene expression levels.

Lossy compressionTraditional applications of Principal Component Analy-
sis (PCA, see below) use the low-dimensional representation as a more
compact representation that still contains most of the important infor-
mation in the original high-dimensional input representation. Working
with the reduced representation can reduce memory requirements, and
more importantly, significantly reduce computational costs when the
computational cost scales, e.g. exponentially, with the dimensionality.

Understanding structure Matrix factorization is often used in an unsuper-
vised learning setting in order to model structure, e.g. in a corpus of
documents or images. Each item in the corpus (document / image)
corresponds to a row in the matrix, and columns correspond to item
features (word appearances / pixel color levels). Matrix factorization
is then used to understand the relationship between items in the corpus
and the major modes of variation.

Prediction If the data matrix is only partially observed (e.g. not all users
rated, or saw, all movies), matrix factorization can be used to predict
unobserved entries (e.g. ratings).

Different applications of matrix factorization differ in the constraints that
are sometimes imposed on the factorization, and in the measure of discrep-
ancy between the factorization and the actual data (i.e. in the sense in which
the factorization is required to “fit” the data).

If the factor matrices are unconstrained, the matrices which can be fac-
tored to two smaller matrices are exactly those matrices of rank bounded by
the number of factors. Approximating a data matrix by an unconstrained fac-
torization is equivalent to approximating the matrix by a low-rank matrix.

The most common form of matrix factorization is finding a low-rank
approximation (unconstrained factorization) to a fully observed data matrix
minimizing the sum-squared difference to it. Assuming the columns in the
matrix are all zero mean (or correcting for this), this is known as Principal
Component Analysis (PCA), as the factors represent the principal directions
of variation in the data. Such a low-rank approximation is given in closed
form in terms of the singular value decomposition (SVD) of the data matrix.
The SVD essentially represents the eigenvalues and eigenvectors of the em-
pirical covariance matrix of the rows, and of the columns, of the data matrix.
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In many situations it is appropriate to consider other loss functions (e.g. when
the targets are non-numerical, or corresponding to specific probabilistic mod-
els), or to impose constraints on the factorization (e.g. non-negativity [52] or
sparsity). Such constraints can allow us to learn more factors, and can also be
used to disambiguate the factors. Another frequent complication is that only
some of the entries in the data matrix might be observed.

In this thesis we study various such generalizations. We study the problem
of learning the factorizations, analyze how well we can learn them, and how
they can be used for machine learning tasks.

We begin in Chapter 2 with a more thorough discussion of the various
formulations of matrix factorization and the probabilistic models they corre-
spond to.

In Chapter 3, we study the problem offinding a low-rank approxima-
tion subject to various measures of discrepancy. We focus on studying the
resulting optimization problem: minimizing the discrepancy subject to low-
rank constraints. We show that, unlike the sum-squared error, other measures
of discrepancy lead to difficult optimization problems with non-global lo-
cal minima. We discuss local-search optimization approaches, mostly based
on minimizing theweightedsum-squared error (an interesting, and difficult,
problem on its own right).

In Chapter 4 we aim at understanding the statistical properties of linear
dimensionality reduction. We present a general statistical model for dimen-
sionality reduction, and analyze the consistency of linear dimensionality re-
duction under various structural assumptions.

In Chapter 5 we focus on a specific learning task, namely collaborative fil-
tering. We view this as completing unobserved entries in a partially observed
matrix. We see how matrix factorization can be used to tackle the problem,
and develop a novel approach, Maximum-Margin Matrix Factorization, with
ties to current ideas in statistical machine learning.

In Chapter 6 we continue studying collaborative filtering, and present
probabilistic post-hoc generalization error bounds for predicting entries in
a partially observed data matrix. These are the first bounds of this type ex-
plicitly for collaborative filtering settings. We present bounds for prediction
both using low-rank factorizations and using Maximum-Margin Matrix Fac-
torization.
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Notation

Throughout the thesis, we use uppercase letters to denote matrices, and low-
ercase letters for vectors and scalars. We use bold type to indicate random
quantities, and plain roman type to indicate observed, or deterministic, quan-
tities. The indexesi andj are used to indexrowsof the factored matrices and
a andb to indexcolumns. We useXi to refer to theith row of matrixX , but
often treat it as a column vector. We useX·a to refer to theath column. The
table below summarizes some of the notation used in the thesis.

|x | The Euclidean (L2) norm of vectorx : |x | =
√∑

a x 2
a .

|x |∞ TheL∞ norm of vectorx : |x |∞ = maxa |xa|.

|x |1 TheL1 norm of vectorx : |x |1 =
∑

a |xa|.

‖X ‖Fro The Frobenius norm of matrixX : ‖X ‖Fro =
√∑

ia X 2
ia.

‖X ‖2
The spectral, orL2 operator norm of matrixX , equal to the largest sin-
gular value ofX : ‖X ‖2 = max|u|=1 |Xu|.

x ′, X ′ Matrix or vector transposition

X ⊗Y The element-wise product of two matrices:(X ⊗Y )ia = XiaYia.

X •Y The matrix inner product of two matrices:X •Y = trX ′Y .

X < 0
The square matrixX is positive semi-definite (all eigenvalues are non-
negative).

Table 1.1: Linear algebra notation used in the thesis
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Chapter 2

Matrix Factorization Models
and Formulations

In this chapter we introduce the basic framework, models and terminology
that are referred to throughout the thesis. We begin with a fairly direct state-
ment of matrix factorization with different loss functions, mostly derived
from probabilistic models on the relationship between the observations and
the low-rank matrix (Section 2.1). In the remainder of the Chapter we dis-
cuss how these models, or slight variations of them, can arise from different
modeling starting points and assumptions. We also relate the models that we
study to other matrix factorization models suggested in the literature.

Here, and throughout the thesis, we focus on factorizations with respect to
the standard matrix product. That is, a representation of a matrix as a (stan-
dard matrix) product of two (simpler) matrices. Other representations can
also be thought of as factorizations with respect to other product operations.
These include factorizations with respect to the Kronecker product [82] and
“plaid models” [49].

2.1 Low Rank Approximations

Consider tabulated data, organized in the observed matrixY ∈ Rn×m, which
we seek to approximate by a product of two matricesUV ′, U ∈ Rn×k, V ∈
Rm×k. Considering the rows ofY as data vectorsYi, each such data vector
is approximated by a linear combinationUiV

′ of the the rows ofV ′, and we
can think of the rows ofV ′ asfactors, and the entries ofU as coefficients of
the linear combinations. Viewed geometrically, the data vectorsUi ∈ Rm are
approximated by ak-dimensional linear subspace—the row subspace ofV ′.

16



This view is of course symmetric, and the columns ofY can be viewed as
linear combinations of the columns ofU . We will refer to bothU andV as
factor matrices.

If the factor matricesU and V are unconstrained, the matrices which
can be exactly factored asX = UV ′ are those matrices of rank at most
k. Approximating a matrixY by an unconstrained factorization is therefore
equivalent to approximating it by a rank-k matrix1.

An issue left ambiguous in the above discussion is the notion of “approx-
imating” the data matrix. In what sense do we want to approximate the data?
What is the measure of discrepancy between the dataY , and the model,X,
that we want to minimize? Can this “approximation” be seen as fitting some
probabilistic model?

2.1.1 Sum Squared Error

The most common, and in many ways simplest, measure of discrepancy is the
sum-squared error, or the Frobenius distance (Frobenius norm of the differ-
ence) betweenX andY :

‖Y −X ‖2Fro =
∑
ia

(Yia −Xia)2 (2.1)

We refer to the rank-k matrix X minimizing the Frobenius distance toY as
the Frobenius low-rank approximation.

In “Principal Component Analysis” (PCA) [47], an additional additive
mean term is also allowed. That is, a data matrixY ∈ Rn×m is approximated
by a rank-k matrixX ∈ Rn×m and a row vectorµ ∈ Rm, so as to minimize
the Frobenius distance:∑

ia

(Yia − (Xia + µa))2. (2.2)

The low-rank matrixX captures the principal directions of variation of the
rows ofY from the mean rowµ. In fact, it can be seen as thek-dimensional
projection of the data that retains the greatest amount of variation.

Allowing a mean row term is usually straightforward. To simplify presen-
tation, in this thesis we study homogeneous low-rank approximations, with
no separate mean row term. Note also that by introducing a mean term, the
problem is no longer symmetric, as rows and columns are treated differently.

In terms of a probabilistic model, minimizing the Frobenius distance can
be seen as maximum likelihood estimation in the presence of additive i.i.d. Gaus-
sian noise with fixed variance. If we assume that we observe a random matrix

1In this Thesis, “rank-k matrices” refers to matrices of rankat mostk
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generated as
Y = X + Z (2.3)

whereX is a rank-k matrix, andZ is a matrix of i.i.d. zero-mean Gaussians
with constant varianceσ2, then the log-likelihood ofX given the observation
Y is:

log Pr (Y = Y |X) = −nm

2
ln 2πσ2 −

∑
ia

(Yia −Xia)2

2σ2

= − 1
2σ2
‖Y −X‖Fro + Const (2.4)

Maximizing the likelihood ofX is equivalent to minimizing the Frobenius
distance.

In Section 4.2 we discuss how minimizing the Frobenius distance is ap-
propriate also under more general assumptions.

The popularity of using the Frobenius low-rank approximation is due, to
a great extent, to the simplicity of computing it. The Frobenius low-rank
approximation is given by thek leading “components” of the singular value
decompositionY . This well-known fact is reviewed in Section 3.1.

As discussed in the remainder of Chapter 3, finding low-rank approxima-
tions that minimize other measures of discrepancy is not as easy. Neverthe-
less, the Gaussian noise model is not always appropriate, and other measures
of discrepancy should be considered.

2.1.2 Non-Gaussian Conditional Models

Minimizing the Frobenius distance between a low-rank matrixX and the
data matrixY corresponds to a probabilistic model in which each entryYia

is seen as a single observation of a random variableYia = Xia + Zia, where
Zia ∼ N (0, σ2) is zero-mean Gaussian error with fixed varianceσ2. This can
be viewed as specifying the conditional distribution ofY|X , with Yia|Xia

following a Gaussian distribution with meanXia and some fixed varianceσ2,
independently for entries(i, a) in the random matrixY.

Other models on the conditional distributionYia|Xia might be appropri-
ate [34]. Such models are essentially specified by a single-parametric family
of distributionsp(y;x).

A special class of conditional distributions are those that arise from ad-
ditive, but not necessarily Gaussian, noise models, whereYia = Xia + Zia,
andZia are independent and follow a fixed distribution. We refer to these
as “additive noise models”, and they receive special attention in some of our
studies.
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It is often appropriate to depart from an additive noise model,Y = X +Z,
with Z independent ofX . This is the case, for example, when the noise is
multiplicative, or when the observations inY are discrete.

Logistic Low Rank Approximation

For example, consider modeling an observed classification matrix of binary
labels. It is possible to use standard low-rank approximation techniques by
embedding the labels as real values (such as zero-one or±1) and minimizing
the quadratic loss, but the underlying probabilistic assumption of a Gaussian
model is inappropriate. Seeking an appropriate probabilistic model, a natural
choice is a logistic model parameterized by a low-rank matrixX ∈ <n×m,
such thatPr (Yia = +1|Xia) = g(Xia) independently for eachia, whereg
is the logistic functiong(x) = 1

1+e−x . One then seeks a low-rank matrixX
maximizing the likelihoodPr (Y = Y |X ). Such low-rank logistic models
were recently studied by Scheinet al[67].

Exponential PCA

Logistic low-rank approximation is only one instance of a general approach
studied by Collinset al[20] as “Exponential-PCA”. These are models in which
the conditional distributionsYia|Xia form an exponential family of distribu-
tions, withXia being the natural parameters.

Definition 1 (Exponential Family of Distributions). A family of distribu-
tions p(y ; x ), parametrized by a vectorx ∈ Rd, is an exponential family,
with x being thenatural parameters, if the distributions (either the density for
continuousy or the probability mass for discretey) can be be written as:

p(y;x) = e
∑

a φa(y)xa+F (x)+G(y)

for some real-valuedfeaturesφ, and real-valued functionsF and G. The
mean parameterizationof the distributions family is given byµ(x) = E [φ(y)|x].

In this thesis, we will usually refer to exponential families of distributions
of random vectorsy ∈ Rm, where the features are simply the coordinates of
the vectorsφa(y) = yi.

In Exponential-PCA the distributionsYia|Xia form a single-parametric
exponential family of distributions of (one dimensional) random variables
Yia, where the single parameter forYia is given byXia. That is:

p(Yia|Xia) = eYiaXia+F (Xia)+G(Yia) (2.5)

for some real-valued functionsF andG.
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Other than logistic low-rank approximation, other examples of exponen-
tial PCA include binomial and geometric conditional distributions. The Gaus-
sian additive noise model can also be viewed as an exponential family, and it
is the only conditional model which both corresponds to additive noise, and
forms an exponential family.

Gous [35] also discusses exponential conditional models, viewed as se-
lecting a linear subspace in the manifold of natural parameters for data-row
distributions.

2.1.3 Other Loss Functions

So far, we have considered maximum likelihood estimation, and accordingly
discrepancies that correspond to the negative log-likelihood of each entry in
X :

D(X ;Y ) =
∑
ia

loss(Xia;Yia)

loss(x; y) = − log Pr (y|x),
(2.6)

up to scaling and constant additive terms. Departing from maximum like-
lihood estimation, it is sometimes desirable to discuss the measure of loss
directly, without deriving it from a probabilistic model. For example, when
the observations inY are binary class labels, instead of assuming a logistic,
or other, probabilistic model, loss functions commonly used for standard clas-
sifications tasks might be appropriate. These include, for example a zero/one-
sign loss, matching positive labels with positive entries inX :

loss(x; y) =

{
0 if xy > 0
1 otherwise

(2.7)

or convex loss functions such as the hinge loss often used in SVMs:

loss(x; y) =

{
0 if xy > 1
1− xy otherwise

(2.8)

2.1.4 Constrained Factorizations

We have so far referred only tounconstrainedmatrix factorizations, whereU
andV are allowed to vary over all matrices inRn×k andRm×k respectively,
and soX = UV ′ is limited only by its rank. It is sometimes appropriate
to constrain the factor matrices. This might be necessary to match the inter-
pretation of the factor matrices (e.g. as specifying probability distributions,
see Section 2.3.1) or in order to reduce the complexity of the model, and

20



allow identification of more factors. Imposing constraints on the factor ma-
trices can also remove the degrees of freedom on the factorizationUV ′ of a
reconstructedX , and aid in interpretation.

Lee and Seung studied various constraints on the factor matrices includ-
ing non-negativity constraints (Non-Negative Matrix Factorization [52]) and
stochasticity constraints [50]. For a discussion of various non-negativity and
stochasticity constraints, and the relationships between them, see Barnett’s
work [9].

2.2 Viewing the Matrix as an I.I.D. Sample

In the probabilistic view of the previous section, we regarded the entire matrix
X as parameters, and estimated them according to a single observationY of
the random matrixY. The number of parameters is linear in the data, and
even with more data, we cannot hope to estimate the parameters (entries in
X ) beyond a fixed precision. What wecanestimate with more data rows is
the rank-k row-space ofX .

Here, we discuss probabilistic views in which the matrixY is taken to be
a sample of i.i.d. observations of a random vectory. That is, each rowy of
Y is an independent observation of the random vectory.

Focusing on a Gaussian additive noise model, the random vectory is
modeled as

y = x + z (2.9)

wherex is the low-rank “signal”, to which Gaussian white noisez ∼ N (0, σ2Im)
is added. The main assumption here is that the signalx occupies only ak-
dimensional subspace ofRm. In other words, we can writex = uV ′, where
V ′ ∈ Rk×m spans the support subspace ofx, andu is ak-dimensional ran-
dom vector. The model (2.9) can thus be written as:

y = uV ′ + z (2.10)

whereu ∈ Rk andV ′ ∈ Rk×m.
In the previous section, we treatedu as parameters, with a separate pa-

rameter vectoru (a row of U ) for each observed rowy of Y . Here, we
treatu as a random vector. A key issue is what assumptions are made on the
distribution ofu.

2.2.1 Probabilistic Principal Component Analysis

Imposing a fixed, or possibly parametric, distribution onu yields a standard
parametric model fory. The most natural choice is to assumeu follows
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a k-dimensional Gaussian distribution [79]. This choice yields a Gaussian
distribution forx, with a rank-k covariance matrix. Note that without loss
of generality, we can assumeu ∼ N (0, Ik), as the covariance matrix can be
subsumed in the choice ofV . As z ∼ N (0, σ2Im), the observed random
vectory also follows a Gaussian distribution:

y ∼ N (0,VV ′ + σ2Im). (2.11)

This is, then, a fully parametric model, where the parameters are the rank-k
matrixV V ′ and the noise covarianceσ2. Using this view, low-rank approxi-
mation becomes a standard problem of estimating parameters of a distribution
given independent repeated observations. Interestingly, whetherσ2 is known
or unknown, maximum likelihood estimation of the parameters agrees with
Frobenius low-rank estimation (i.e. PCA) [79]: the maximum likelihood esti-
mator ofVV ′ under model (2.11) is the “covariance”1

nX ′X whereX is the
Frobenius low-rank approximation.

We again note that in PCA, and Probabilistic-PCA [79], a mean row-
vectorµ ∈ Rm is usually also allowed. The random vectoru is still taken to
be a unit-variance zero mean Gaussianu ∼ N (0, Ik), butx has a non-zero
mean,

x = uV ′ + µ ∼ N (µ, V V ′), (2.12)

yielding
y ∼ N (µ,VV ′ + σ2Im) (2.13)

whereµ ∈ Rm is a parameter vector.

2.2.2 A Non-Parametric Model

The above analysis makes a significant additional assumption beyond those
of Section 2.1—we assume a very specific form on the distribution of the
“signal” x, namely that it is Gaussian. This assumption is not necessary. A
more general view, imposing less assumptions, is to consider the model (2.10)
whereu is a random vector that can follow any distribution. Considering the
distribution overu as unconstrained, non-parametric nuisance, the maximum
likelihood estimator of Section 2.1 can be seen as a maximum likelihood
estimator for the “signal subspace”V —the k-dimensional subspace inRm

that spans the support ofx. The model class is non-parametric, yet we still
desire, and are able, to estimate this parametric aspect of the model.

The discussion in this section so far refers to a Gaussian additive condi-
tional model, but applies equally well to other conditional models.

The difference between this view and that of Section 2.1, is that here the
rows ofY are viewed as i.i.d. observations, and the estimation is of a finite
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number of parameters. We can therefore discuss the behavior of the estimator
when the sample size (number of rows inY ) increases.

It is important to note that what we are estimating is thesubspaceV
which spans the support ofx. Throughout this thesis, we overload notation
and useV to denote both a matrix and the column-space it spans. However,
we cannot estimate thematrixV for whichx = uV ′, as the estimation would
be only up to multiplication by an invertiblek × k matrix.

2.2.3 Canonical Angles

In order to study estimators for a subspace, we must be able to compare two
subspaces. A natural way of doing so is through thecanonical anglesbetween
them [76]. Define the angle between a vectorv1 and a subspaceV2 to be the
minimal angle betweenv1 and anyv2 ∈ V2. The first (largest) canonical
angle between two subspaces is then the maximal angle between a vector in
v1 ∈ V1 and the subspaceV2. The second largest angle is the maximum over
all vectors orthogonal to thev1, and so on2. Computationally, if the columns
of the matricesV1 andV2 form orthonormal bases of subspacesV1 andV2,
then the cosines of the canonical angles betweenV1 andV2 are given by the
singular values ofV ′

1V2.

2.3 Low Rank Models for Occurrence, Count and
Frequency Data

In this section we discuss several low-rank models of co-occurrence data,
emphasizing the relationships, similarities and differences between them.

Entries in a co-occurrence matrixY describe joint occurrences of row
“entities” and column “entities”. For example, in analyzing a corpus of text
documents, the rows correspond to documents and columns to words, and
entries of the matrix describe the (document, word) co-occurrence: entryYia

describes the occurrence of wordsa in documenti. The order of words in a
document is ignored, and the documents are considered as “bags of words”.
EntriesYia of the co-occurrence matrixY can be binary, specifying whether
the worda occurred in the documenti or not; they can be non-negative inte-
gers specifying the number of times the worda occurred in the documenti;
or they can be reals in the interval[0, 1] specifying the frequency in which the
worda occurs in the documenti, or the frequency of the word-document co-
occurrence (that is, the number of times the worda appeared in this document
i divided by the total number of words in all documents).

2if there are multiple vectors achieving the maximum angle, it does not matter which of them
we take, as this will not affect subsequent angles
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In traditional Latent Semantic Analysis [24], a low-rank approximation
of the co-occurrence matrixY minimizing the sum-squared error is sought.
However, this analysis does not correspond to a reasonable probabilistic model.
In this section, we consider various probabilistic models.

We will see that models vary in two significant aspects. The first is the
whether each entry is seen as an observation of an independent random vari-
able, or whether the entire matrix is seen as an observation of a joint distri-
bution with dependencies between entries. The second is whether a low-rank
structure is sought for the mean parameters or the natural parameters of the
distribution.

2.3.1 Probabilistic Latent Semantic Analysis: The Aspect
Model

We will first consider a fully generative model which views the “factors” as
latent variables. In such a model, the observed random variables are the row
and column indexes,i anda. The generative model describes a joint distri-
bution over(i,a). The matrixY is seen as describing some fixed number
N of independent repeated observations of the random variable pair(i,a),
whereYia is a non-negative integer describing the number of occurrences of
i = i,a = a. The matrixY is then an observation of a multinomial dis-
tributed random matrixY.

In the “aspect” model [42, 40], a latent (hidden) variablet is introduced,
taking k discrete values,t ∈ [k]. The variablet can be interpreted as a
“topic”. The constraint on the generative model for(i, t,a) is thati anda are
independent givent. This can be equivalently realized by any of the following
directed graphical models:

i −→ t −→ a

p(i, t, a) = p(i)p(t|i)p(a|t) = p(i, t)p(a|t)
(2.14)

i←− t −→ a

p(i, t, a) = p(t)p(i|t)p(a|t)
(2.15)

i←− t←− a

p(i, t, a) = p(a)p(t|a)p(i|t)
(2.16)

If we summarize the joint and conditional distributions in matrices, using
(2.14),:

Xia = p(i, a) Uit = p(i, t) Vat = p(a|t) (2.17)

we can write the joint distribution ofa, i as a product of two matrices with an
inner dimension ofk. The model imposes a rank-k constraint on the joint dis-
tribution of a, i. The constraint is actually a bit stronger, as the factorization
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of the joint distribution is to matrices which represent probability distribu-
tions, and must therefore be non-negative. What we are seeking is therefore
a non-negative matrix factorizationX = UV ′ ([52], see Section 2.1.4) that
is a distribution, i.e. such that

∑
ia Xia = 1. Note that the stochasticity con-

straints onU andV , which appear to be necessary from the interpretation
(2.17), do not actually impose a further constraint on the factorisable matrix
X: a joint-distribution matrix with a non-negative factorization and always
be factorized to non-negative and appropriately stochastic matrices.

Given a count matrixY , we seek a distribution matrixX with such a
non-negative factorizationX = UV ′, maximizing the log-likelihood:

log P (Y |X ) =
∑
ia

Yia log Xia (2.18)

corresponding to an element-wise loss of

loss(x; y) = −y log x (2.19)

As in Section 2.1, the low-rank matrixX is interpreted as a parameter ma-
trix. However, in the conditional models of Section 2.1, each entryYia of
Y was generatedindependentlyaccording to the parameterXia. Here, the
parametersX , together with total countN =

∑
ia Yia, specify a multino-

mial distribution over the entries in the matrixY, and different entries are not
independent.

2.3.2 The Binomial and Bernoulli Conditional Models

Consider the binomial conditional model:

Yia|Xia ∼ Binom(N,Xia) (2.20)

The marginal distribution of each entryYia in this model, and in the multi-
nomial aspect model, is the same. The difference between the two models
is that in the binomial conditional model (2.20) eachentry is independent,
and the total number of occurrences is equal toN only on average (assuming∑

ia Xia = 1), while in the multinomial aspect model eachoccurrenceis in-
dependent, and the number of occurrences is exactlyN . Conditioned on the
number of occurrences (

∑
ia Yia) being exactlyN , the two models agree.

Since the total number of occurrences is tightly concentrated aroundN , the
two models are extremely similar, and can be seen as approximations to one
another.

We further note that ifNXia � 1 for all ia, we will usually haveYia ∈
{0, 1}, and the binomial conditional model (2.20) can be approximated by the
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Bernoulli conditional model:

Yia|Xia =

{
0 with probability1−NXia

1 with probabilityNXia

(2.21)

Mean Parameters and Natural Parameters

It is important to note the difference between Bernoulli conditional model
(2.21) and Logistic Low Rank Approximation discussed in Section 2.1.2. In
both models, the family of conditional distributionsp(y|x) includes the same
distributions—all distributions of a single binary value. However, in Logistic
Low Rank Approximation, entriesXia are thenaturalparameters to the single
parametric exponential family of distributionsp(y|x), whereas in Bernoulli
conditional models, the entriesXia aremeanparameters. The difference then,
is whether we seek a low rank subspace in the mean parameterization or in
the natural parameterization.

Although less commonly used, another instance of Exponential PCA (mod-
els whereXia serve as natural parameters) are low-rank models with Bino-
mial conditional models, whereXia is thenatural parameter to the Binomi-
ally distributedYia. In the binomial conditional model as discussed before,
as well as in the multinomial aspect model, the entriesXia are scaled mean
parameters, and we have:

Xia =
1
N

E [Yia|Xia] (2.22)

Another related loss function for binary data is the hinge loss, defined
in equation (2.8). The hinge loss and the logistic loss (i.e. the loss equal
to the negative log likelihood for the logistic conditional model) are actually
very similar—both are convex upper bounds (after appropriate scaling) on the
zero-one loss (equation (2.7)), and have the same asymptotic behavior, while
differing in their local behavior around zero (see e.g. [10] for a discussion on
different convex loss functions).

2.3.3 KL-Divergence Loss

So far in this Section, the data matrixY was taken to be a matrix of co-
occurrence counts. A related loss function, which is appropriate for non-
negative real-valued data matricesY was suggested by Lee and Seung in
their work on Non-Negative Matrix Factorizations (NMF) [51]. The loss is
a “corrected” KL-divergence between unnormalized “distributions” specified
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by X andY :
D(X ;Y ) =

∑
ia

loss(Xia;Yia)

loss(x; y) = y log
y

x
− y + x

(2.23)

Like the other loss functions discussed in this section, this loss function
is not symmetric. WhenX and Y specify distributions over index pairs,
i.e.

∑
ia Xia =

∑
ia Yia = 1, the discrepancy (2.23) is exactly the KL-

divergence between the two distributions. Furthermore, whenX specified
a distribution (

∑
ia Xia = 1) the discrepancy (2.23) agrees, up to an addi-

tive term independent ofX , with the multinomial maximum likelihood loss
(2.19). Recalling that the factorization of the joint distribution in the as-
pect model is a non-negative matrix factorization, we see that Probabilistic
Latent Semantic Analysis and Non-Negative Matrix Factorization with the
KL-loss (2.23) are almost equivalent: the only difference is the requirement∑

Xia = 1. Buntine [19] discusses this relationship between pLSA and
NMF.

2.3.4 Sufficient Dimensionality Reduction

Also viewing the data matrixY as describing the joint distribution of(i,a),
Globerson and Tishby [30] arrive at low-rank approximation from an information-
theoretic standpoint. In theirSufficient Dimensionality Reduction(SDR) for-
mulation, one seeks thek features ofi that are most informative abouta (for
a fixed, predetermined,k). Globerson and Tishby show that the featuresU of
i most informative abouta are dual to the featuresV of a most informative
abouti, and together they specify a joint distribution

pX (i, a) ∝ eXia X = UV ′. (2.24)

The most informative featuresU andV correspond to the joint distribution
of the form (2.24) minimizing the KL divergence from the actual distribution
given by Y . SDR is therefore equivalent to finding the rank-k matrix X
minimizing the KL-divergence fromY , i.e. minimizing:

D (Y ‖pX ) =
∑
ia

Yia log
Yia

pX (i, a)

=
∑
ia

−Yia log pX (i, a) + Const

=
∑
ia

−Yia log
eXia∑
jb eXjb

+ Const (2.25)
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SDR and pLSA are therefore similar in that both seek a low-rank representa-
tion of a joint distribution oni,a which minimizes the KL-divergence from
the specified distributionY . That is, in both cases we seek the distribution
“closest” toY (in the same sense of minimizing the KL-divergence fromY ,
also referred to asprojectingY ) among distributions in a limited class of
distributions parameterizes by rank-k matrices. The difference between SDR
and pLSA is in how the low-rank matrixX parametrizes the joint distribution,
and therefore in the resulting limited class of distributions.

2.3.5 Subfamilies of Joint Distributions

Consider thenm “indicator” features of the random variables(i,a):

φia(i,a) =

{
1 if i = i anda = a

0 otherwise
. (2.26)

The family of all joint distributions of(i,a) is an exponential family with
respect to these features. In SDR, we projectY to the subfamily of distribu-
tions where thenatural parameters (with respect to these indicator features)
form a low-rank matrix. In pLSA, we projectY to the subfamily of distribu-
tions where themeanparameters form a low-rank matrix. Note that neither
of these subfamilies is an exponential family itself!

It is important to note that although SDR can be seen as the problem
of finding a low-rank matrix minimizing some discrepancy to the targetY
(namely the discrepancy given by (2.25)), unlike all previous models that we
discussed, this discrepancy doesnot decompose to a sum of element-wise
losses. This is because the normalization factor1∑

jb eXjb
appearing inside the

logarithm of each term of the sum, depends onall the entries in the matrix.
In pLSA, and mean parameter models in general, this normalization can be
taken care of by requiring the global constraint

∑
ia Xia = 1. However, in

low-rank natural parameter models, this is not possible as every two matrices
correspond to different probability distributions.

In Tishby and Globerson’s formulation of SDR, the matrixX was not
precisely a rank-k matrix, and additional constant-row and constant-column
terms were allowed, corresponding to allowing information from thei anda
marginals in the information theoretic formulation. This is a more symmetric
version of the mean term usually allowed in PCA.

2.3.6 Latent Dirichlet Allocation

In the aspect model of Probabilistic Latent Semantic Analysis (2.14), as in all
other models discussed in this section, the distributionsp(i, t) andp(a|t) are
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considered as parameters. This is similar to the Low Rank Approximation
models of Section 2.1, whereX = UV ′ are considered parameters. Similar
to the probabilistic PCA model described in Section 2.2.1, Bleiet al[16] pro-
pose viewing the rows ofY as independent observations from a fully genera-
tive model. In this model, Latent Dirichlet Allocation (LDA), the conditional
distributionp(a|t) is viewed as a parameter to be estimated (analogous to the
matrixV in Probabilistic PCA). The conditional distributionp(t|i), however,
is generated for each rowi according to a Dirichlet distribution. It is impor-
tant to note that unlike probabilistic PCA, which shares the same maximum
likelihood solutions with “standard” PCA (whereU are treated as parameter),
assuming a Dirichlet generative model onU (i.e. onp(t|i)) does change the
maximum likelihood reconstruction relative to “standard” probabilistic latent
semantic analysis.

2.4 Dependent Dimensionality Reduction

Low-rank approximation can also be seen as a method for dimensionality
reduction. The goal of dimensionality reduction is to find a low-dimensional
representationu for datay in a high-dimensional feature space, such that the
low-dimensional representation captures the important aspects of the data. In
many situations, including collaborative filtering and structure exploration,
the “important” aspects of the data are the dependencies between different
attributes.

In this Section, we present a formulation of dimensionality reduction that
seeks to identify a low-dimensional space that captures thedependentaspects
of the data, and separate them fromindependentvariations. Our goal is to re-
lax restrictions on the form of each of these components, such as Gaussianity,
additivity and linearity, while maintaining a principled rigorous framework
that allows analysis of the methods. Doing so, we wish to provide a unifying
probabilistic framework for dimensionality reduction, emphasizing what as-
sumptions are made and what is being estimated, and allowing us to discuss
asymptotic behavior.

Our starting point is the problem of identifying linear dependencies in
the presence of independent identically distributed Gaussian noise. In this
formulation, discussed in Section 2.2, we observe a data matrixY ∈ <n×d,
which we take asn independent observations of a random vectory, generated
as in (2.10), where the dependent, low-dimensional componentx = uV ′

(the “signal”) has support of rankk, and the independent componentz (the
“noise”) is i.i.d. zero-mean Gaussian with varianceσ2. The dependencies
insidey are captured byu, which, through the parametersV andσ specifies
how each entryyi is generatedindependentlygivenu.
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As we would like to relax parametric assumptions about the model, and
focus only on structural properties about dependencies and independecies, we
take the semi-parametric approach of Section 2.2.2 and considerx = uV ′

whereu ∈ Rk is an arbitrarily distributedk-dimensional random vector.
Doing so, we do not impose any form on the distributionu, but we do

impose a strict form on the conditional distributionsyi|u: we required them
to be Gaussian with fixed varianceσ2 and meanuV ′

i . We would like to
relax these requirements, and require only thaty|u be a product distribution,
i.e. that its coordinatesyi|u be (conditionally) independent. This is depicted
as a graphical model in Figure 2.1.

y 1 y 2 y d

u

. . .

Figure 2.1: Dependent Dimensionality Reduction: the components ofy are
independent givenu

Sinceu is continuous, we cannot expect to forgo all restrictions onyi|ui,
but we can expect to set up a semi-parametric problem in whichy|u may lie
in an infinite dimensional family of distributions, and is not strictly parame-
terized.

Relaxing the Gaussianity leads to linear additive modelsy = uV ′ + z,
with z independent ofu, but not necessarily Gaussian. As discussed earlier,
relaxing the additivity is appropriate, e.g., when the noise has a multiplicative
component, or when the features ofy are not real numbers. These types of
models, with aknowndistributionyi|xi, have been suggested for classifica-
tion using logistic loss, whenyi|xi forms an exponential family [20], and in
a more abstract framework [34].

Relaxing the linearity assumptionx = uV ′ is also appropriate in many
situations, and several non-linear dimensionality reduction methods have re-
cently been popularized [64, 78]. Fitting a non-linear manifold by minimizing
the sum-squared distance can be seen as a ML estimator fory|u = g(u) + z,
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wherez is i.i.d. Gaussian andg : <k → <d specifies some smooth mani-
fold. Combining these ideas leads us to discuss the conditional distributions
yi|gi(u), or yi|u directly.

In this Thesis we take our first steps in studying this problem, and in re-
laxing restrictions ony|u. We continue to assume a linear modelx = uV ′.
In Section 3.4 we consider general additive noise models and present a gen-
eral method for maximum likelihood estimation under this model, even when
the noise distribution is unknown, and is regarded as nuisance. In Section 4.2
we consider both additive noise models and a more general class of unbiased
models, in whichE [y|x] = x. We show how “standard” Frobenius low-rank
approximation is appropriate for additive models, and suggest a modification
for unbiased models.
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Chapter 3

Finding Low Rank
Approximations

Low-rank matrix approximation with respect to the Frobenius norm—minimizing
the sum squared differences to the target matrix—can be easily solved with
Singular Value Decomposition (SVD). This corresponds to finding a maxi-
mum likelihood low-rank matrixX maximizing the likelihood of the obser-
vation matrixY , which we assume was generated asY = X + Z, whereZ
is a matrix of i.i.d. zero-mean Gaussians with constant variance.

For many applications, however, it is appropriate to minimize a different
measure of discrepancy between the observed matrix and the low-rank ap-
proximation. In this chapter, we discuss alternate measures of discrepancy,
and the corresponding optimization problems of finding the low-rank matrix
minimizing these measures of discrepancy. Most of these measures corre-
spond to likelihoods with respect to various probabilistic models onY|X ,
and minimizing them corresponds to (conditional) maximum likelihood esti-
mation.

In Section 3.2weightedFrobenius norm is considered. Beyond being
interesting on its own right, optimization relative to a weighted Frobenius
norm also serves us as a basic procedure in methods developed in subsequent
sections. In Section 3.3 we show how weighted Frobenius low-rank approx-
imation can be used as a proceedure in a Newton-type appraoch to finding
low-rank approximation for general convex loss functions. In Section 3.4
general additive noise,Y = X + Z, with Z independent ofX , is considered
where the distribution of entiresZia is modeled as a mixture of Gaussian dis-
tributions. Weighted Frobenius low-rank approximation is used in order to
find a maximum likelihood estimator in this setting.

The research described in this chapter was mostly reported in conference
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presentations [74, 75]. The methods are implemented in a Python/Numeric
Python library.

3.1 Frobenius Low Rank Approximations

We first revisit the well-studied case of finding a low-rank matrix minimizing
the (unweighted) sum-squared error (i.e. the Frobenius norm of the differ-
ence) versus a given target matrix. We call such an approximation a Frobenius
low-rank approximation. It is a standard result that the low-rank matrix min-
imizing the sum-squared distance toA is given by the leading components of
the singular value decomposition ofA. It will be instructive to consider this
case carefully and understand why the Frobenius low-rank approximation has
such a clean and easily computable form. We will then be able to move on to
weighted and other loss functions, and understand how, and why, the situation
becomes less favorable.

Problem Formulation

Given a target matrixA ∈ Rn×m and a desired (integer) rankk, we would
like to find a matrixX ∈ Rn×m of rank (at most)k, that minimizes the
Frobenius distance

J(X ) =
∑
ia

(Xia −Aia)2 .

A Matrix-Factorization View

It will be useful to consider the decompositionX = UV ′ whereU ∈ Rn×k

andV ∈ Rm×k. Since any rank-k matrix can be decomposed in such a way,
and any pair of such matrices yields a rank-k matrix, we can think of the
problem as an unconstrained minimization problem over pairs of matrices
(U ,V ) with the minimization objective

J(U ,V ) =
∑
i,a

(Ai,a − (UV ′)i,a)2

=
∑
i,a

(
Ai,a −

∑
α

Ui,αVa,α

)2

.

This decomposition is not unique. For any invertibleR ∈ Rk×k, the pair
(UR,VR−1) provides a factorization equivalent to(U ,V ), i.e.J(U ,V ) =
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J(UR,VR−1), resulting in ak2-dimensional manifold of equivalent solu-
tions. The singularities in the space of invertible matricesR yield equiva-
lence classes of solutions actually consisting of a collection of such mani-
folds, asymptotically tangent to one another.

In particular, any (non-degenerate) solution(U ,V ) can be orthogonal-
ized to a (non-unique) equivalent orthogonal solutionŪ = UR, V̄ = VR−1

such thatV̄ ′V̄ = I andŪ ′Ū is a diagonal matrix.1 Instead of limiting our
attention only to orthogonal decompositions, it is simpler to allow any matrix
pair(U ,V ), resulting in an unconstrained optimization problem (but remem-
bering that we can always focus on an orthogonal representative).

3.1.1 Characterizing the Low-Rank Matrix Minimizing the
Frobenius Distance

Now that we have formulated the Frobenius Low-Rank Approximations prob-
lem as an unconstrained optimization problem, with a differentiable objective,
we can identify the minimizing solution by studying the derivatives of the ob-
jective.

The partial derivatives of the objectiveJ with respect toU ,V are

∂J
∂U = 2(UV ′ −A)V
∂J
∂V = 2(VU ′ −A′)U

(3.1)

Solving ∂J
∂U = 0 for U yields

U = AV (V ′V )−1. (3.2)

Focusing on an orthogonal solution, whereV ′V = I and U ′U = Λ is
diagonal, yieldsU = AV . Substituting back into∂J

∂V = 0, we have

0 = VU ′U −A′U = V Λ−A′AV . (3.3)

The columns ofV are mapped byA′A to multiples of themselves, i.e. they
are eigenvectors ofA′A. Thus, the gradient ∂J

∂(U ,V ) vanishes at an orthogonal
(U ,V ) if and only if the columns ofV are eigenvectors ofA′A and the
columns ofU are corresponding eigenvectors ofAA′, scaled by the square
root of their eigenvalues. More generally, the gradient vanishes at any(U ,V )
if and only if the columns ofU are spanned by eigenvectors ofAA′ and the
columns ofV are correspondingly spanned by eigenvectors ofA′A. In terms
of the singular value decompositionA = U0SV ′

0, the gradient vanishes at

1We slightly abuse the standard linear-algebra notion of “orthogonal” since we cannot always
have bothŪ ′Ū = I andV̄ ′V̄ = I.
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(U ,V ) if and only if there exist matricesQ ′
UQV = Ik (or more generally, a

zero/one diagonal matrix rather thanI) such thatU = U0SQU , V = V0QV .
This provides a complete characterization of the critical points ofJ . We now
turn to identifying the global minimum and understanding the nature of the
remaining critical points.

The global minimum can be identified by investigating the value of the
objective function at the critical points. Letσ1 ≥ · · · ≥ σm be the eigenvalues
of A′A. For critical(U ,V ) that are spanned by eigenvectors corresponding
to eigenvalues{σq|q ∈ Q}, the error ofJ(U ,V ) is given by the sum of the
eigenvaluesnot in Q (

∑
q 6∈Q σq), and so the global minimum is attained when

the eigenvectors corresponding to the highest eigenvalues are taken. As long
as there are no repeated eigenvalues, all(U ,V ) global minima correspond
to the same low-rank matrixX = UV ′, and belong to the same equivalence
class. If there are repeated eigenvalues, the global minima correspond to a
polytope of low-rank approximations inX space; inU ,V space, they form
a collection of higher-dimensional asymptotically tangent manifolds.

In order to understand the behavior of the objective function, it is impor-
tant to study the remaining critical points. For a critical point(U ,V ) spanned
by eigenvectors corresponding to eigenvalues as above (assuming no repeated
eigenvalues), the Hessian has exactly

∑
q∈Q q−

(
k
2

)
negative eigenvalues: we

can replace any eigencomponent with eigenvalueσ with an alternate eigen-
component not already in(U ,V ) with eigenvalueσ′ > σ, decreasing the
objective function. The change can be done gradually, replacing the compo-
nent with a convex combination of the original and the improved components.
This results in a line between the two critical points which is a monotonic
improvement path. Since there are

∑
q∈Q q −

(
k
2

)
such pairs of eigencom-

ponents, there are at least this many directions of improvement. Other than
these directions of improvement, and thek2 directions along the equivalence
manifold corresponding to thek2 zero eigenvalues of the Hessian, all other
eigenvalues of the Hessian are positive (or zero, for very degenerateA).

Hence, when minimizing the unweighted Frobenius distance, all critical
points that are not global minima are saddle points. This is an important
observation: DespiteJ(U ,V ) not being a convex function, all of its local
minima are global.

3.2 Weighted Low Rank Approximations

For many applications the discrepancy between the observed matrix and the
low-rank approximation should be measured relative to a weighted Frobe-
nius norm. While the extension to the weighted-norm case is conceptually
straightforward, and dates back to early work on factor analysis [88], stan-
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dard algorithms (such as SVD) for solving the unweighted case do not carry
over to the weighted case. Only the special case of a rank-one weight matrix
(where the weights can be decomposed into row weights and column weights)
can be solved directly, analogously to SVD [44].

Weighted norms can arise in a number of situations. Zero/one weights,
for example, arise when some of the entries in the matrix are not observed.
More generally, we may introduce weights in response to some external es-
timate of the noise variance associated with each measurement. This is the
case, for example, in gene expression analysis, where the error model for mi-
croarray measurements provides entry-specific noise estimates. Setting the
weights inversely proportional to the assumed noise variance can lead to a
better reconstruction of the underlying structure. In other applications, en-
tries in the target matrix may represent aggregates of many samples. The
standardunweighted low-rank approximation (e.g., for separating style and
content [77]) would in this context assume that the number of samples is uni-
form across the entries. Non-uniform weights are needed to appropriately
capture any differences in the sample sizes.

Weighted low-rank approximations also arise as a sub-routine in more
complex low-rank approximation tasks, with non-quadratic loss functions.
Examples of such uses are demonstrated in Sections 3.4 add 3.3.

Prior and related work

Despite its usefulness, the weighted extension has attracted relatively little at-
tention. Shpak [71] and Luet al[55] studied weighted-norm low-rank approx-
imations for the design of two-dimensional digital filters where the weights
arise from constraints of varying importance. Shpak developed gradient-
based optimization methods while Lu et al. suggested alternating-optimization
methods. In both cases, rank-k approximations are greedily combined from
k rank-one approximations. Unlike for the unweighted case, such a greedy
procedure is sub-optimal.

Shumet al[72] extends the work of Ruhe [65] and Wibger [87], who
studied the zero-one weight case, to general weighted low-rank approxima-
tion, suggesting alternate optimization ofU givenV and visa versa. The spe-
cial case of zero-one weights, which can be seen as low rank approximation
with missing data, was also confronted recently by several authors, mostly
suggesting simple ways of ’filling in’ the missing (zero weight) entries, with
zeros (e.g. Berry [13]) or with row and column means (e.g. Sarwaret al[66]).
Brand [18] suggested an incremental update method, considering on data row
at a time, for efficiently finding low-rank approximations. Brand’s method
can be adapted to handle rows with missing data, but the resulting low rank
approximation is not precisely the weighted low-rank approximation. Troy-
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anskayaet al[80] suggests an iterative fill-in procedure, essentially identical
to the one we discuss in Section 3.2.4 for zero-one weights.

Problem formulation

Given a target matrixA ∈ Rn×m, a corresponding non-negative weight ma-
trix W ∈ Rn×m

+ , and a desired (integer) rankk, we would like to find a
matrix X ∈ Rn×m of rank (at most)k, that minimizes the weighted Frobe-
nius distance

J(X ) =
∑
ia

Wia (Xia −Aia)2 .

3.2.1 Structure of the Optimization Problem

As was discussed previously, theunweightedFrobenius low-rank approxima-
tion can be computed in closed form and is given by the leading components
of the singular value decomposition. We now move on to the weighted case,
and try to take the same path as before. Unfortunately, when weights are
introduced, the critical point structure changes significantly.

The partial derivatives become (with⊗ denoting element-wise multipli-
cation):

∂J
∂U = 2(W ⊗ (UV ′ −A))V
∂J
∂V = 2(W ⊗ (VU ′ −A′))U

The equation∂J
∂U = 0 is still a linear system inU , and for a fixedV , it can

be solved, recovering the global minimaU∗
V for fixed V (sinceJ(U ,V ) is

convex inU ):
U∗

V = arg min
U

J(U ,V ). (3.4)

However, the solution cannot be written using a single pseudo-inverse. In-
stead, a separate pseudo-inverse is required for each row(U∗

V )i of U∗
V :

(U∗
V )i = (V ′WiV )−1V ′WiAi

= pinv(
√

WiV )(
√

WiAi)
(3.5)

whereWi ∈ Rk×k is a diagonal matrix with the weights from theith row
of W on the diagonal, andAi is theith row of the target matrix. In order to
proceed as in the unweighted case, we would have liked to chooseV such
thatV ′WiV = I (or is at least diagonal). This can certainly be done for a
singlei, but in order to proceed we need to diagonalize allV ′WiV concur-
rently. WhenW is of rank one, such concurrent diagonalization is possible,
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allowing for the same structure as in the unweighted case, and in particular
an eigenvector-based solution [44]. However, for higher-rankW , we cannot
achieve this concurrently for all rows. The critical points of the weighted low-
rank approximation problem, therefore, lack the eigenvector structure of the
unweighted case. Another implication of this is that the incremental structure
of unweighted low-rank approximations is lost: an optimal rank-k factoriza-
tion cannot necessarily be extended to an optimal rank-(k + 1) factorization.

3.2.2 Gradient-Based Optimization

Lacking an analytic solution, we revert to numerical optimization methods
to minimizeJ(U ,V ). But instead of optimizingJ(U ,V ) by numerically
searching over(U ,V ) pairs, we can take advantage of the fact that for a
fixedV , we can calculateU∗

V , and therefore also the projected objective

J∗(V ) = min
U

J(U ,V ) = J(U∗
V ,V ). (3.6)

The parameter space ofJ∗(V ) is of course much smaller than that ofJ(U ,V ),
making optimization ofJ∗(V ) more tractable. This is especially true in many
typical applications where the the dimensions ofA are highly skewed, with
one dimension several orders of magnitude larger than the other (e.g. in gene
expression analysis one often deals with thousands of genes, but only a few
dozen experiments).

RecoveringU∗
V using (3.5) requiresn inversions ofk × k matrices. The

dominating factor is actually the matrix multiplications: Each calculation of
V ′WiV requiresO(mk2) operations, for a total ofO(nmk2) operations.
Although more involved than the unweighted case, this is still significantly
less than the prohibitiveO(n3k3) required for each iteration suggested by
Lu et al[55], or for Hessian methods on(U ,V ) [71], and is only a factor of
k larger than theO(nmk) required just to compute the predictionUV ′.

After recoveringU∗
V , we can easily compute not only the value of the

projected objective, but also its gradient. Since∂J(V ,U )
∂U

∣∣∣
U=U∗V

= 0, we

have

∂J∗(V )
∂V = ∂J(V ,U )

∂V

∣∣∣
U=U∗V

= 2(W ⊗ (V U∗
V
′ −A′))U∗

V .

The computation requires onlyO(nmk) operations, and is therefore “free”
afterU∗

V has been recovered.

The Hessian∂
2J∗(V )
∂V 2 is also of interest for optimization. The mixed sec-

ond derivatives with respect to a pair of rowsVa andVb of V is (whereδab
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is the Kronecker delta):

Rk×k 3 ∂2J∗(V )
∂Va∂Vb

= 2
∑

i

(
Wiaδab(U∗

V )i(U∗
V )′i −G′

ia(V ′WiV )−1Gja(Va)
)
,

(3.7)

where: Gia(Va) def= Wia(Va(U∗
V )′i + ((U∗

V )′iVa −Aia)I) ∈ Rk×k. (3.8)

By associating the matrix multiplications efficiently, the Hessian can be
calculated withO(nm2k) operations, significantly more than theO(nmk2)
operations required for recoveringU∗

V , but still manageable whenm is small
enough.

3.2.3 Local Minima

Equipped with the above calculations, we can use standard gradient-descent
techniques to optimizeJ∗(V ). Unfortunately, though, unlike in the un-
weighted case,J(U ,V ), andJ∗(V ), might have local minima that are not
global. Figure 3.1 shows the emergence of a non-global local minimum of
J∗(V ) for a rank-one approximation ofA =

(
1 1.1
1 −1

)
. The matrixV is a

two-dimensional vector. But sinceJ∗(V ) is invariant under invertible scal-
ings,V can be specified as an angleθ on a semi-circle. We plot the value
of J∗([cos θ, sin θ]) for eachθ, and for varying weight matrices of the form
W =

(
1+α 1

1 1+α

)
. At the front of the plot, the weight matrix is uniform

and indeed there is only a single local minimum, but at the back of the plot,
where the weight matrix emphasizes the diagonal, a non-global local mini-
mum emerges.

Despite the abundance of local minima, we found gradient descent meth-
ods onJ∗(V ), and in particular conjugate gradient descent, equipped with a
long-range line-search for choosing the step size, very effective in avoiding
local minima and quickly converging to the global minimum.

The functionJ∗(V ) also has many saddle points, their number far sur-
passing the number of local minima. In most regions, the function is not con-
vex. Therefore, Newton-Raphson methods are generally inapplicable except
very close to a local minimum.

3.2.4 A Missing-Values View and an EM Procedure

In this section we present an alternative optimization procedure, which is
much simpler to implement. This procedure is based on viewing the weighted
low-rank approximation problem as a maximum-likelihood problem with miss-
ing values.
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Figure 3.1: Emergence of local minima when the weights become non-
uniform: Weighted (and unweighted) sum squared error objective for approx-
imating the target matrixA =

(
1 1.1
1 −1

)
with a rank-one matrix spanned by

[cos θ, sin θ], for various weight matrices of the formW =
(

1+α 1
1 1+α

)
.

Zero-One Weights

Consider first systems with only zero/one weights, where only some of the el-
ements of the target matrixA are observed (those with weight one) while oth-
ers are missing (those with weight zero). Referring to a probabilistic model
parameterized by a low-rank matrixX , whereY = X + Z andZ is white
Gaussian noise, the weighted cost ofX is equivalent to the log-likelihood of
the observed variables.

This suggests an Expectation-Maximization procedure:
In the M-step, we would like to maximize the expected log-likelihood,

where the expectation is over the missing values ofY, with respect the the
conditional distribution over these values imposed by the current estimate of
the parametersX . For unobservedYia, we haveYia = Xia + Zia with
Zia ∼ N (0, σ2), and so givenXia, we haveYia|Xia ∼ N (Xia, σ2). Let us
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now evaluate the contribution ofX (t+1)
ia to the expected log-likelihood:

E
Yia∼N (X

(t)
ia ,σ2)

[
log Pr(Yia|X (t+1)

ia )
]

= 1
σ2 E

Yia∼N (X
(t)
ia ,σ2)

[
(Yia −X (t+1)

ia )2
]

+ Const

= 1
σ2 E

Yia∼N (X
(t)
ia ,σ2)

[
Y2

ia − 2YiaX
(t+1)
ia + X (t+1)

ia

2]
+ Const

= 1
σ2

(
E
[
Y2

ia

]
− 2E [Yia]X (t+1)

ia + X (t+1)
ia

2)
+ Const

= 1
σ2

(
(σ2 + X (t)

ia

2
)− 2X (t)

ia X (t+1)
ia + X (t+1)

ia

2)
+ Const

= 1
σ2 (X (t)

ia −X (t+1)
ia )2 + Const.

The contribution corresponding to non-missing values is, as before,1
σ2 (Yia−

X (t)
ia )2 +Const, and so the total expected log-likelihood is proportional to the

Frobenius difference betweenX (t+1) and the matrixY with missing values
filled in from X (t).

In eachEM update we would like to find a new parameter matrix maxi-
mizing the expected log-likelihood of a filled-inA, where missing values are
filled in according to the distribution imposed by the current estimate ofX .
This maximum-likelihood parameter matrix is the (unweighted) low-rank ap-
proximation of the mean filled-inY , which isY with missing values filled in
from X . To summarize: in theExpectation step values from the current esti-
mate ofX are filled in for the missing values inY , and in theMaximization
stepX is re-estimated as a low-rank approximation of the filled-inY .

Such an approach was also suggested by Troyanskayaet al[80].

Multiple Target Matrices

In order to extend this approach to a general weight matrix, consider a prob-
abilistic system with several target matrices,Y(1),Y(2), . . . ,Y(N), but with
a single low-rank parameter matrixX , whereY(r) = X + Z(r) and the ran-
dom matricesZ(r) are independent white Gaussian noise with fixed variance.
When all target matrices are fully observed, the maximum likelihood setting
for X is the low-rank approximation of the their average1

N

∑
Y(r). Now, if

some of the entries of some of the target matrices are not observed, we can use
a similarEM procedure, where in the expectation step values from the cur-
rent estimate ofX are filled in for all missing entries in the target matrices,
and in the maximization stepX is updated to be a low-rank approximation of
the mean of the filled-in target matrices:
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Real-valued Weights

To see how to use the above procedure to solve weighted low-rank approxi-
mation problems, consider systems with weights limited toWia = Qia

N with
integerQia ∈ {0, 1, . . . , N}. Such a low-rank approximation problem can
be transformed to a missing value problem of the form above by “observing”
the valueAia in Qia of the target matricesY(1), . . . ,Y(Qia) (for each entry
i, a), and leaving the entry as missing in the rest of the target matrices. The
EM update then becomes:

X (t+1) = LRAk

(
W ⊗A + (1−W )⊗X (t)

)
(3.9)

where LRAk(X ) is the unweighted rank-k approximation ofX , as can be
computed from the SVD. Note that this procedure is independent ofN . For
any weight matrix (scaled to weights between zero and one) the procedure
in equation (3.9) can thus be seen as an expectation-maximization procedure.
This provides for a very simple, tweaking-free method for finding weighted
low-rank approximations.

Initialization and a Heuristic Improvement

Although we found this EM-inspired method effective in many cases, in some
other cases the procedure converges to a local minimum which is not global.
Since the method is completely deterministic, initialization ofX plays a cru-
cial role in promoting convergence to a global, or at least deep local, mini-
mum, as well as the speed with which convergence is attained.

Two obvious initialization methods are to initializeX to A, and to ini-
tialize X to zero. InitializingX to A works reasonably well if the weights
are bounded away from zero, or if the target values inA have relatively small
variance. However, when the weights are zero, or very close to zero, the tar-
get values become meaningless, and can throw off the search. InitializingX
to zero avoids this problem, as target values with zero weights are completely
ignored (as they should be), and works well as long as the weights are fairly
dense. However, when the weights are sparse, it often converges to local
minima which consistently under-predict the magnitude of the target values.

As an alternative to these initialization methods, we found the following
procedure very effective: we initializeX to zero, but instead of seeking a
rank-k approximation right away, we start with a full rank matrix, and gradu-
ally reduce the rank of our approximations. That is, the firstm− k iterations
take the form:

X (t+1) = LRAm−t

(
W ⊗A + (1−W )⊗X (t)

)
, (3.10)
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resulting inX (t) of rank(m− t + 1). After reaching rankk, we revert back
to the iterations of equation (3.9) until convergence. Note that with iterations
of the formX (t+1) = W ⊗ A + (1 −W ) ⊗ X (t), without rank reductions,
we would haveX (t)

ia = (1 − (1 −Wia)t))Aia → (1 − e−tWia)Aia, which
converges exponentially fast toA for positive weights. Of course, because of
the rank reduction, this does not hold, but even the few high-rank iterations
set values with weights away from zero close to their target values, as long as
they do not significantly contradict other values.

3.2.5 Reconstruction Experiments

Since the unweighted or simple low-rank approximation problem permits a
closed-form solution, one might be tempted to use such a solution even in the
presence of non-uniform weights (i.e., ignore the weights). We demonstrate
here that this procedure results in a substantial loss of reconstruction accuracy
as compared to the EM algorithm designed for the weighted problem.

To this end, we generated1000 × 30 low-rank matrices2 combined with
Gaussian noise models to yield the observed (target) matrices. For each ma-
trix entry, the noise varianceσ2

ia was chosen uniformly in some noise level
range characterized by anoise spread ratiomax σ2/ minσ2. The low-rank
matrix was subsequently reconstructed using both a weighted low-rank ap-
proximation with weightsWia = 1/σ2

ia, and an unweighted low-rank ap-
proximation (using SVD). The quality of reconstruction was assessed by an
unweighted squared distance from the “planted” matrix.

Figure 3.2 shows the quality of reconstruction attained by the two ap-
proaches as a function of the signal (weighted variance of planted low-rank
matrix) to noise (average noise variance) ratio, for a noise spread ratio of
100 (corresponding to weights in the range0.01–1). The reconstruction er-
ror attained by the weighted approach is generally over twenty times smaller
than the error of the unweighted solution. Figure 3.3 shows this improvement
in the reconstruction error, in terms of the error ratio between the weighted
and unweighted solutions, for the data in Figure 3.2, as well as for smaller
noise spread ratios of ten and two. Even when the noise variances (and hence
the weights) are within a factor of two, we still see a consistent ten percent
improvement in reconstruction.

The weighted low-rank approximations in this experiment were computed
using the EM algorithm of Section 3.2.4. For a wide noise spread, when the
low-rank matrix becomes virtually undetectable (a signal-to-noise ratio well
below one, and reconstruction errors in excess of the variance of the signal),
EM often converges to a non-global minimum. This results in weighted low-

2We generatedX = UV′ whereUiα ∼ N (1, 2) andVaα ∼ N (0, 1) independently.
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Figure 3.2: Reconstruction of a1000 × 30 rank-three matrix: weighted and
unweighted reconstruction with a noise spread of 100.

rank approximations with errors far higher than could otherwise be expected,
as can be seen in both figures. In such situations, conjugate gradient descent
methods proved far superior in finding the global minimum.

3.3 Low Rank Approximation with Other Con-
vex Loss Functions

In this section we depart from the sum-squared error as a measure of loss, and
consider other loss functions. We consider the optimization problem:

min
X ,rank(X )=k

∑
ia

loss(Xia;Yia) (3.11)

where the loss function, the target rankk and the target matrixY are given.
Specifically, we consider the case in which the loss function is convex. By
convexwe mean that it is convex inXia for any value ofYia.
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Figure 3.3: Reconstruction of a1000 × 30 rank-three matrix with varying
noise spreads.

3.3.1 A Newton Approach

Using a weighted low-rank approximation, we can fit a low-rank matrixX
minimizing a quadratic loss from the target. In order to fit a convex, but non-
quadratic loss, we use a quadratic approximation to the loss. At each iteration,
we consider a quadratic approximation to the overall loss. The quadratic
approximation can be written as a weighted low-rank approximation problem,
and we can apply the methods of Section 3.2.

For a twice continuously differentiable loss function, the second-order
Taylor expansion of loss(x, y) aroundx̃ can be written as:

loss(x; y) ≈ loss(x̃; y) + loss′(x̃; y)(x− x̃) +
loss′′(x̃; y)

2
(x− x̃)2

=
(

loss(x̃; y)− loss′(x̃; y)x̃ +
loss′′(x̃; y)

2
x̃2

)
(3.12)

+
(
loss′(x̃; y)− loss′′(x̃; y)x̃

)
x +

loss′′(x̃; y)
2

x2

=
loss′′(x̃; y)

2

(
x− loss′′(x̃; y)x̃− loss′(x̃; y)

loss′′(x̃; y)

)2

+ Const

(3.13)
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where the constant term depends onx̃ andy, but not onx.
We can now write a second-order approximation for the total discrepancy

of X about an origin matrix̃X :

D(X ;Y ) =
∑
ia

loss(Xia;Yia)

≈
∑
ia

loss′′(X̃ia;Yia)
2

(
Xia −

loss′′(X̃ia;Yia)X̃ia − loss′(X̃ia;Yia)
loss′′(X̃ia;Yia)

)2

+ C

=
1
2

∑
ia

Wia(Xia −Aia)2 + Const (3.14)

where
Wia = loss′′(X̃ia;Yia)

Aia =
loss′′(X̃ia;Yia)X̃ia − loss′(X̃ia;Yia)

loss′′(X̃ia;Yia)
.

(3.15)

Maximizing (3.14) is a weighted low-rank approximation problem. Note that
for each entry(i, a), we use a second-order expansion about adifferentpoint
X̃ia. The closer the origiñXia is toXia, the better the approximation.

This suggest a Newton-type iterative approach, where at each iteration we
set

W
(t+1)
ia = loss′′(X (t)

ia ;Yia)

A
(t+1)
ia =

loss′′(X (t)
ia ;Yia)X (t)

ia − loss′(X (t)
ia ;Yia)

loss′′(X (t)
ia ;Yia)

(3.16)

and then update the current solutionX (t) by optimizing a weighted low-rank
approximation problem:

X (t+1) = arg min
X

∑
ia

W
(t+1)
ia (Xia −A

(t+1)
ia )2 (3.17)

3.3.2 Low-rank Logistic Regression

As a specific example of optimizing a convex non-quadratic loss, we consider
the problem of logistic low-rank regression: entries of an observed binary
matrix are modeled as Bernoulli variables with natural parameters forming
a low-rank matrixX , and the maximum likelihood low-rank matrixX is
sought. The negative log-likelihood, which is our objective to be minimized,
can then be written as a sum of logistic losses:

D(X ;Y ) = − log Pr (Y |X ) =
∑
ia

(− log g(YiaXia)) (3.18)
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whereg(z) = 1
1+e−z is the logistic function.

Taking the derivatives of the logistic loss loss(x; y) = − log g(yx), we
get the following Newton updates for the weight and target matrices (3.16):

A
(t+1)
ia = X (t)

ia + Yia

g(YiaX
(t)
ia )

W
(t+1)
ia = g(X (t)

ia )g(−X (t)
ia ) (3.19)

Optimizing a Second Order Variational Bound

For the Taylor expansion, the improvement of the approximation is not always
monotonic. This might cause the method outlined above not to converge. In
order to provide for a more robust method, we use the following variational
bound on the logistic [45]:

log g(yx) ≥ log g(yx̃) + yx−yx̃
2 − tanh(x̃/2)

4x̃

(
x2 − x̃2

)
= − 1

4
tanh(x̃/2)

x̃

(
x− yx̃

tanh(x̃/2)

)
+ Const,

with equality if and only ifx = x̃. Bounding each entry, we get the corre-
sponding bound on the overall objective:

D(X ;Y ) ≤ 1
4

∑
ia

tanh(X̃ia/2)

X̃ia

(
Xia − YiaX̃ia

tanh(X̃ia/2)

)
+ Const (3.20)

with equality if and only ifX = X̃ . This bound suggests an iterative update
of the parameter matrixX (t) by seeking a low-rank approximationX (t+1)

for the following target and weight matrices:

A(t+1)
ia = Yia/W (t+1)

ia W (t+1)
ia = tanh(X (t)

ia /2)/X (t)
ia (3.21)

Fortunately, we do not need to confront the severe problems associated
with nesting iterative optimization methods. In order to increase the likeli-
hood of our logistic model, we do not need to find a low-rank matrix mini-
mizing the objective specified by (3.21), just one improving it. Any low-rank
matrixX (t+1) with a lower objective value thanX (t), with respect toA(t+1)

andW (t+1), is guaranteed to have a lower overall discrepancyD(X ;Y ) (i.e.
higher likelihood): A lower objective corresponds to a lower lower bound in
(3.20), and since the bound is tight forX (t), D(X (t+1);Y ) must be lower
thanD(X (t);Y ). Moreover, if the discrepancy ofX (t) is not already min-
imal are guaranteed to be matrices with lower objective values. Therefore,
we can mix weighted low-rank approximation iterations and logistic bound
update iterations, while still ensuring convergence.

In many applications we may also want to associate external weights with
each entry in the matrix (e.g. to accommodate missing values), or more gener-
ally, weights (counts) of positive and negative observations in each entry (e.g.
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to capture the likelihood with respect to an empirical distribution). This can
easily be done by multiplying the weights in (3.21) or (3.19) by the external
weights.

Note that the target and weight matrices corresponding to the Taylor ap-
proximation and those corresponding to the variational bound are different:
The variational target is always closer to the current value ofX , and the
weights are more subtle (less variation between the weights). This ensures
the guaranteed convergence (as discussed above), but the price we pay is a
much lower convergence rate. Although we have observed many instances in
which a ‘Taylor’ iteration increases, rather then decreases, the objective, over-
all convergence was attained much faster using ‘Taylor’, rather than ‘varia-
tional’ iterations.

The same approach outlined here is applicable for any twice differentiable
convex loss function, and especially loss functions for which a second order
variational bound is known in closed form.

3.4 Low Rank Approximations with Non-
Gaussian Additive Noise

We now depart from Gaussian noise models, but still assume additive noise:

Y = X + Z, (3.22)

where the entries inZ are independent of each other and ofX . We model the
noise distribution as a mixture of Gaussian distributions:

pZ(Zia) =
m∑

c=1

pc(2πσ2
c )1/2 exp((Zia − µc)2/(2σ2

c )). (3.23)

Given such a mixture model, an observed data matrixY ∈ Rn×m, and a
target rankk, we would like to find the rank-k matrixX maximizing the like-
lihoodPr (Y = X + Z;X ), where the entries ofZ are i.i.d. with distribution
pZ.

3.4.1 An EM optimization procedure

To do so, we introduce latent variablesCia specifying the mixture component
of the noise atYia, and solve the problem using EM.. In theExpectation step,
we compute the posterior probabilitiesPr (Cia|Yia;X ) based on the current
low-rank parameter matrixX . In theMaximization step we need to find the
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low-rank matrixX that maximizes the posterior expected log-likelihood

EC|Y [log Pr (Y = X + Z|C;X )]

= −
∑
ia

ECia|Yia

[
1
2 log 2πσ2

Cia
+ ((Xia−Yia)−µCia)2

2σ2
Cia

]
= −

∑
ia

∑
c

Pr(Cia=c)|Yia

2σ2
c

(Xia−(Yia+µc))
2 + Const

= − 1
2

∑
ia

Wia (Xia −Aia)2 + Const (3.24)

where

Wia =
∑

c

Pr(Cia=c)|Yia

σ2
c

Aia = Yia +
∑

c

Pr(Cia=c)|Yiaµc

σ2
cWia

(3.25)

This is aweightedFrobenius low-rank approximation (WLRA) problem.
Equipped with a WLRA optimization method (Section 3.2), we can now per-
form EM iteration in order to find the matrixX maximizing the likelihood
of the observed matrixY . At eachM step it is enough to perform a single
WLRA optimization iteration, which is guaranteed to improve the WLRA ob-
jective, and so also the likelihood. The resulting iterative optimization method
can be viewed as iterative WLRA method, where the target and weight ma-
trices are dynamically updated as a function of the current solution.

Unknown Gaussian Mixtures

So far we discussed the situation in which the noise was i.i.d. according to
a known Gaussian mixture. However, we can easily augment our method to
handle anunknownnoise distribution, so long as it is a Gaussian mixture.
This can be done by introducing an optimization of the mixture parameters
of p (with respect to the current posteriors and low-rank matrixX ) at each M
iteration. Note that again, this is a weakened EM method since the mixture
parameters and the low-rank matrixX are not concurrently optimized, but
rather are alternatively optimized, yielding a sub-optimal M step. Still, we do
improve the objective, and are guaranteed convergence to a local minimum.

Infinite Gaussian Mixtures

We do not have to limit ourselves only to finite Gaussian mixtures. The
maximum-likelihood problem can be well-defined also for classes of noise
distributions with an unbounded, or infinite, number of Gaussian components.
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The target and weight matrices for the WLRA in theM step can be written as

Wia = ECia|Yia

[
1

σ2
Cia

]
Aia = Yia + ECia|Yia

[
uCia

σ2
Cia

]
/Wia.

Any class of Gaussian mixture distributions which we can efficiently fit
using EM, and compute these two quantities for, is amenable to our approach.

3.4.2 Reconstruction Experiments with GSMs

We report here experiments with ML estimation using bounded Gaussian
scale mixtures [6, 83], i.e. a mixture of Gaussians with zero mean, and vari-
ance bounded from bellow. Gaussian scale mixtures (GSMs) are a rich class
of symmetric distributions, which include non-log-concave, and heavy tailed
distributions. We investigated two noise distributions: a ’Gaussian with out-
liers’ distribution formed as a mixture of two zero-mean Gaussians with widely
varying variances; and a Laplace distributionp(z) ∝ e−|z|, which is an in-
finite scale mixture of Gaussians. Figures 3.4,3.5 show the quality of recon-
struction of theL2 estimator and the ML bounded GSM estimator, for these
two noise distributions, for a fixed sample size of 300 rows, under varying
signal strengths. We allowed ten Gaussian components, and did not observe
any significant change in the estimator when the number of components in-
creases.

The ML estimator is overall more accurate than the Frobenius estimator
(standard PCA)—it succeeds in reliably reconstructing the low-rank signal
for signals which are approximately three times weaker than those necessary
for reliable reconstruction using the Frobenius estimator. The improvement
in performance is not as dramatic, but still noticeable, for Laplace noise.

Most usual caveats of learning a distribution as a Gaussian mixture apply,
and we will want to limit the admissible models, both in terms of complexity
(e.g. number of components) and in order to prevent singularities.

One particularly problematic situation, which is not specific to Gaussian
mixtures, should be pointed out. This situation occurs if we allow the den-
sity to attain unbounded values at a pointz0, while remaining bounded from
bellow by some strictly positive function elsewhere. As the density atz0 in-
creases, it becomes increasingly profitable to fit some, even a few, values ofy
exactly, while paying only a constant penalty for completely missing all other
entries. But it is always possible forX to fit at leastk values in each row of
y exactly (e.g. when the columns ofX are spanned byk columns ofy). The
likelihood is thus unbounded, and will go to infinity for thoseX fitting some
values ofy exactly, asp(z0) goes to infinity.
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Figure 3.4: Norm of sines of canonical angles to correct subspace for a ran-
dom rank-3 subspace inR10 with Laplace noise. Insert: sine norm of ML
estimation plotted against sine norm of Frobenius estimation (label “L2”).

3.4.3 Comparing Newton’s Methods and Using Gaussian
Mixtures

Confronted with a general additive noise distribution, the approach suggested
in Section 3.4 would be to rewrite, or approximate, it as a Gaussian mixture
and use WLRA in order to learnX using EM. A different option is to write
down the log likelihood with respect to the additive noise distribution, and
to use Newton’s method of Section 3.3.1, considering the second order Tay-
lor expansions of the log-likelihood, with respect to the entries ofX , and
iteratively maximize them using WLRA. Such an approach requires calcu-
lating the first and second derivatives of the density. If the density is not
specified analytically, or is unknown, these quantities need to be estimated.
But beyond these issues, which can be overcome, lies the major problem of
Newton’s method: the noise density must be strictly log-concave and differ-
entiable. If the distribution is not log-concave, the quadratic expansion of the
log-likelihood will be unbounded and will not admit an optimum. Attempt-
ing to ignore this fact, and for example “optimizing”U given V using the
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Figure 3.5: Norm of sines of canonical angles to correct subspace for a ran-
dom rank-2 subspace inR10 with 0.99N (0, 1)+0.01N (0, 100) noise. Frobe-
nius estimator is denoted “L2”.

equations derived for non-negative weights would actually drive us towards
a saddle-point rather then a local optimum. The non-concavity does not only
mean that we are not guaranteed a global optimum (which we are not guar-
anteed in any case, due to the non-convexity of the low-rank requirement)—
it does not yield even local improvements. On the other hand, approximating
the distribution as a Gaussians mixture and using the EM method, might still
get stuck in local minima, but is at least guaranteed local improvement.

Limiting ourselves to only log-concave distributions is a rather strong
limitation, as it precludes, for example, additive noise with any heavy-tailed
distribution. Consider even the “balanced tail” Laplace distributionp(z) ∝
e−|z|. Since the log-density is piecewise linear, a quadratic approximation of
it is a line, which of course does not attain a minimum value.
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Chapter 4

Consistency of Low Rank
Approximation

Viewing dimensionality reduction as a subspace estimation problem (Section
2.2.2) allows us to investigate its properties as an estimator. In this chapter,
we begin doing so, by studying the most basic property, namely asymptotic
consistency, under various assumptions. We will see that even this minimal
requirement cannot be taken for granted.

Maximum likelihood estimation assuming a fully parametric model, e.g.
low rank Gaussian signal and white Gaussian noise (Seciton 2.2.1), is cer-
tainly consistent by virtue of it being a maximum likelihood estimator in a
finite dimensional parameter space. However, in line with Section 2.4, our in-
terests lay in focusing on the structural, non-parametric, aspects of the model,
and understanding what the minimal requirements for consistency are.

We begin by studying the asymptotic consistency of maximum likelihood
estimation for various conditional models, under the framework of Section
2.2.2. The question we ask is: if the observed data is generated from a
low-rank matrix using the assumed conditional model, does the maximum
likelihood estimator for the low-rank subspace spanning the low-rank matrix
converge to the true subspace when more data rows are available? To answer
this question, we first develop a series of necessary and sufficient conditions
for consistency (Section 4.1.1) and then proceed to analyze a number of spe-
cific conditional models. We show that maximum likelihood estimation of
the subspace in most of these conditional models is, in fact,notconsistent.

On the other hand, in Section 4.2 we show how the simple Frobenius
low-rank approximationis consistent for the general class of additive noise
models. The Frobenius low-rank approximation is not appropriate for non-
additive conditional models, but in Section 4.2.2 we suggest a correction that
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is appropriate forunbiasedconditional models.
Most of the research described in this chapter is reported in a conference

presentation [75]. Material which appears here for the first time includes for-
mulation of the necessary and sufficient conditions for non-additive models,
as well as the analyzis of the consistency of maximum likelihood estimation
for the logistic and Bernoulli conditional models.

4.1 Consistency of Maximum Likelihood Estima-
tion

We consider maximum likelihood estimation for low-rank linear models with
a known conditional distributiony|x, wherex = uV ′ lies in the low-rank
subspaceV , which is the “parameter” of interest. These include both additive
modelsy = x + z, wherez is i.i.d. with known distributionpZ , and non-
additive models with a known conditional distribution, such as Exponential-
PCA.

The question we ask is: assuming the dataY does follow the known
conditional distributiony|x, wherex = uV0

′, will the maximum likelihood
estimator

V̂ = arg max
V

sup
U

Pr (Y |UV ′) (4.1)

converge to the true subspaceV0 as more data rows ofY are available? We
would like this to hold forany distribution overu. That is, we would like
to reconstruct the correct support subspace for any distribution overx with
low-rank support.

Note that due to degrees of freedom in the representation (rotations ofV ,
and in fact, any linear invertible transformations), we cannot expect thematrix
V̂ to always converge toV0. Instead, we must discuss the convergence of the
subspaceit represents. Throughout the presentation, we will slightly overload
notation and use a matrix to denote also its column subspace. In particular,
we will denote byV0 the true signal subspace. In order to study estimators
for a subspace, we must be able to compare two subspaces. A natural way of
doing so is through thecanonical anglesbetween them (Section 2.2.3). All
results described bellow refer to convergence with respect to the canonical
angles.

4.1.1 Necessary and sufficient conditions

In order to answer this question, we present a necessary and sufficient condi-
tions for the consistency of the maximum likelihood estimator, under a known
conditional distributionpY |X .
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A necessary condition

Consider the random function:

Φ(V ) = inf
u
− log pY |X(y|uV ′). (4.2)

Herey is a random vector, henceΦ(V ) is a random variable. The maximum
log-likelihood ofV for the dataY can be written in terms of the empirical
mean ofΦ(V ):

log Pr (Y |V ) = sup
U

log Pr (Y |UV ′)

= sup
U

∑
log Pr (Ya|UaV ′)

=
∑

a

sup
u

log Pr (Ya|uV ′)

= −nÊ [Φ(V )] (4.3)

whereÊ [] denotes the empirical mean with respect to the dataµ. Maximizing
the likelihood ofV is equivalent to minimizing the empirical meanÊ [Φ(V )].

When the number of samples increase, the empirical means converge to
the true means, and ifE [Φ(V1)] < E [Φ(V2)], then with probability approach-
ing oneV2 will not minimize Ê [Φ(V )]. For the ML estimator to be consis-
tent,E [Φ(V )] mustbe minimized byV0, establishing a necessary condition
for consistency:

Condition 1. Ey [Φ(V )] is minimized byV0.

Proposition 1. Condition 1 is necessary for the consistency of the maximum
likelihood estimatorV̂ .

The sufficiency of this condition rests on theuniform convergence of
{Ê [Φ(V )]}, which does not generally hold, or at least on uniformdivergence
from E [Φ(V0)]. It should be noted that the issue here is whether the ML
estimator at all converges, since if it does converge, it must converge to the
minimizer ofE [Φ(V )].

Conditions independent of the signal distribution

When discussingE [Φ(V )], the expectation is with respect to the conditional
distribution pY |X and the signal distributionpX = pU . This is not quite
satisfactory, as we would like results which are independent of the signal
distribution, beyond the rank of its support. To do so, we must ensure the
expectation ofΦ(V ) is minimized onV0 for all possible signals (and not
only in expectation).
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Denote the negative maximum likelihood of a data vectory ∈ Rm:

φ(V ; y) = inf
u

(− log p(y |uV ′)). (4.4)

and for anysignalvectorx ∈ Rm consider the expected conditional negative
log-likelihood:

Ψ(V ; x ) = Ey|x [φ(V ;y)] = Ey|x

[
inf
u
− log py|x(y|uV )

∣∣∣ x] (4.5)

This is the expected contribution of a signal vectorx to the maximum log-
likelihood of V . For additive modelsy = x + z, Ψ(V ; x ) can be written in
terms of the error distributionpZ :

Ψ(V ; x ) = Ez

[
inf
u
− log pz((x + z)− uV )

]
(4.6)

We can now formulate a condition which is independent of the signal
distribution, and is necessary for the maximum likelihood estimator being
consistent forall signal distribution:

Condition 2. For all x ∈ <m, Ψ(V ; x ) is minimized with respect toV exactly
whenx ∈ spanV .

Proposition 2. For any conditional distributiony|x (e.g. for any additive
noise distribution), Condition 2 is necessary for the consistency of the maxi-
mum likelihood estimator̂V for all distributionsx = uV0. That is, if Con-
dition 2 does not hold, then it cannot be the case that for allV0 and all
distributionsu, we haveV̂ → V0.

We will also consider the following more specific condition, which fo-
cuses on the expected contribution to the log-likelihoodΨ(V ; 0) when no
signal is present (i.e.x = 0):

Condition 3. Ψ(V ; 0) is constant for allV .

Proposition 3. If the conditional distributiony|x has a continuous density
(e.g. if it is additive andpZ is continuous), then Condition 3 is necessary for
the consistency of the maximum likelihood estimatorV̂ for all distributions
x = uV0.

If Condition 3 does not hold, we haveΨ(V1; 0) < Ψ(V2; 0) for some
V1, V2, and for small enoughx ∈ V2, Ψ(V1; x ) < Ψ(V2; x ). A non-constant
Ψ(V ; 0) indicates an a-priori bias towards certain sub-spaces.
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Sufficiency of the conditions

The sufficiency of Conditions 1 and 2 rests on theuniform convergence of
{Ê [Φ(V )]}, which does not generally exist, or at least on uniformdivergence
from E [Φ(V0)]. It should be noted that the issue here is whether the ML
estimator at all converges, since if it does converge, it must converge to the
minimizer ofE [Φ(V )].

Such convergence can be guaranteed at least in the special case of additive
noise when the marginal noise densitypZ(za) is continuous, strictly positive,
and has finite variance and differential entropy. Under these conditions, the
maximum likelihood estimator is guaranteed to converge to the minimizer of
E [Φ(V )] [81, Theorem 5.7].

Condition 4. y = x + z, wherez is i.i.d and the density of each component
of z is continuous, strictly positive, and has finite variance and differential
entropy.

Lemma 4. Condition 4 gurantees the uniform law of large numbers for
{Φ(V )}.

Proof. We will show thatΦ(V ) is continuous inV , which varies over a com-
pact space (since we can viewV as unit-norm matrices), and has a finite
envelope:

E [max |Φ(V )|] ≤ ∞. (4.7)

For additive noise models,pY |X(y|uV ′) = pZ(y − uV ′) goes to zero
whenu is far enough from the origin, and the infimum in (4.2) is always
attained at finiteu and can be replaced with a minimum. The random function

Φ(V ) = min
u
− log pZ(y − uV ′) (4.8)

is then continuous inV for all y. Furthermore, we have:

Φ(V ) ≥ −max
z

log pZ(z ) ≥ −∞ (4.9)

ensuring

EY

[
max

V
Φ(V )

]
≥ −∞. (4.10)

On the other side, we have:

EY [Φ(V )] ≤ EY

[
−max

u
log pY |X(y|uV ′)

]
≤ EY

[
−max

u
log pY |X(y|0)

]
= D

(
pY ‖pY |0

)
−HpY ≤ ∞ (4.11)

wherepY is the true distribution ofy andpY |0 is the distributionY |X = 0.
Together, (4.11) and (4.10) provide a finite envolope forΦ(V ).
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Proposition 5. Conditions 4 and 1 together are sufficient for the consistency
of the maximum likelihood estimator̂V . Conditions 4 and 2 together are
sufficient for the consistency of the maximum likelihood estimatorV̂ for any
“signal” distribution x = uV0.

4.1.2 Additive Gaussian Noise

We first analyze the maximum likelihood estimatorV̂ of V0 in the presence
of i.i.d. addative Gaussian noise:

y = x + z

wherex = yV0 and the the noisez is i.i.d. Gaussian. This is the standard
Frobenius-distance minimizing estimator (PCA). By using Proposition 5 it
is possible to show that the maximum likelihood estimator in this case is
consistent.

Theorem 6. For any signal distributionx = uV0, and for additive i.i.d. Gaus-
sian noise, the maximum likelihood estimatorV̂ is consistent.

Proof. For a fixed subspaceV , consider the decompositiony = y‖ + y⊥ of
vectors into their projection ontoV , and the residual. Asz is an isotropic
Gaussian random vector, any rotation ofz is also isotropic Gaussian, and so
z⊥ andz‖ are independent, and we can decompose:

pY (y) = p‖(y‖)p⊥(y⊥) (4.12)

We can now analyze:

φ(V ; y) = inf
u

(− log p‖(y‖ − uV ′)− log p⊥(y⊥))

= − log p‖(0) +
1
σ2
|y⊥|22 + Const (4.13)

yielding
Ψ(V ; x ) ∝ Ez⊥ [|x⊥ + z⊥|2] + Const, (4.14)

which is minimized whenx⊥ = 0, i.e. x is spanned byV . This fulfills
Condition 2. The Gaussian density fulfills Condition 4 and so by Proposition
5 V̂ is consistent.

This consistency proof employed a key property of the isotropic Gaus-
sian: rotations of an isotropic Gaussian random variable remain i.i.d. As this
property is unique to Gaussian random variables, maximum likelihood es-
timators in the presence of other conditional distributions (or even additive
noise distributions) might not be consistent.
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4.1.3 Inconsistency

To show inconsistency, we will analyzeΨ(V ; 0) and use Condition 3 and
Proposition 3. For some distributions, it is possible to evaluateΨ(V ; 0) an-
alytically. In addition to the additive Gaussian noise, this can be done, for
example, for additive Laplace noise, as well as for a logistic model.

Additive Laplace Noise

We now analyze the maximum likelihood estimatorV̂ of V0 in the presence
of i.i.d. addative Laplace noise:

y = x + z

wherex = yV0 and the the noisez is i.i.d. with:

pZ(za) =
1
2
e−|za| (4.15)

The log-likelihood

log py|x(y |x ) = − log pZ(y − x ) = −
∑
|ya − xa| −m = |y − x |1 −m

(4.16)
is essentially theL1-norm|y−x |1. We focus on rank-one approximation in a
two-dimensional space, that is, finding the direction in the plane (line through
the origin) in which the signal resides.

Consider first a one dimensional subspace at an angle of0 ≤ θ ≤ π
4 to

they1 axis. That is, a one dimensional subspace spanned byVθ = (1, tan θ),
where0 ≤ tan θ ≤ 1. For anyy = (y1, y2) the L1-norm |y − uV ′|1 =
|y1−u|+ |y2−u tan θ| is minimized wheny1−u = 0, i.e. u = y1, yielding

φ(Vθ; z ) = |z − z1V ′
θ |1 + 2 = |z2 − tan θz1|+ 2. (4.17)

We can now calculate:

Ψ(Vθ; 0) = Ez [φ(Vθ; z )] =
∫

dz1
∫

dz2pZ(z )φ(Vθ; z )

=
∫

dz1
∫

dz2
1
4
e−|z1|−|z2||z2 − tan θz1|dz1dz2 + 2

= 2 +
tan2 θ + tan θ + 1

tan θ + 1
(4.18)

which is monotonic increasing inθ in the valid range[0, π
4 ], andΨ(V ; 0) is

certainly not a constant function ofV . The necessary Condition 3 does not
hold, and the maximum likelihood estimator is not consistent.
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Figure 4.1: The functionΨ(Vθ; 0) for one-dimensional subspacesVθ ⊂ R2

spanned by(cos θ, sin θ), as a function ofθ in the presence of additive
Laplace noise.

To understand the asymptotic bias of the maximum likelihood estimator,
Figure 4.1.3 displays the functionΨ(V ; 0) as calculated above, for the entire
range of directions (symmetry arguments apply toθ > π

4 ). In particular,
we have3 = Ψ(V0; 0) < Ψ(Vπ

4
; 0) = 7

2 . When no signal is present, the
likelihood is maximized (Ψ is minimized) by axis-aligned subspaces. Even
when a signal is present, the maximum likelihood estimator will be biased
towards being axis-aligned.

Gaussian mixture additive noise

The asymptotic bias of the maximum likelihood estimator can also be ob-
served empirically. To do so, we consider a two-component Gaussian mixture
additive noise distribution. Although it is not possible to analyze theΨ ana-
lytically in closed form for such a distribution, using the methods of Section
3.4, the maximum likelihood estimator̂V can be found.

Figure 4.1.3 demonstrates the asymptotic bias of the maximum likelihood
estimator empirically. Two-component Gaussian mixture noise was added to
rank-one signal inR3, and the signal subspace was estimated using a maxi-

60



10 100 1000 10000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Sample size (number of observed rows)

si
n(

Θ
)

ML
L

2

Figure 4.2: Norm of sines of canonical angles to the correct subspace
span(2, 1, 1)′ ⊂ R3 with a two-component Gaussian mixture0.9N (0, 1) +
0.1N (0, 25) additive noise. The maximum likelihood estimator converges to
(2.34, 1, 1). Bars are one standard deviation tall.

mum likelihood estimator with known noise model, and a Frobenius estima-
tor for comparison. For small data sets, the maximum likelihood estimator is
more accurate, but as the number of samples increase, the error of the Frobe-
nius estimator vanishes (see Section 4.2.1), while the maximum likelihood
estimator converges to the wrong subspace.

Logistic conditional model

So far we discussed additive noise models. The Gaussian additive noise
model can also be viewed as an instance of Exponential PCA, i.e. a condi-
tional model in which the conditional distributionsya|xa form an exponential
family, with xa being the natural parameters. In fact, as mentioned in Section
2.1.2, Gaussian models are the only instance of additive noise models which
form an exponential family distributions, with a natural parameterization.

We turn now to studying a different instance of Exponential PCA, which
does not correspond to an additive noise model. We consider a logistic con-
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ditional model, whereya ∈ ± andxa are natural parameters:

p(ya = +|xa) =
1

1 + e−xa
= g(xa) (4.19)

whereg(·) is the logistic function.
We again focus on a estimating a rank-one subspace in two dimensions

and analyzeΨ(V ; 0) for all rank-one subspaces, i.e. lines through the origin,
V . A setting ofx = 0 implies a uniform distribution ony over (+,+),
(+,−), (−,+), (−,−) and we have:

Ψ(V ; 0) = Ey|x=0 [φ(V ;y)]

=
1
4
φ(V ; ++) +

1
4
φ(V ;−+) +

1
4
φ(V ; +−) +

1
4
φ(V ;−−) (4.20)

We analyze the axis-parallel and non-axis-parallel subspacesV separately.
For an axis-parallel subspace, e.g.V0 = (1, 0) without loss of generality,

we have, for anyy ∈ {±}2:

φ((1, 0); y) = − sup
u

log p(y |u(1, 0)) = − sup
u

(log p(y1|u) + log p(y2|0))

= − sup
u

log p(y1|u)− log p(y2|0) = − log 1− log
1
2

= 1 (4.21)

and so:
Ψ(V0; 0) = Ψ(Vπ

2
; 0) = 1 (4.22)

We now turn to analyzing non-axis-parallel subspacesVθ = (1, tan θ),
where without loss of generality we concentrate on0 < θ ≤ π

2 . Fory = ++
andy = −− we can push the likelihoodp(y |u(1, λ)) to one by pushingu to
infinity or negative infinity, and therefore:

φ((1, tan θ);++) = φ((1, tan θ);−−) = − log 1 = 0 (4.23)

For y = +−, increasingu increasesp(y1 = +|u) but decreasesp(y2 =
−|u tan θ). The value ofu maximizing

φ((1, tan θ);+−) = − sup
u

log p(+− |u, u tan θ)

= − sup
u

(log g(u) + log g(−u tan θ)) , (4.24)

can be found by setting the derivative of the log-likelihood to zero:

0 =
∂

∂u
log p(+− |u, u tan θ) =

g(−u)− (tan θ)g(u tan θ) =
1

1 + eu
− tan θ

1 + e−u tan θ

⇒ 1 + tan θ + tan θ (eu) + (eu)− tan θ = 0 (4.25)
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Due tou↔ −u symmetry, we haveφ(V ; +−) = φ(V ;−+).
For the mid-axis diagonalVπ

4
= (1, 1), the maximum in (4.24) is obtained

atu = 0 (this can also be seen from symmetry considerations), yielding

φ(Vπ
4
; +−) = φ(Vπ

4
;−+) = − log p(+− |0, 0) = − log

1
4

= 2 (4.26)

and combined with (4.23),

Ψ(Vπ
4
; 0) =

1
4
0 +

1
4
0 +

1
4
2
1
4
2 = 1. (4.27)

However, for0 < θ < π
4 , a lower value is obtained form(Vθ; +−). In

particular, whenθ approaches zero, the optimizingu (the solution of (4.25))
approaches− ln tan λ

2 and

φ(Vθ; +−) = φ(Vθ;−+) = θ→0−−−→ 1. (4.28)

Combined with (4.23), we therefore have:

Ψ(Vθ; 0) θ→0−−−→ 1
4
0 +

1
4
0 +

1
4
1
1
4
1 =

1
2
. (4.29)

The expected contribution of the negative log-likelihood from a distribu-
tion generated by parameters on the originΨ(Vθ; 0), decreases as the sub-
space becomes close to being axis aligned, as long as it is not completely axis
aligned. At the axis-aligned subspaces, we observe a discontinuity, with the
value at these subspaces substantially higher (in fact, the highest possible, and
equal to the value on the mid-axis diagonals). The quantitative behavior of
Ψ(Vθ; 0) as a function ofθ is presented in Figure 4.3. This behavior indicates
that the maximum likelihood estimator for this setting is biased towards being
axis aligned (though not on the axis itself).

Bernoulli conditional models

The next model we analyze is also a binary observation model,ya ∈ ±, but
unlike the logistic conditional model in whichxa arenaturalparameters, here
xa are taken to bemeanparameters:

p(ya = +|xa) = xa (4.30)

where0 ≤ xa ≤ 1.
We again analyze estimation of a rank-one subspace (line through the

origin) in two dimensions.
For xa = 0 we havePr (y = −− |0) = 1. For any subspaceV , by

choosingu = 0, we haveφ(Vθ;−−) = − log 1 = 0 and soΨ(V ; 0) = 0.
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Figure 4.3:M(Vθ; 0) for a logistic conditional model

The necessary condition 3 is satisfied, and the estimator might be consistent.
However, this is only a necessary condition, and does not imply the consis-
tency of the estimator. In order to study the consistency, we now turn to
analyzingΨ(V ; x ) for anyx ∈ [0, 1]2.

ConsiderVθ = (1, tan θ), where without loss of generality0 ≤ θ ≤ π
4 ,

i.e. 0 ≤
tanθ ≤ 1 (calculations for other subspaces can be extrapolated by symmetry).
We can calculate (all maximization are constrained by0 ≤ u ≤ 1 and0 ≤
u tan θ ≤ 1):

φ(Vθ; ++) = − sup
u

log (u(u tan θ)) = − log tan θ (4.31)

φ(Vθ;−−) = − sup
u

log ((1− u)(1− u tan θ)) = − log 1 = 0 (4.32)

φ(Vθ; +−) = − sup
u

log (u(1− u tan θ))

Solving0 = ∂u(1−u tan θ)
∂u = 1 − 2u tan θ yieldsu = 1

2 tan θ which is in the
legal domain only whentan θ ≥ 1

2 , and so:

=

{
whentan θ ≥ 1

2 , − log
(

1− 1
2

2 tan θ

)
= 2 + log tan θ

whentan θ ≤ 1
2 , − log (1− tan θ)

(4.33)
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Symmetrically:

φ(Vθ;−+) =

{
whencot θ ≤ 1

2 , 2 + log cot θ

whencot θ ≤ 1
2 , − log (1− cot θ)

(4.34)

From (4.31)-(4.34) we can calculate

Ψ(Vθ; x ) = x1x2φ(Vθ; ++) + x1(1− x2)φ(Vθ; +−) +
(1− x1)x2φ(Vθ;−+) + (1− x1)(1− x2)φ(Vθ;−−) (4.35)

and check whether it is indeed minimized, with respect toθ, whenx ∈ Vθ, as
Condition 2 requires.

Numerical calculations reveal thatM(Vθ; x ) is generallynot minimized
whenx ∈ Vθ. Biases in different directions, and different magnitudes, are
observed for differentx ∈ [0, 1]2. Figure 4.1.3 displays the bias, from the
true direction ofx to the directionθ minimizingM(Vθ; x ).
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Figure 4.4: Bias in maximum likelihood estimation of rank-one subspace in
R2 for a Bernoulli conditional model. The arrow at each pointx ∈ [0, 1]2

indicates the offset from the true direction ofx to the directionθ minimizing
Ψ(Vθ; x , to which maximum likelihood estimation will converge.
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Uniform additive noise

Before concluding that the maximum likelihood estimator is only consistent
with additive Gaussian noise, consider maximum likelihood estimation in the
presence of additive i.i.d. uniform noise. The likelihood in a uniform model
is either some positive constant, if all errors are within the support, or zero
otherwise. Thus, the maximum likelihood estimator is any low-rank matrix
that is consistent with the required margin of error. But for any incorrect
low-rank subspace, there exists some positive probability of producing noise
incompatible with it. Hence, the only low-rank subspace which is compatible
with probability one isV0, and the estimator is consistent.

4.2 Universal Consistency of Subspace Estima-
tion

In contrast to the lack of consistency of maximum likelihood estimation, we
show here that the “standard” approach to low-rank approximation, minimiz-
ing the sum squared error (i.e. Frobenius estimation), yields a universal esti-
mator which is consistent for any additive noise model. Minimizing the sum
squared error corresponds to maximum likelihood estimation in the presence
of Gaussian additive noise. We already saw in the previous section that in the
presence of additive noise that does indeed follow a Gaussian distribution,
this estimator is consistent. Here, we establish a much stronger result: the
Frobenius estimator is consistent foranyadditive i.i.d. noise distribution.

For non-additive conditional modelsy|x, the Frobenius estimator might
not be consistent. In Section 4.2.2 we relax this requirement, and require only
that the conditional model isunbiased, i.e. E [y|x] = x. This happens, for
example, in the presence of multiplicative noise (a constant bias can easily
be corrected) or when the conditional distributiony|x form an exponential
family with x being themeanparameters.

We suggest a modified universal estimator, the variance-ignoring estima-
tor, that is appropriate for unbiased conditional models.

4.2.1 Additive noise

Consider the “standard” approach to low-rank approximation, minimizing the
sum squared error, and the corresponding Frobenius estimator for signal sub-
spaceV :

V̂ML = arg min
V

inf
U
‖Y −UV ′‖Fro (4.36)
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Theorem 7. For any i.i.d. additive noise modely = uV o+z (coordinates of
z are i.i.d. and independent ofx), whereu andz have finite fourth moments,
the Frobenius estimator(4.36)is a consistent estimator ofV0.

Proof. The Frobenius estimator of the signal subspace is the subspace spanned
by the leading eigenvectors of the empirical covariance matrixΛ̂n of y. As-
suming the fourth moments of the distribution ofy are finite, the empirical
covariance matrix̂Λn converges to the true covariance matrixΛY , which in
turn is the sum of the covariance matrices ofx andz:

Λ̂n → ΛY = ΛX + ΛZ (4.37)

The covarianceΛX of x is a matrix of rankk, and sincez is i.i.d.,
ΛZ = σ2I. We should also be careful about signals that occupy only a
proper subspace ofV0, and be satisfied with any rank-k subspace containing
the support ofx, but for simplicity of presentation we assume this does not
happen andx is of full rankk.

Let s1 ≥ s2 ≥ · · · ≥ sk > 0 be the non-zero eigenvalues ofΛX .
Sincez has variance exactlyσ2 in any direction, the principal directions
of variation are not affected by it, and the eigenvalues ofΛY are exactly
s1 + σ2, . . . , sk + σ2, σ2, . . . , σ2, with the leadingk eigenvectors being the
eigenvectors ofΛX . This ensures an eigenvalue gap ofsk > 0 between the
invariant subspace ofΛY spanned by the eigenvectors ofΛX and its comple-
ment, and we can bound the norm of the canonical sines betweenV0 and the

leadingk eigenvectors of̂Λn by |Λ̂n−ΛY |
sk

[76]. Since|Λ̂n − ΛY | → 0 a.s.,
we conclude that the estimator is consistent.

It is interesting to note that even though the standard Frobenius estima-
tor is consistent, while the maximum likelihood estimator is not consistent,
empirical results (Figure 4.1.3) demonstrate that on reasonable-sized samples
the maximum likelihood estimator outperforms the Frobenius estimator. But
as the sample size increases, the Frobenius estimated subspace converges to
the correct subspace, whereas the maximum likelihood subspace converges
to the wrong subspace.

4.2.2 Unbiased Noise and the Variance-Ignoring Estimator

Before discussing unbiased noise, let us turn our attention to additive noise
with independent, not not identically distributed, coordinates. This is essen-
tially the classic setting of factor analysis.
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Non-identical Additive Noise

Consider an additive modely = x + z where the components of the noise
z are independent, but not necessarily identical, Gaussians. If the noise vari-
ances are known, the ML estimator corresponds to minimizing the column-
weighted (inversely proportional to the variances) Frobenius norm ofY −X ,
and can be calculated from the leading eigenvectors of a scaled empirical co-
variance matrix [44]. If the variances are not known, e.g. when the scale of
different coordinates is not known, there is no maximum likelihood estima-
tor: at leastk coordinates of eachy can always be exactly matched, and so
the likelihood is unbounded when up tok variances approach zero.

The Frobenius estimator is not appropriate in this scenario. The covari-
ance matrixΛZ is still diagonal, but is no longer a scaled identity. The addi-
tional variance introduced by the noise is different in different directions, and
these differences may overwhelm the “signal” variance alongV0, biasing the
leading eigenvectors ofΛY , and thus the Frobenius estimator, toward axes
with high “noise” variance. The fact that this variability is independent of
the variability in other coordinates is ignored, and the Frobenius estimator is
asymptotically biased.

The Variance-Ignoring Estimator

Instead of recovering the directions of greatest variability, we can recover
the covariance structure directly. In the limit, we still haveΛ̂n → ΛY =
ΛX + ΛZ , a sum of a rank-k matrix and a diagonal matrix. In particular,
the non-diagonal entries of̂Λn approach those ofΛX . We can thus seek a
rank-k matrix Λ̂X approximatinĝΛn, e.g. in a sum-squared sense, except on
the diagonal. This is a (zero-one)weightedlow-rank approximation problem,
and the methods of Section 3.2 apply. The row-space of the resultingΛ̂X is
then an estimator for the signal subspace. Note that the Frobenius estimator is
the row-space of the rank-k matrix minimizing theunweightedsum-squared
distance tôΛn.

Although in most cases the Variance-Ignoring estimatorwill converge to
the correct subspace, discussing consistency in the presence of non-identical
noise with unknown variances is problematic: The signal subspace is not
necessarily identifiable. For example, the combined covariance matrixΛY =
( 2 1

1 2 ) can arise from a rank-one signal covarianceΛX =
(

a 1
1 1/a

)
for any

1
2 ≤ a ≤ 2, each corresponding to a different signal subspace. Counting the
number of parameters and constraints suggests identifiability whenk < m−√

8m+1−1
2 , but this is by no means a precise guarantee. Anderson and Rubin

[5] present several conditions onΛX which are sufficient for identifiability
but requirek <

⌊
m
2

⌋
, and other weaker conditions which are necessary.

68



Non-Additive Models

The above estimation method is also useful in a less straight-forward situa-
tion. Until now we have considered only additive noise, in which the distri-
bution ofya − xa was independent ofxa. We will now relax this restriction
and allow more general conditional distributionsya|xa, requiring only that
E [ya|xa] = xa. With this requirement, together with the structural constraint
(ya independent givenx), for anyi 6= j:

Cov[ya,yb] = E [yayb]− E [ya]E [yb]
= E [E [yayb|x]]− E [E [ya|x]]E [E [yb|x]]
= E [E [ya|x]E [yb|x]]− E [xa]E [xb]
= E [xaxb]− E [xa]E [xb] = Cov[xa,xb]. (4.38)

As in the non-identical additive noise case,ΛY agrees withΛX except on
the diagonal. Even ifya|xa is identically conditionally distributed for alli,
the differenceΛY − ΛX is not in general a scaled identity:

Var [ya] = E
[
y2

a

]
− E [ya]2

= E
[
E
[
y2

a|xa

]
− E [ya|xa]2

]
+ E

[
E [ya|xa]2

]
− E [ya]2

= E [Var [ya|xa]] + E
[
x2

a

]
− E [xa]2

= E [Var [ya|xa]] + Var [xa]. (4.39)

Unlike the additive noise case, the variance ofya|xa depends onxa, and
so its expectation depends on the distribution ofxa.

These observations suggest using the variance-ignoring estimator. Figure
4.2.2 demonstrates how such an estimator succeeds in reconstruction when
ya|xa is exponentially distributed with meanxa, even though the standard
Frobenius estimator is not applicable. We cannot guarantee consistency be-
cause the decomposition of the covariance matrix might not be unique, but
whenk <

⌊
d
2

⌋
this is not likely to happen. Note that if the conditional dis-

tribution y|x is known, even if the decomposition is not unique, the correct
signal covariance might be identifiable based on the relationship between the
signal marginals and the expected conditional variance of ofy|x, but this is
not captured by the variance-ignoring estimator.

4.2.3 Biased noise

The variance-ignoring estimator is also applicable wheny can be transformed
such thatE [g(y)|u] lie in a low-rank linear space, e.g. in log-normal models.
If the conditional distributiony|x is known, this amount to obtaining an un-
biased estimator forxa. When such a transformation is not known, we may
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wish to consider it as nuisance. In particular, this might be possible when
g(y) − x is Gaussian. However, this does not provide a generalconsistent
estimator forV if no unbiasedestimator exists forxa.

Of particular interest are distributionsya|xa that form exponential fami-
lies wherexa are thenaturalparameters (Exponential-PCA). When themean
parameters form a low-rank linear subspace, the variance-ignoring estima-
tor is applicable, but when the natural parameters form a linear subspace, the
means are in general curved, and there is no unbiased estimator for the natural
parameters.

The problem of finding a consistent estimator for the linear-subspace of
natural parameters whenya|xa forms an exponential family, or in other gen-
eral settings, remains open.
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Chapter 5

Maximum Margin Matrix
Factorization

In the previous chapters of this thesis we limited ourselves to learning with
low-rank matrices. In terms of the factorizationX = UV ′, we constrained
the dimensionality ofU andV . In this chapter we suggest constraining the
factorization by constraining the norms ofU andV , yielding a novel class
of factorizable matrices. We show how these constraints arise naturally when
matrix factorizations are viewed as feature learning for large-margin linear
prediction, and how they lead toconvexoptimization problems that can be
formulated as semi-definite programs.

We present maximum margin matrix factorizations in the context of “col-
laborative prediction”: predicting unobserved entries of a target matrix, based
on a subset of observed entries. We begin the chapter by discussing this set-
ting and defining the framework.

5.1 Collaborative Filtering and Collaborative Pre-
diction

“Collaborative filtering” refers to the general task of providing users with
information on what items they might like, or dislike, based on their prefer-
ences so far (perhaps as inferred from their actions) and how they relate to
the preferences of other users. For example, in a collaborative filtering movie
recommendation system, the inputs to the system are user ratings on movies
they have already seen. Prediction of user preferences on movies they have
not yet seen are then based on patterns in the partially observed rating ma-
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trix, e.g. predicting preferences that correlate with the movie ratings by other
users with overall similar preferences, but anti-correlate with users ratings
of dissimilar users. This approach contrasts with a more traditional feature-
based approach where predictions are made based on features of the movies
(e.g. genre, year, actors, external reviews) and the users (e.g. age, gender, ex-
plicitly specified preferences). Users “collaborate” by sharing their ratings
instead of relying on external information.

In some collaborative filtering tasks, the preferences might not be given
explicitly by the user, but rather inferred from the user’s actions. The input
for such tasks typically consists of the items each user has already requested
(e.g. web pages visited, items purchased), and the goal is to predict which
further items the user is likely to request. Note that generally no negative
data is available in such situations.

The desired output of collaborative filtering varies by application. One
often useful task, is to predict for each user a few items the user is very likely
to like. This answers a user query of the form “What movie should I go
see?”, or can be used to place recommended links on a web page. Here,
we will focus on“collaborative prediction”: predicting the user’s preference
regarding each item, answering queries of the form “Will I like this movie?”.
Although it is certainly possible to use this output in order to generate a list
of the predicted most strongly preferred items, answering the first type of
query, this requires going over all possible items, which is often impractical.
Furthermore, it might be possible to find a few items that the user will like
with high certainty, even when the collaborative prediction problem is hard.
Therefore, although the basic ideas studied in the thesis may be relevant for
both types of tasks, methods for efficiently predicting the top items may be
substantially different, and lie outside the scope of the thesis.

5.1.1 Matrix Completion

In this thesis, collaborative prediction is formalized as a simple matrix-
completion problem: predicting the unobserved entries of a partially observed
target matrix. A subset of entriesS of a target matrixY is observed. Based
on the observed valuesYS , and no other external information, we would like
to predict all other values inY .

A key issue is how thediscrepancybetween the target values inY and the
predictionsX is measured. For the collaborative prediction tasks studied, we
would like to ensure each entry is correctly predicted, and accordingly use a
per-entry loss function:

D(X;Y ) =
∑
ia

loss(Xia;Yia). (5.1)
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The matrix completion formulation is also appropriate for other applica-
tions, such as filling in missing values in a mostly observed matrix of exper-
iment results. Such a situation is often encountered in gene expression anal-
ysis, where the expression levels of thousands of genes are measured across
different “experiments” (different experimental conditions, time points, cell-
types, etc.), but where some entries in the experiment-gene matrix might be
missing [80]. The main difference between such applications and typical col-
laborative filtering applications is the observation sparseness: whereas when
completing experimental results, only a small proportion of matrix entries
are missing, the typical situation in collaborative filtering is that only a small
fraction of entries are observed.

A learning task with a somewhat similar formulation, but different mea-
sure of discrepancy, is that of completing a partially observed covariance ma-
trix. In such situations, the measure of discrepancy is not a per-entry sum-of-
losses measure, as we are not usually interested in each covariance separately,
but rather a measure of discrepancy between the implied joint distributions.

5.2 Matrix Factorization for Collaborative Pre-
diction

Using matrix factorization for matrix completion is fairly straightforward. A
factorization(U, V ) is sought that minimizes the discrepancy between the
observed entriesYS and the corresponding entries ofX = UV ′. Unobserved
entries inY are then predicted according to the corresponding entries inX.

5.2.1 Low-Rank Matrix Completion

Several authors have recently suggested, and experimented with, low-rank
(unconstrained or almost unconstrained) matrix factorization for collabora-
tive prediction. Methods mostly differ in how they relate real-valued entries
in X to preferences inY , and in the associated measure of discrepancy.

Hoffman [41] suggests a collaborative prediction method based on a prob-
abilistic latent variable model, which corresponds to viewing the entries inX
as mean parameters for a probabilistic model of the entries ofY , and fitting
X by maximizing the likelihood. Marlin [57] also studied low-rank collabo-
rative prediction by viewing the entries ofX as mean parameters. In [74] we
study low-rank collaborative prediction, both with a sum-squared loss and by
viewing X as natural parameters to Bernoulli distributions on the entries of
Y , yielding a logistic loss. In a recent paper, Marlinet al[58] also implicitly
suggest fittingX as natural parameters.
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Azar et al[8] proved asymptotic consistency of a method in which un-
observed entries are replaced by zeros, observed entries are scaled inversely
proportionally to the probability of them being observed, and a squared error
loss is used. No guarantees are provided for finite data sets.

Other have suggested using a low-rank approximation in combination
with other methods. Goldberget al[31] use a low-rank approximation of a
fully-observed subset of columns of the matrix, thus avoiding the need to
introduce weights. Billsuset al[14] use a singular value decomposition of a
sparse binary observation matrix. Both Goldberg and Billsus use the low-rank
approximation only as a preprocessing step, and then use clustering (Gold-
berg) or neural networks (Billsus) to learn the preferences.

Extensive experiments with various collaborative prediction methods can
be found in Marlin’s M.Sc. thesis [56].

5.2.2 Matrix factorization and linear prediction

If one of the factor matrices, sayU , is fixed, and only the other factor matrix
V ′ needs to be learned, then fitting each column of the target matrixY is a
separate linear prediction problem. Each row ofU functions as a “feature
vector”, and each column ofV ′ is a linear predictor, predicting the entries in
the corresponding column ofY based on the “features” inU .

In collaborative prediction, bothU andV are unknown and need to be
estimated. This can be thought of as learning feature vectors (rows inU )
for each of the rows ofY , enabling good linear prediction across all of the
prediction problems (columns ofY ) concurrently, each with a different linear
predictor (columns ofV ′). The features are learned without any external
information or constraints, which is impossible for a single prediction task
(we would use the labels as features). The underlying assumption that enables
us to do this in a collaborative filtering situation is that the prediction tasks
(columns ofY ) arerelated, in that the same features can be used for all of
them, though possibly in different ways.

The symmetric view, of learning features for the column enabling good
linear prediction of the rows, is equally valid.

Low-rank collaborative prediction corresponds to regularizing by limiting
the dimensionality of the feature space: each column is a linear prediction
problem in a low-dimensional space. Instead, we suggest allowing an un-
bounded dimensionality for the feature space, and regularizing by requiring a
low-norm factorization, while predicting with a large margin.

Consider adding to the loss a penalty term which is the sum of squares of
entries inU andV , i.e.‖U‖2Fro + ‖V ‖2Fro (‖‖Fro denotes the Frobenius norm).
Each “conditional” problem (fittingU givenV and vice versa) again decom-
poses into a collection of standard, this time regularized, linear prediction
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problems. With an appropriate loss function, or constraints on the observed
entries, these correspond to large-margin linear discrimination problems. For
example, if we learn a binary observation matrix by minimizing a hinge loss
plus such a regularization term, each conditional problem decomposes into a
collection of SVMs.

5.3 Maximum-Margin Matrix Factorizations

We present two varieties of maximum-margin matrix factorization, corre-
sponding to two different norms, or constraints onU andV .

5.3.1 Constraining the Factor Norms on Average: The
Trace-Norm

The squared Frobenius norms‖U‖2Fro and ‖V ‖2Fro are the sums of theL2

norms of the rows ofU andV . That is, constraining the Frobenius norm is in
a sense a constrainton average: Taking the features-and-predictors view, any
particular predictor may have large norm (small margin), but on average, the
predictors must have a small norm.

The Trace Norm

Matrices with a factorizationX = UV ′, whereU andV have low Frobenius
norm (recall that the dimensionality ofU andV is no longer bounded!), can
be characterized in several equivalent ways, and are known as lowtrace norm
matrices:

Lemma 8. For any matrixX the following are all equal:

1. min U,V
X=UV ′

‖U‖Fro ‖V ‖Fro

2. min U,V
X=UV ′

1
2 (‖U‖2Fro + ‖V ‖2Fro)

3. The sum of the singular values ofX, i.e. tr Λ whereX = UΛV ′ is the
singular value decomposition ofX.

Furthermore, IfX = UΛV ′ is the singular value decomposition ofX, then
the matricesU

√
Λ andV

√
Λ minimize the first quantity.

Definition 2. The trace norm‖X‖tr of a matrix is given by the three quanti-
ties in Lemma 8.
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the trace nrom is also known as thenuclear norm[28] and theKy-Fan
n-norm(e.g. [43]). It is, in fact, a matrix norm, and in particular it is a convex
function, and the set of bounded trace norm matrices is a convex set. For
convex loss functions, seeking a bounded trace norm matrix minimizing the
loss versus some target matrix is a convex optimization problem. This con-
trasts sharply with minimizing loss over low-rank matrices—a non-convex
problem.

In fact, the trace norm has been suggested as a convex surrogate to the
rank for various rank-minimization problems [28], noting that:

Lemma 9 ([28, Theorem 1]). The convex envelope (smallest bounding con-
vex function) of the rank function, on matrices with unit spectral norm, is the
trace norm.

Here we justify the trace norm directly, both as a natural extension of
large-margin methods and by providing generalization error bounds (Section
6.2).

The following bounds relate the Frobenius norm, the rank and the trace
norm of a matrix:

Lemma 10. For any matrixX:

‖X‖Fro ≤ ‖X‖tr ≤
√

rank X ‖X‖Fro

Proof. Recall that the Frobenius norm‖X‖Fro is equal to theL2 (Euclidean)
vector norm of the singular values ofX, while the trace norm‖X‖tr is theL1

norm of the singular values. The relationship between theL1 andL2 vector
norms establish the left inequality. To establish the right inequality, recall that
the number of non-zero singular values is equal to the rank.

Furthermore, we can characterize the unit ball of the trace norm

Btr
.= {X | ‖X‖tr ≤ 1} (5.2)

in terms of the convex hull of unit-norm rank-one matrices

X1[1] .=
{

uv′ |u ∈ Rn, v ∈ Rm, |u|2 = |v|2 = 1
}

(5.3)

Lemma 11. Btr = convX1[1]

Proof. Lemma 10 ensures thatX1[1] ⊆ Btr, and combined with the convexity
of the trace norm we haveconvX1[1] ⊆ Btr. For a unit trace norm matrix
X with singular value decompositionX = USV ′ with trS = 1, we can
write X =

∑
i SiUiV

′
i which is a convex combination of matrices inX1[1],

establishingBtr ⊆ convX1[1].

This characterization both helps in understanding the class and serves a
vital role in Section 6.2.2 for proving generalization error bounds on learning
with low trace norm matrices.
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Maximum-Margin Low Trace Norm Matrix Factorization

To simplify presentation, we focus on binary labels,Y ∈ {±1}n×m. We
considerhard-margin matrix factorization, where we seek a minimum trace
norm matrixX that matches the observed labels with a margin of one (recall
thatS is the set of observed index pairs):

minimize ‖X‖tr
subject toYiaXia ≥ 1 for all ia ∈ S

(5.4)

We also considersoft-marginlearning, where we minimize a trade-off be-
tween the trace norm ofX and its hinge-loss relative toYS :

minimize ‖X‖tr + c
∑
ia∈S

max(0, 1− YiaXia). (5.5)

As in large-margin linear discrimination, there is an inverse dependence be-
tween the norm and the margin. Fixing the margin and minimizing the trace
norm is equivalent to fixing the trace norm and maximizing the margin. As
in large-margin discrimination with certain infinite dimensional (e.g. radial)
kernels, the data is always separable with sufficiently high trace norm (a trace
norm of

√
n|S| is sufficient to attain a margin of one).

5.3.2 Constraining the Factor Norms Uniformly: The Max-
Norm

Instead of constraining the norms of rows inU andV on average (by con-
sidering their squared Frobenius norms), we can also constrain all rows ofU
andV to have smallL2 norm.

The Max-Norm

We refer to matrices with a factorizationX = UV ′, where all rows ofU and
V have boundedL2 norm, as lowmax-normmatrices:

Definition 3. The max-norm‖X‖max is given by:

‖X‖max
.= min

U,V
X=UV ′

(
max

i
|Ui|
)(

max
a
|Va|

)
whereUi andVa are the row-vectors ofU andV .

The max-norm is also known as theγ2-norm [53, 46].
Note that if we had bounded the norm of the column vectors ofU andV

we would have defined the spectral norm. Unlike the spectral norm (largest
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singular value), Frobenius norm (Euclidean norm of singular values) and
trace norm (sum of singular values), the max-norm is not a function of the
singular values. In fact, calculating the max-norm requires using quadratic
programming in order to solve the optimization problem in the definition [53].

By considering the first characterization in Lemma 8 we can establish the
following connection between the max-norm and the trace norm:

Lemma 12. For anyX ∈ Rn×m, ‖X‖max ≤ ‖X‖tr ≤
√

nm ‖X‖max.

Although it is easy to verify that the max-norm is also convex, and there-
fore that its unit ball

Bmax
.= {X | ‖X‖max ≤ 1} (5.6)

is convex, we cannot provide an exact characterization of the unit ball in terms
of a simple class of matrices, as we did for the trace norm in Lemma 11. We
can, however, provide an approximate characterization in terms of the class
of rank-one sign matrices:

X±
.= {uv′ |u ∈ {±1}n, v ∈ {±1}m} (5.7)

Lemma 13.
convX± ⊆ Bmax ⊆ KGconvX±

whereKG is Grothendiek’s constant, which satisfies:

1.67 ≤ KG ≤ 1.79

Proof. The left inclusion is immediate from the convexity of the max-norm
and the fact that the factorizationuv′, with u andv sign matrices, establishes
‖uv′‖max ≤ 1. The right inclusion is a consequence of Grothendiek’s in-
equality (see Appendix F).

Linial et al[53] discuss the max-norm as a complexity measure for matri-
ces and analyze the max-norm of specific, random and extreme matrices.

Maximum-Margin Low Max-Norm Matrix Factorization

Parallel to the low trace norm problems (5.4)-(5.5), we also consider the hard-
margin max-norm minimization problem:

minimize ‖X‖max

subject toYiaXia ≥ 1 for all ia ∈ S
(5.8)

and the soft-margin max-norm minimization problem:

minimize ‖X‖tr + c
∑
ia∈S

max(0, 1− YiaXia). (5.9)

As with the trace norm counterpart, the problem is always separable.
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A Geometric Interpretation

Low max-norm learning has a clean geometric interpretation. First, note that
predicting the target matrix with the signs of a rank-k matrix corresponds
to mapping the “items” (columns) to points inRk, and the “users” (rows)
to homogeneous hyperplanes, such that each user’s hyperplane separates his
positive items from his negative items. Hard-margin low max-norm predic-
tion corresponds to mapping the items and users to points and hyperplanes in
a high-dimensional unit sphere such that each user’s hyperplane separates his
positive and negative items with a large margin (the margin being the inverse
of the max-norm).

5.4 Learning Max-Margin Matrix Factorizations

In this section we investigate the optimization problems (5.4),(5.5),(5.8) and
(5.9) of learning with low trace norm and max-norm matrices. We show how
these optimization problems can be written as semi-definite programs.

5.4.1 Trace Norm Minimization as Semi-definite Program-
ming

Bounding the trace norm ofUV ′ by 1
2 (‖U‖2Fro+‖V ‖

2
Fro), we can characterize

the trace norm in terms of the trace of a positive semi-definite (p.s.d.) matrix:

Lemma 14 ([28, Lemma 1]). For anyX ∈ Rn×m and t ∈ R: ‖X‖tr ≤ t
iff there existsA ∈ Rn×n and B ∈ Rm×m such that

[
A X
X′ B

]
< 0 and

trA + trB ≤ 2t.

Proof. Note that for any matrixW , ‖W‖Fro = trWW ′. If
[

A X
X′ B

]
is

p.s.d. withtrA + trB ≤ 2t, we can write it as a product[ U
V ] [ U ′ V ′ ]. We

haveX = UV ′ and 1
2 (‖U‖2Fro + ‖V ‖2Fro) = 1

2 (trA + tr B) ≤ t, establishing
‖X‖tr ≤ t. Conversely, if‖X‖tr ≤ t we can write it asX = UV ′ with
trUU ′ + trV V ′ ≤ 2t and consider the p.s.d. matrix

[
UU ′ X
X′ V V ′

]
.

Lemma 14 can be used in order to formulate minimizing the trace norm
as a semi-definite optimization problem (SDP).

The hard-margin matrix factorization problem (5.4) can be written as:

min
1
2
(trA + trB) s.t.

[
A X
X ′ B

]
< 0

YiaXia ≥ 1 ∀ia ∈ S

(5.10)
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And introducing slack, soft-margin matrix factorization (5.5) can be written
as:

min
1
2
(trA+trB)+c

∑
ia∈S

ξia s.t.

[
A X
X ′ B

]
< 0

YiaXia ≥ 1− ξia

ξia ≥ 0
∀ia ∈ S

(5.11)

5.4.2 The Dual Problem

Both to aid in optimization and to better understand the problems, we study
the dual of the above problems.

Introducing the Lagrange multipliersΓ,∆,Υ, Qia we can write the opti-
mization problem (5.11) as (arbitrarily choosing a scaling of1

2 for the multi-
plier

[
Γ Υ
Υ′ ∆

]
):

min
A,B,X

ξia≥0 ∀ia∈S

max[
Γ Υ
Υ′ ∆

]
<0

Qia≥0 ∀ia∈S

1
2
(trA + trB) + c

∑
ia∈S

ξia

− 1
2

[
Γ Υ
Υ′ ∆

]
•
[

A X
X ′ B

]
−
∑
ia∈S

Qia(YiaXia + ξia − 1) (5.12)

The existence of an interior feasible solution guarantees the lack of a duality
gap and allows us to change the order of minimization and maximization,
maintaining equality:

= max[
Γ Υ
Υ′ ∆

]
<0

Qia≥0 ∀ia∈S

min
A,B,X

ξia≥0 ∀ia∈S

1
2
(trA + trB) + c

∑
ia∈S

ξia

− 1
2

[
Γ Υ
Υ′ ∆

]
•
[

A X
X ′ B

]
−
∑
ia∈S

Qia(YiaXia + ξia − 1) (5.13)

TreatingQ andY as sparse matrices (with zero whereia 6∈ S), and collecting
terms of primal variables, we can write:

= max[
Γ Υ
Υ′ ∆

]
<0

Qia≥0 ∀ia∈S

min
A,B,X

ξia≥0 ∀ia∈S

∑
ia∈S

Qia +
∑
ia∈S

(c−Qia)ξia +
1
2
(I − Γ) •A

+
1
2
(I −∆) •B − 1

2
(Υ + q ⊗ y) ·X (5.14)
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In order for the minimization to be finite, we must havec − Qia > 0 (since
ξia is constrained to be positive) as well asΓ = I, ∆ = I andΥ = −Q⊗ Y
(sinceA, B andX and unconstrained). We can therefore write the dual to
(5.11) as:

max
∑
ia∈S

Qia s.t.

[
I (−Q⊗ Y )

(−Q⊗ Y )′ I

]
< 0

0 ≤ Qia ≤ c

(5.15)

whereQia is a dual variable associated with eachia ∈ S andQ⊗ Y denotes
the sparse matrix(Q⊗ Y )ia = QiaYia for ia ∈ S and zeros elsewhere. The
dual of the hard-margin problem is similar, but without the box constraints
Qia ≤ c. In either case the problem is strictly feasible, and there is no duality
gap.

The p.s.d. constraint in the dual (5.15) is equivalent to bounding the spec-
tral norm of Q ⊗ Y , and the dual can also be written as an optimization
problem subject to a bound on the spectral norm, i.e. a bound on the singular
values ofQ⊗ Y :

max
∑
ia∈S

Qia s.t.
‖Q⊗ Y ‖2 ≤ 1

0 ≤ Qia ≤ c ∀ia ∈ S
(5.16)

In typical collaborative prediction problems, we observe only a small frac-
tion of the entries in a large target matrix. Such a situation translates to a
sparse dual semi-definite program, with the number of variables equal to the
number of observed entries. Large-scale SDP solvers can take advantage of
such sparsity.

5.4.3 Recovering the Primal Optimal from the Dual Opti-
mal

Most SDP solvers use internal point methods and return a pair of primal and
dual optimal solutions. The prediction matrixX∗ minimizing (5.5) is part of
the primal optimal solution of (5.11) and can be extracted from it directly.

Nevertheless, it is interesting to study how the optimal prediction matrix
X∗ can be directly recovered from a dual optimal solutionQ∗ alone. Al-
though unnecessary when relying on standard internal point SDP solvers, this
might enable us to use specialized optimization methods, taking advantage of
the simple structure of the dual.

As for linear programming, recovering a primal optimal solution directly
from a dual optimal solution is not always possible for SDPs. However, at
least for the hard-margin problem (5.10) this is possible, and we describe
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below how an optimal prediction matrixX∗ can be recovered from a dual op-
timal solutionQ∗ by calculating a singular value decomposition and solving
linear equations.

Complementary Slackness Considerations

Consider the hard-margin trace norm minimization problem (5.10) and its
dual, and let(X∗, A∗, B∗) be primal optimal andQ∗ be dual optimal solu-
tions.

Strong complementary slackness for the SDPs guarantees not only that

the matrix inner product
[

I (−Q∗⊗Y )

(−Q∗⊗Y )′ I

]
•
[

A∗ X∗

X∗′ B∗

]
is zero for any

primal and dual optimal solutions, but in fact that the matrix product[
I (−Q∗ ⊗ Y )

(−Q∗ ⊗ Y )′ I

][
A∗ X∗

X∗′ B∗

]
=
[
0 0
0 0

]
(5.17)

is zero everywhere for the optimal solutions. The blocks of this matrix equal-
ity yield the following necessary condition for dual and primal optimality:

A∗ = (Q∗ ⊗ Y )X∗′ X∗ = (Q∗ ⊗ Y )B∗

X∗′ = (Q∗ ⊗ Y )′A∗ B∗ = (Q∗ ⊗ Y )′X∗ (5.18)

Together with complementary slackness of the label constraints, this condi-
tion is also sufficient. Recalling that

[
A∗ X∗

X∗′ B∗

]
< 0, we can write

[
A∗ X∗

X∗′ B∗

]
=[

Ũ
Ṽ

]
[ Ũ ′ Ṽ ′ ] with [ Ũ ′ Ṽ ′ ] having full row rank. ExpressingA∗ = Ũ Ũ ′,

B∗ = Ṽ Ṽ ′ andX∗ = Ũ Ṽ ′, we can now rewrite (5.18) as:

Ũ Ũ ′ = (Q∗ ⊗ Y )Ṽ Ũ ′ Ũ Ṽ ′ = (Q∗ ⊗ Y )Ṽ Ṽ ′

Ṽ Ũ ′ = (Q∗ ⊗ Y )′Ũ Ũ ′ Ṽ Ṽ ′ = (Q∗ ⊗ Y )′Ũ Ṽ ′ (5.19)

Combining each row of matrix equations into a single matrix equation yields:

(Ũ − (Q∗ ⊗ Y )Ṽ )
[
Ũ ′ Ṽ ′] = 0

(Ṽ − (Q∗ ⊗ Y )′Ũ)
[
Ũ ′ Ṽ ′] = 0

(5.20)

Since[ Ũ ′ Ṽ ′ ] is of full row rank, we have:

Ũ = (Q∗ ⊗ Y )Ṽ Ṽ = (Q∗ ⊗ Y )′Ũ (5.21)

Together these equations specify that the columns ofŨ andṼ are correspond-
ing eigenvectors of eigenvalue one of(Q∗⊗Y )(Q∗⊗Y )′ and(Q∗⊗Y )′(Q∗⊗
Y ). Or in other words,̃U andṼ are correspondingly spanned by the singular
rows and vectors of(Q∗ ⊗ Y ) with singular value one.
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Note that since
[

I (−Q∗⊗Y )

(−Q∗⊗Y )′ I

]
< 0, the singular values of(Q∗ ⊗

Y ) are all less than or equal to one, and those that are equal to one correspond

to zero eigenvectors of
[

I (−Q∗⊗Y ))

(−Q∗⊗Y )′ I

]
.

The singular rows and columns of(Q∗ ⊗ Y ) corresponding to singular
value one define a linear space in whichŨ andṼ lie. The optimalŨ andṼ
from this space can be recovered by solving the linear equations

Xia = Yia ∀Sia > 0. (5.22)

RecoveringX∗ from Q∗

To summarize, we obtain the following procedure for recovering an optimal
solution of (5.4) from an optimal solution of (5.16) (with no slack, i.e. no box
constraints):

1. LetQ∗ be a dual optimal solution.

2. Calculate the singular value decompositionQ∗ ⊗ Y = UΛV ′.

3. Let Ũ ∈ Rn×p and Ṽ ∈ Rm×p be the columns ofU and V with
singular value exactly one.

4. For everyQ∗
ia > 0, consider the equationX∗

ia = ŨiRR′Ṽ ′
a = Yia and

solve these as linear equations in the entries ofRR′.

5. X∗ = ŨRR′Ṽ is an optimal solution of (5.4).

5.4.4 Using the Dual: Recovering Specific Entries ofX∗

The approach described above requires solving a large system of linear equa-
tions (with as many variables as observations). Furthermore, especially when
the observations are very sparse (only a small fraction of the entries in the
target matrix are observed), the dual solution is much more compact then the
prediction matrix: the dual involves a single number for eachobserveden-
try. It might be desirable to avoid storing the prediction matrixX∗ explicitly,
and calculate a desired entryX∗

i0a0
, or at least its sign, directly from the dual

optimal solutionQ∗.
Consider adding the constraintXi0a0 > 0 to the primal SDP (5.11). If

there exists an optimal solutionX∗ to the original SDP withX∗
i0a0

> 0, then
this is also an optimal solution to the modified SDP, with the same objective
value. Otherwise, the optimal solution of the modified SDP is not optimal for
the original SDP, and the optimal value of the modified SDP is higher (worse)
than the optimal value of the original SDP.
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Introducing the constraintXi0a0 > 0 to the primal SDP (5.11) corre-
sponds to introducing a new variableQi0a0 to the dual SDP (5.15), appearing
in Q ⊗ Y (with Yi0a0 = 1) but not in the objective. In this modified dual,
the optimal solutionQ∗ of the original dual would always be feasible. But,
if X∗

i0a0
≤ 0 in all primal optimal solutions, and the modified primal SDP

has a higher value, then so does the dual, andQ∗ is no longer optimal for the
new dual. By checking the optimality ofQ∗ for the modified dual, e.g. by
attempting to re-optimize it, we can recover the sign ofX∗

i0a0
.

We can repeat this test once withYi0a0 = 1 and once withYi0a0 = −1,
corresponding toXi0a0 < 0. If Yi0a0X

∗
i0a0

< 0 (in all optimal solutions),
then the dual solution can be improved by introducingQi0a0 with a sign of
Yi0a0 .

5.4.5 Max-Norm Minimization as a Semi-Definite Program

The max-norm can also be characterized with a similar positive semi-definite
matrix. However, if before we were interested in summing the norms of the
rows ofU andV , now we are interested in bounding them:

Lemma 15. For any X ∈ Rn×m and t ∈ R: ‖X‖max ≤ t if and only if

there existsA ∈ Rn×n andB ∈ Rm×m such that

[
A X
X ′ B

]
is positive semi-

definite with diagonal elements at mostt (i.e. Aii ≤ t andBaa ≤ t for all
i, a).

Similarly to (5.11) we have the following SDP for the soft-margin max-
norm minimization problem (5.9):

min t + c
∑
ia∈S

ξia s.t.
[

A X
X′ B

]
< 0

Aii ≤ t ∀i

Baa ≤ t ∀a

yiaXia ≥ 1− ξia

ξia ≥ 0
∀ia∈S

(5.23)

And the corresponding dual:

max
∑
ia∈S

Qia s.t.
[

Γ (−Q⊗Y )

(−Q⊗Y )′ ∆

]
< 0

Γ,∆ are diagonal

tr Γ + tr∆ = 1
0 ≤ qia ≤ c ∀ia∈S

(5.24)

where again the dual variables areQia for eachia ∈ S andQ ⊗ Y denotes
the sparse matrix(Q⊗ Y )ia = QiaYia for ia ∈ S and zeros elsewhere.
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5.4.6 Predictions for new users

So far, we have assumed that learning is done on the known entries in all rows.
It is commonly desirable to predict entries in a new partially observed row of
Y (a new user in a collaborative filtering task), not included in the original
training set. This essentially requires solving a “conditional” problem, where
V is already known, and a new row ofU is learned (the predictor for the new
user) based on a new partially observed row ofX. Using large-margin matrix
factorization, this is a standard SVM problem.

5.5 Loss Functions for Ratings

In our discussion of matrix completion so far, we have focused on binary clas-
sification target matrices, where target labels take only two possible values.
In Chapter 3 we also discussed various loss functions appropriate for real-
valued observations, and in particular the ubiquitous sum-squared loss. But
for many collaborative filtering problems, the user preferences are specified
as discrete ratings, or levels, in some integer range, e.g. one to five “stars”.

This type of label falls between real-valued and multi-class labels. Al-
though discrete like multi-class labels, they have a particular ordering, like
real-valued labels. In order to apply the suggested matrix completion meth-
ods to such data, we need to choose an appropriate loss function.

Rating data has been considered both in the statistical literature [59, 29]
and in the machine learning literature [69, 25, 21, 39]. Some approaches
extract from the rating levels binary comparison relationships on the rated
items and thus map the problem to a partial ordering problem [39]. Here
we focus on approaches that use real-valued predictorsx, and assign a loss
loss(x; y) relative to each rating levely. We are particularly interested in loss
functions imposing a margin between predictors corresponding to different
levels.

5.5.1 Threshold Based Loss Functions

Several loss functions, which are generalizations of standard loss functions
for binary classification, have recently been suggested in the machine learning
literature. Most of these are based on separating the real line into (possibly
infinite length) intervals corresponding to the rating levels.

For binary classification, a single threshold (zero) separates between pos-
itive and negative predictions. ForR rating levels,R − 1 thresholdsb1 <
· · · < bR−1 are necessary. We will also denoteb0 = −∞ andbR = ∞ for
convenience. A predictorx then corresponds to the rating levelr(x) such that
br(x)−1 ≤ x < br(x).
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The simple zero-one loss (loss01(x) = 0 if r(x) = y and zero otherwise)
does not reflect how far away the correct rating is from the predicted rating.
A simple alternative is the absolute rank difference loss

lossard(x; y) = |r(x)− y|.

This loss might correspond well to the actual cost of rating errors. In fact,
we might want to measure the generalization error (over the entire matrix)
in terms of this loss. However, this loss not convex and does not impose a
separation margin.

Shashua and Levin [69] suggested imposing a hinge loss on each end of
the interval corresponding toy. That is:

loss(x; y) = max(0, by−1 + 1− x) + max(0, x− by − 1).

Other standard convex loss functionsl(x), such as logistic or exponential
loss, can be used instead of the hinge loss in a similar way, with the general
form:

loss(x; y) = l(x− by−1) + l(by − x),

wherel(∞) = 0.
However, such loss functions do not bound the absolute rank difference,

which might be desirable if our true objective is to minimize the overall ab-
solute rank difference [10]. Although they penalize predictions which are far
away on the real line from the “target segment”, they do not take into account
that variations in some regions of the real line (corresponding to large target
segments) are not very expensive, while variations in other regions, across
densely concentrated thresholds are more expensive.

An alternative is to superimpose the loss functions associated with all
thresholds, not only those bounding the segment corresponding toy:

loss(x; y) =
y−1∑
r=1

l(x− br) +
R−1∑
r=y

l(br − x).

This loss function might lead to a slightly more complicated objective. In
particular, for the hinge loss it corresponds to more constraints in the learning
optimization problems. However, it might reduce the generalization error,
particularly with respect to the absolute rank difference, and perhaps also
yield better generalization error bounds.

In either case, the thresholds need to be determined. Although it is pos-
sible to fix the thresholds in advance, significant flexibility can be gained by
fitting the threshold from the data [69, 21]. In the context of matrix factor-
ization, it is possible to fit one set of thresholds for the entire matrix, or fit
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separate thresholds for each row or for each column. This can allow us, for
example, to account for user variations in the use of different ratings, as an
alternative to explicit normalization.

5.6 Implementation and Experiments

All of the methods described in this chapter were implemented in MATLAB.
Two sets of MATLAB routines are provided:

• Routines that useYALMIP [54] to solve the semi-definite programs,
using any ofYALMIP ’s interfaced solvers. These routines return the
optimal matrixX (as well as the optimal dual solution).

• Routines that write down the semi-definite program in standard
sparse-sdpa format. The semi-definite program can then be solved
externally using any SDP engine. Further routines are provided for
reading the solution and extracting the optimalX .

We conducted preliminary experiments on a subset of the 100K Movie-
Lens Dataset1, consisting of the 100 users and 100 movies with the most
ratings. We used CSDP [17] to solve the resulting SDPs2. The ratings are on
a discrete scale of one through five, and we experimented with both general-
izations of the hinge loss above, allowing per-user thresholds. We compared
against WLRA and K-Medians (described in [56]) as “Baseline” learners. We
randomly split the data into four sets. For each of the four possible test sets,
we used the remaining sets to calculate a 3-fold cross-validation (CV) er-
ror for each method (WLRA, K-medians, trace norm and max-norm MMMF
with immediate-threshold and all-threshold hinge loss) using a range of pa-
rameters (rank for WLRA, number of centers for K-medians, slack cost for
MMMF). For each of the four splits, we selected the two MMMF learners
with lowest CV ZOE and MAE and the two Baseline learners with lowest
CV ZOE and MAE, and measured their error on the held-out test data. Ta-
ble 5.1 lists these CV and test errors, and the average test error across all four
test sets. On average and on three of the four test sets, MMMF achieves lower
MAE than the Baseline learners; on all four of the test sets, MMMF achieves
lower ZOE than the Baseline learners.

1http://www.cs.umn.edu/Research/GroupLens/
2Solving with immediate-threshold loss took about 30 minutes on a 3.06GHz Intel Xeon.

Solving with all-threshold loss took eight to nine hours.
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Test ZOE MAE
Set Method CV Test Method CV Test

1 WLRA rank 2 0.547 0.575 K-Medians K=2 0.678 0.691
2 WLRA rank 2 0.550 0.562 K-Medians K=2 0.686 0.681
3 WLRA rank 1 0.562 0.543 K-Medians K=2 0.700 0.681
4 WLRA rank 2 0.557 0.553 K-Medians K=2 0.685 0.696

Avg. 0.558 0.687
1 max-norm C=0.0012 0.543 0.562 max-norm C=0.0012 0.669 0.677
2 trace norm C=0.24 0.550 0.552 max-norm C=0.0011 0.675 0.683
3 max-norm C=0.0012 0.551 0.527 max-norm C=0.0012 0.668 0.646
4 max-norm C=0.0012 0.544 0.550 max-norm C=0.0012 0.667 0.686

Avg. 0.548 0.673

Table 5.1: Baseline (top) and MMMF (bottom) methods and parameters that
achieved the lowest cross validation error (on the training data) for each
train/test split, and the error for this predictor on the test data. All listed
MMMF learners use the “all-threshold” objective.

5.7 Discussion

Learning a large-margin matrix factorization requires solving a sparse semi-
definite program. We experimented with generic SDP solvers, and were able
to learn with up to tens of thousands of labels. We propose that just as
generic QP solvers do not perform well on SVM problems, special purpose
techniques, taking advantage of the very simple structure of the dual (5.15),
might be necessary in order to solve large-scale large-margin matrix factor-
ization problems. An iterative update procedure for the dual would allow us
to not only find the optimal dual, but also extract entries in the primal optimal
solution from the dual optimal, using the methods of Section 5.4.4.

SDPs were recently suggested for a related, but different, problem: learn-
ing the features (or equivalently, kernel) that are best for asingleprediction
task [48]. This task is hopeless if the features are completely unconstrained,
as they are in our formulation. Lanckrietet alsuggest constraining the al-
lowed features, e.g. to a linear combination of a few “base feature spaces”
(or base kernels), which represent the external information necessary to solve
a single prediction problem. It is possible to combine the two approaches,
seeking constrained features for multiple related prediction problems, as a
way of combining external information (e.g. details of users and of items)
and collaborative information.

An alternate method for introducing external information into our for-
mulation is by adding toU and/orV additional fixed (non-learned) columns
representing the external features. This method degenerates to standard SVM
learning whenY is a vector rather than a matrix.
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Chapter 6

PAC-type Bounds for Matrix
Completion

A central type of result in machine learning is probabilistic post-hoc bounds
on the generalization error of predictors. The classic setting for such a re-
sult is learning a classification based on a random supervised training set.
An important aspect is that no assumptions are made about the source of the
examples presented to the learner, other than the central assumption that all
examples are drawn i.i.d. from the same unknown source distribution. PAC
(Probably Approximately Correct) bounds then assure us that regardless of
the source distribution, with certain probability over the random training set,
the expected error over future samples from the same source will not be much
more than the average error over the training set. Although such bounds do
not provide for an a-priori guarantee on the performance of the predictor,
and such an a-priori guarantee cannot be expected without assumptions on
the source distribution, they do provide a post-hoc guarantee in terms of an
observed quantity—the training error. The relationship between the proba-
bility of failure, the degree of approximation and the sample size is generally
governed by the complexity of the class from which the predictor is chosen.

Similar types of bounds can be shown on the generalization error of ma-
trix completion via matrix factorization. The major assumption made, par-
alleling the i.i.d. source assumption, is that entries in the target matrix to
be observed are chosen randomly. The bounds will then be stated with high
probability over the choice of the random subset of observed entries. With
this probability, we will bound the overall discrepancy between the entire
predicted matrixX and the targetY as a function of the discrepancy on the
observed entries. The bounds will hold foranytarget matrixY .
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arbitrary source distribution ⇔ target matrixY
arbitrary random training set⇔ random setS of observed entries

hypothesis ⇔ predicted matrixX
training error ⇔ observed discrepancyDS(X;Y )

generalization error ⇔ true discrepancyD(X;Y )

Figure 6.1: Correspondence with post-hoc bounds on the generalization error
for standard prediction tasks.

More formally, bounds of the following type will be shown:

∀Y ∈Rn×d Pr
S

(∀X∈XD(X;Y ) < DS(X;Y ) + ε(n, d, |S|,X , δ)) > 1− δ

where the distribution onS is uniform over all subsets of|S| entries,X is a
class of matrices,

D(X;Y ) =
1

nm

∑
ia

loss(Xia;Yia)

is the average discrepancy over the entire prediction matrix, and

DS(X;Y ) =
1
|S|
∑
ia

loss(Xia;Yia)

is the average observed discrepancy. Such results ensure that the bound on
the overall prediction error hold also for the specific matrix in the classX
chosen by the learning algorithm.

6.1 Bounds for Low-Rank Matrix Factorization

In this section, we consider generalization error bounds for the class of rank-
k matrices,Xk = {X| rank X = k}. The allowed rankk is a complexity
parameter that will determine the relationship between the sample size|S|
and the errorε.

6.1.1 Prior Work

Previous results bounding the error of collaborative prediction using a low-
rank matrix all assume the true target matrixY is well-approximated by
a low-rank matrix. This corresponds to a large gap between the top few
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singular values ofY and the remaining singular values (a largeeigengap).
Azar et al[8] give asymptotic results on the convergence of the predictions
to the true preferences, assuming the true target matrix has a large eigengap.
Drineaset al[27] analyze the sample complexity needed to be able to predict
a matrix with an eigengap, and suggest strategies for actively querying entries
in the target matrix. To our knowledge, this is the first analysis of the general-
ization error of low-rank methods that does not make any assumptions about
the true target matrix.

Generalization error bounds (and related online learning bounds) have
been previously discussed for collaborative prediction applications, but only
when prediction was done for each user separately, using a feature-based
method, with the other users’ preferences as features [21, 23]. Although these
address a collaborative prediction application, the learning setting is a stan-
dard feature-based setting. These methods are also limited, in that learning
must be performed separately for each user.

Shaw-Tayloret al[70] discuss assumption-free post-hoc bounds on the
residual errors of low-rank approximation. These results apply to a different
setting, in which a subset of the rows are fully observed, and bound a different
quantity, the distance between rows and the learnedsubspace, rather than the
distance to predicted entries.

6.1.2 Bound on the Zero-One Error

We begin by considering binary labelsYia ∈ {±} and a zero-one sign agree-
ment loss:

loss(Xia;Yia) = 1YiaXia≤0 (6.1)

Theorem 16. For anymatrix Y ∈ {±1}n×m, n, m > 2, δ > 0 and integer
k, with probability at least1 − δ over choosing a subsetS of entries inY
uniformly among all subsets of|S| entries:

∀X,rank X<k D(X;Y ) < DS(X;Y ) +

√
k(n + m) log 8em

k − log δ

2|S|

where the discrepancies are with respect to the zero-one loss(6.1). The loga-
rithms are base two, ande is the natural base.

To prove the theorem we employ standard arguments about the general-
ization error for finite hypothesis classes with bounded cardinality (e.g. [26,
Theorem 8.3]).

First, fix Y as well asX ∈ Rn×m. When an index pair(i, a) is cho-
sen uniformly at random, loss(Xia;Yia) is a Bernoulli random variable with
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probabilityD(X;Y ) of being one. If the entries ofS are chosen indepen-
dently and uniformly,|S|DS(X;Y ) is Binomially distributed with mean
|S|D(X;Y ), and using Chernoff’s inequality:

Pr
S

(D(X;Y ) ≥ DS(X;Y ) + ε) ≤ e−2|S|ε2 (6.2)

The distribution ofS in Theorem 16 is slightly different, asS is chosen with-
out repetitions. The mean ofDS(X;Y ) is the same, but the distribution is
more concentrated, and (6.2) still holds.

Now consider all rank-k matrices. Noting that loss(Xia;Yia) depends
only on thesign of Xia, it is enough to consider the equivalence classes of
matrices with the same sign patterns. Letf(n, m, k) be the number of such
equivalence classes, i.e. the number of possible sign configurations ofn×m
matrices of rank at mostk:

F (n, m, k) = {signX ∈ {−, 0,+}n×m|X ∈ Rn×m, rank X ≤ k}
f(n, m, k) = |F (n, m, k)|

where signX denotes the element-wise sign matrix.
For all matrices in an equivalence class, the random variableDS(X;Y ) is

the same, and taking a union bound of the eventsD(X;Y ) ≥ DS(X;Y ) + ε
for each of thesef(n, m, k) random variables, we have:

Pr
S

(
∃X,rank X≤kD(X;Y ) ≥ DS(X;Y ) +

√
log f(n, m, k)− log δ

2|S|

)
≤ δ

(6.3)

by using (6.2) and settingε =
√

log f(n,m,k)−log δ
2|S| . The proof of Theorem 16

rests on boundingf(n, m, k), which we will do in the next section.
Note that since the equivalence classes we defined do not depend on the

sample set, no symmetrization argument is necessary. One might suggest im-
proving the bound using more specific equivalence classes, considering only
the sign configurations of entries inS. However, not much can be gained
from such refinements. Consider, for example, bounding the number ofS-
specific equivalence classes byf(n, m, k, |S|) ≤ |S|V using VC-dimension
arguments. Then we havef(n, m, k) ≤ (nm)V , and since for meaning-
ful sample sizes|S| ≥ max(n, m) (otherwise we cannot hope to general-
ize), the improvement in the bound is by at most a constant factor of two,
which is lost in the symmetrization arguments. Bounding the growth func-
tion f(n, m, k, |S|) directly might yield improvements for a specific sample
size, but sincef(n, m, k) ≤ f(n, m, k, |S|)log nm, the improvement would
not be by more than a factor oflog nm.
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6.1.3 Sign Configurations of a Low-Rank Matrix

In this section, we bound the numberf(n, m, k) of sign configurations of
n ×m rank-k matrices over the reals. We follow a course outlined by Alon
[3].

Any matrix X of rank at mostk can be written as a productX = UV ′

whereU ∈ Rn×k andV ∈ Rk×m. In order to bound the number of sign
configurations ofX, we consider thek(n + m) entries ofU, V as variables,
and thenm entries ofX as polynomials of degree two over these variables:

Xia =
k∑

α=1

UiαVaα

appendix A presents a bound on the number of sign configurations of poly-
nomials of bounded degree. Applying Theorem 34 from the Appendix, we
obtain:

Lemma 17. f(n, m, k) ≤
(

8e·2·nm
k(n+m)

)k(n+m)

≤ (16em/k)k(n+m)

Using this bound in (6.3) would yield a factor oflog 16em
k in the bound.

In considering sign configurations, we differentiate between zero entries and
non-zero entries. However, for each entry, we only care about two possible
states ofXia: Either it has the same sign asYia or it does not, and in the latter
case we do not care if it is zero or of opposite sign. For any fixed matrixY it
is therefore enough to consider the configuration of sign agreements withY ,
which can be bounded using Theorem 35:

Lemma 18. For any Y ∈ {±}n×m, the number of configurations of sign
agreements of rank-k matrices withY is bounded by(

4e · 2 · nm

k(n + m)

)k(n+m)

≤ (8em/k)k(n+m)

This establishes Theorem 16

Lower bound on the number of sign configurations These upper bounds
on the number of low-rank matrices are tight up to multiplicative factors in
the exponent.

Lemma 19. For m > k2, f(n, m, k) ≥ m
1
2 (k−1)n

Proof. Recall that rank-k matrices are those that can be written asX = UV ′

with an inner dimension ofk. Fix any matrixV ∈ Rm×k with rows in
general position, and consider the numberf(n, V, k) of sign configurations of
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matricesUV ′, whereU varies over alln×k matrices. Each row of signUV ′

is a homogeneous linear classification of the rows ofV , i.e. of m vectors
in general position inRk. Focusing only on+/− sign configurations (no

zeros inUV ′), there are exactly
(
2
∑k−1

i=0

(
m
i

))
possible homogeneous linear

classifications ofm vectors in general position inRk, and so these many
options for each row of signUV ′. We can therefore bound:

f(n, m, k) ≥ f(n, V, k) ≥

(
2

k−1∑
i=0

(
m
i

))n

≥
(

m
k−1

)n ≥ ( m
k−1

)n(k−1)

≥
√

m
(k−1)n = m

1
2 (k−1)n

Related Work

The number of sign configurations of low-rank matrices was previously con-
sidered in the context of unbounded error communication complexity.

Consider two parties, Alice and Bob, who would like to jointly calcu-
late a functionA(i, a) : [n] × [m] → ±1 where Alice holds the inputi and
Bob holds the inputa. Alice and Bob would like to communicate as little
as possible between them, so that at the end of the computation each one of
them would hold the correct answer with probability greater than half (both
Alice and Bob are unlimited computationally). Theunbounded error com-
munication complexityof a functionA is the minimum numberc such that
there exists a probabilistic protocol, under which no more thanc bits are ex-
changed between Alice and Bob for any input, and for any input, at the end
of the computation, both Alice and Bob holdA(i, a) with probability greater
than half. ViewingA as ann × m matrix, its unbounded communication
complexity is roughly the logarithm of its rank, and more precisely bounded
by [62, Theorem 2]:

dlog rank Ae ≤ c ≤ dlog rank Ae+ 1

In order to show the existence of functions with high unbounded error
communication complexity, Alon, Frankl and Rödl [1] bound the number of
sign configurations of low-rank matrices by

f(n, m, k) ≤ min
h

(8dnm/he)(n+m)k+h+m
.

They then use counting arguments to establish that some (in fact, most) binary
matrices can only be realized by high-rank matrices, and therefore correspond
to functions with high unbounded error communication complexity.
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The results presented here are based on a result of Warren’s (Theorem
33), discussed in the appendix and used to obtain bounds on the number of
sign configurations of polynomial systems. Alon, Frankl and Rödl [1] use
a result of Milnor similar to Warren’s Theorem 33, but yielding a slightly
weaker bound. Milnor’s and Warren’s theorems were previously used for
bounding the VC-dimension of certain geometric classes [12], and of general
concept classes parametrized by real numbers, in terms of the complexity of
the boolean formulas over polynomials used to represent them [32]. This last
general result can be used to bound the VC-dimension of signs ofn×m rank-
k matrices by2k(n + m) log(48enm), yielding a bound similar to Theorem
16 with an extralog |S| term. Here, we took a simpler path, applying Warren’s
theorem directly, and thus avoiding thelog |S| term and reducing the other
logarithmic term. Applying Warren’s theorem directly will also enables us
to bound thepseudodimension(see next section) and obtain the bound of
Theorem 22 for general loss functions.

Another notable application of Milnor’s result, which likely inspired these
later uses, is for bounding the number of configurations ofn points inRd with
different possible linear classifications [33, 2]. The bound on the number of
point configurations can also be used to obtain a bound on the number of sign
configurations of low-rank matrices, as described by Alon, Frankl and Rödl
[1] and independently by the author of this thesis [73]: First, a fixed matrixU
is considered, and a bound on the number of sign configurations ofX = UV ′

is obtained, where onlyV is variable. Each column ofUV ′ is a linear sepa-
ration of the rows ofU . The number of linear separations ofn points inRk

is less than2(k + 1)nk−1, and so the number of sign configurations for any
fixed U is less than

(
2(k + 1)nk−1

)m
. This bound should be multiplied by

the number of different matricesU , i.e. the number of matricesU yielding
different sets of possible sign configurations. The important aspect ofU is
the different ways its rows can be linearly separated, i.e. the set of covectors
the rows ofU define. And so, what we are after is the number of possible
different sets of covectors realizable byn vectors inRk, i.e. the number of
possible realizable oriented matroids [15]. There are at mostnk(k+1)n ori-
ented matroids realizable byn points inRk [33, 2], yielding a bound of

f(n, m, k) ≤
(
2(k + 1)nk−1

)m
nk(k+1)n < 2km log 2n+k(k+1)n log n (6.4)

Alon, Frankl and R̈odl used a different bound on the number realizable ori-
ented matroids, bounding it by2n3+O(n2), which is looser for smallk, but
slightly tighter then (6.4) whenk = Θ(n). The bound of Theorem 34 avoids
the quadratic dependence onk in the exponent, and yields these weaker
bounds obsolete.
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6.1.4 Other Loss Functions

In Section 6.1.2 we considered generalization error bounds for a zero-one
loss function. More commonly, though, other loss functions are used, and it
is desirable to obtain generalization error bounds for general loss functions.

When dealing with other loss functions, the magnitude of the entries in
the matrix, and not only their signs, are important. It is therefore no longer
enough to bound the number of sign configurations. Instead, of bounding
the number of ways low-rank matrices behave with regards to a threshold of
zero, we will now bound the number of possible ways low-rank matrices can
behave relative to any set of thresholds. That is, for any threshold matrixT ∈
Rn×m, we will show that the number of possible sign configurations of(X−
T ), whereX is low-rank, is small. Intuitively, this captures the complexity
of the class of low-rank matrices not only around zero, but throughout all
possible values.

We then use standard results from statistical machine learning to obtain
generalization error bounds from the bound on the number of relative sign
configurations. The number of relative sign configurations serves as a bound
on thepseudodimension—the maximum number of entries for which there
exists a set of thresholds such that all relative sign configurations (limited to
these entries) is possible. The pseudodimension can in turn be used to show
the existence of a smallε-net. Roughly speaking, andε-net is a finite set
of matrices (the number of which we will bound) such that every low-rank
matrix has entries withinε of some matrix in theε-net. We can then use
arguments similar to those in the proof of Theorem 16, taking a union bound
only over the matrices in theε-net and arguing that the error for any other
matrix is within ε of one of these matrices. Theε-net we actually use is not
anε-net for the low-rank matrices themselves, but of the element-wise losses
of these matrices relative to a fixed target matrix.

The Pseudodimension of Low-Rank Matrices

Recall the definition of the pseudodimension of a class of real-valued func-
tions:

Definition 4. A classF of real-valued functionspseudo-shattersthe points
x1, . . . , xn with thresholdst1, . . . , tn if for every binary labeling of the points
(s1, . . . , sn) ∈ {+,−}n there existsf ∈ F s.t. f(xi) < ti iff si = −. The
pseudodimensionof a classF is the supremum overn for which there existn
points that are pseudo-shattered byF (with some thresholds).

The pseudodimension is a generalization of the VC-dimension, which is
defined only for classes of indicator functions. The pseudodimension is also
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equal to the VC-dimension of thesubgraphsof F , that is, the class of the sets
{(x, y) | f(x) < y} for eachf ∈ F . Classes with finite pseudodimension
are known asVC subgraphclasses.

In order to apply known results linking the pseudodimension to covering
numbers, we consider matricesX ∈ Rn×m as real-valued functionsX :
[n] × [m] → R over index pairs to entries in the matrix. The classXk of
rank-k matrices can now be seen as a class of real-valued functions over the
domain[n]× [m]. We bound the pseudodimension of this class by bounding,
for any threshold matrixT ∈ Rn×m the number ofrelative sign matrices:

GT (n, m, k) = {sign±(X − T ) ∈ {−,+}n×m|X ∈ Rn×m, rank X ≤ k}
gT (n, m, k) = |GT (n, m, k)|

wheresign±X denotes the element-wisebinary sign matrix(signX)ia ={
1 If Xia ≥ 0

−1 If Xia < 1
, where zero is considered as positive, in accordance with our

definition of shattering.

Lemma 20. For anyT ∈ Rn×m, we havegT (n, m, k) ≤
(

8em
k

)k(n+m)
.

Proof. We take a similar approach to that of Lemmas 17 and 18. Any matrix
X of rank at mostk can be written as a productX = UV ′ whereU ∈ Rn×k

andV ∈ Rk×m. we consider thek(n + m) entries ofU, V as variables, and
thenm entries ofX − T as polynomials of degree two over these variables:

(X − T )ia =
k∑

α=1

UiαVaα − Tia

Applying Theorem 35 from the appendix yields the desired bound.

Corollary 21. The pseudodimension of the classXk of n×m matrices over
the reals of rank at mostk is less thank(n + m) log 8em

k .

A Generalization Error Bound

Viewing rank-k matrices as real-valued functions over index pairs, standard
results in statistical machine learning provide us with a bound on the gener-
alization error in terms of the pseudodimension. Substituting the bound on
the pseudodimension from Corollary 21 in Theorem 44 from the appendix
we obtain:

Theorem 22. For any monotone loss function with|loss| ≤ M , anymatrix
Y ∈ {±1}n×m, n, m > 2, δ > 0 and integerk, with probability at least1−δ
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over the choice of a subsetS of entries inY , uniformly among all subsets of
|S| entries:

∀X,rank X<k D(X;Y ) < DS(X;Y ) + ε

where:

ε = 6

√√√√k(n + m) log 8em
k log M |S|

k(n+m) − log δ

|S|

6.2 Bounds for Large-Margin Matrix Factoriza-
tion

In this section, we consider generalization error bounds for Large-Margin
Matrix Factorization. More specifically, we provide bounds that hold forall
learned matricesX, but where the bound on the generalization error depends
on either the trace norm or the max-norm ofX. Since the norms are a scale-
sensitive measure of complexity, the bounds depend on the scale in which the
loss function changes, as captured by the Lipschitz continuity constant of the
loss function. Recall that:

Definition 5. A functionf : R → R is Lipschitz continuous with constantL
if for everyx1, x2:

|f(x1)− f(x2)| ≤ L|x1 − x2|

In particular, differentiable functions with a bounded derivative are Lips-
chitz continuous with a constant equal to the bound on the derivative. We say
that a loss function loss: R × Y → R is Lipschitz continuous with constant
L if for everyy, loss(x, y) is Lipschitz continuous inx with constantL.

6.2.1 Bounding with the Trace Norm

Theorem 23. For all target matricesY ∈ {±1}n×m and sample sizes|S| >
n log n, and for a uniformly selected sampleS of |S| entries inY , with prob-
ability at least1 − δ over the sample selection, the following holds for all
matricesX ∈ Rn×m:

1
nm

∑
loss(Xia;Yia) <

1
|S|

∑
ia∈S

loss(Xia;Yia)+

KL
‖X‖tr√

nm
4
√

lnm

√
(n + m) lnn

|S|
+

√
ln(1 + | log ‖X‖tr |)

|S|
+

√
ln(4/δ)

2|S|

98



WhereK is a universal constant that does not depend onY ,n,m, the loss
function, or any other quantity, and loss is Lipschitz continuous with constant
L, and we assumen ≥ m.

By bounding the zero-one error in terms of a piecewise linear margin
loss loss(x, y) = max(0,min(yx − 1, 1)), which in turn is bounded by the
zero-one margin loss, the generalization error bound can be specialized to
bounding the true zero-one error in terms of the empirical zero-one margin
error:

Corollary 24. For all target matricesY ∈ {±1}n×m and sample sizes
|S| > n log n, and for a uniformly selected sampleS of |S| entries inY ,
with probability at least1− δ over the sample selection, the following holds
for all matricesX ∈ Rn×m and allγ > 0:

1
nm
|{ia|XiaYia ≤ 0}| < 1

|S|
|{ia ∈ S|XiaYia ≤ γ}|+

K
‖X‖tr
γ
√

nm
4
√

lnm

√
(n + m) ln n

|S|
+

√
ln(1 + | log ‖X‖tr /γ|)

|S|
+

√
ln(4/δ)

2|S|

To understand the scaling of this bound, it is useful to consider the scaling
of the trace norm for matrices that can be factored intoX = UV ′ where the
norm of each row ofU andV is bounded byr. The trace norm of such ma-
trices is at mostr2

√
nm, leading to a complexity term ofr2. Recall that the

conditional problem, whereV is fixed and onlyU is learned, is a collection
of low-norm (large-margin) linear prediction problems. When the norms of
rows inU andV are bounded byr, a similar generalization error bound on
the conditional problem would include the termr2

√
n
|S| , matching the term

in Theorem 23 up to log factors. We see, then, that learningbothU andV
does not introduce significantly more structural risk than learning just one of
them.

Also of interest are low-rank matrices. Since the rank is not a scale-
sensitive measure, we must impose a scale constraint, and we do so by bound-
ing the entries in the matrix. For low-rank matrices we have

‖X‖tr ≤
√

rank X ‖X‖Fro ≤
√

rank XnmB (6.5)

whereB is a bound on the entries in the matrix. This inequality yields:

Corollary 25. For all target matricesY ∈ {±1}n×m and sample sizes
|S| > n log n, and for a uniformly selected sampleS of |S| entries inY ,
with probability at least1− δ over the sample selection, the following holds
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for all rank-k matrices with bounded entriesX ∈ [−B,B]n×m:

1
nm

∑
loss(Xia;Yia) <

1
|S|

∑
ia∈S

loss(Xia;Yia)

+ KB
4
√

lnm

√
k(n + m) ln n

|S|
+

√
ln(4/δ)

2|S|

whereK is a universal constant that does not depend onY ,n,m the loss
function or any other quantity, and loss isL-Lipschitz.

When the loss function is bounded only by the Lipschitz continuity and
the bound on the entries inX, this bound provides the same guarantee as
Theorem 22, up to log factors. However, Theorem 22 avoids the dependence
on the magnitude of the entries inX when the loss function is explicitly
bounded.

This is the best (up to log factors) that can be achieved without explicitly
bounding the loss function. But for bounded loss functions, directly analyzing
the covering number of bounded low-rank matrices yields a bound that scales
only logarithmically withB.

6.2.2 Proof of Theorem 23

To prove the theorem, we consider matricesX ∈ Rn×m as functionsX :
[n] × [m] → R from index pairs to entries in the matrix, and bound their
Rademacher complexity(see Appendix D) as such. The proof is then an ap-
plication of Theorem 45 (Theorem 2 of [61]).

In order to calculate the Rademacher complexity of matrices with bounded
trace norm, we calculate the Rademacher complexity of unit-norm rank-one
matrices,

X1[1] .= {uv′ | u ∈ Rn, v ∈ Rm, |u| = |v| = 1}, (6.6)

and use the fact that the Rademacher complexity does not change when we
take the convex hull of this class. We first analyze the empirical Rademacher
complexity for any fixed sampleS, possibly with repeating index pairs. We
then bound the (average) Rademacher complexity for a sample of|S| index
pairs drawn uniformly at random from[n] × [m] (with repetitions). The re-
sulting generalization error bound applies to samples selected by this process,
and therefore also bounds the more concentrated situation of samples drawn
without repetitions.
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The Empirical Rademacher Complexity

For an empirical sampleS = {(i1, a1), (i2, a2), . . .} of |S| index pairs, the
empirical Rademacher complexity of rank-one unit-norm matrices is the ex-
pectation:

R̂S(X1[1]) = Eσ

 sup
|u|=|v|=1

∣∣∣∣∣∣ 2
|S|

|S|∑
α=1

σαuiα
vaα

∣∣∣∣∣∣


whereσα are uniform±1 random variables. For each index pair(i, a) we
will denote bysia the number of times it appears in the empirical sampleS,
and consider the random variables

σia =
∑
α

(iα,aα)=(i,a)

σα.

Since the variablesσα are independent,

E
[
σ2

ia

]
=

∑
α

(iα,aα)=(i,a)

E
[
σ2

α

]
= sia · 1 = sia

We can now calculate:

R̂S(X1[1]) = Eσ

 sup
|u|=|v|=1

∣∣∣∣∣∣ 2
|S|
∑
i,a

σiauiva

∣∣∣∣∣∣


=
2
|S|

Eσ

[
sup

|u|=|v|=1

|u′σv|

]

=
2Eσ [‖σ‖2]
|S|

(6.7)

whereσ is ann×m matrix ofσia.
The Rademacher complexity is equal to the expectation of the spectral

norm of the random matrixσ (with a factor of 2
|S| ). Using the Frobenius

norm to bound the spectral norm, we have:
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R̂S(X1[1]) =
2
|S|

Eσ [‖σ‖2] ≤
2
|S|

Eσ

[
‖σ‖Fro

]
=

2
|S|

Eσ

√∑
ia

σ2
ia


≤ 2
|S|

√∑
ia

Eσ [σ2
ia]

=
2
|S|

√∑
ia

sia =
2
|S|
√
|S| = 2√

|S|
(6.8)

As a supremum over all sample setsS, this bound is tight.

Examples of worst-case empirical Rademacher complexity

Consider a sample of|S| identical index pairs, i.e.s11 = |S| andsia = 0
elsewhere. The maximizingu andv haveu1 = v1 = 1 and the Rademacher
complexity is essentially the expectation of the distance from the origin of a

1-D |S|-step random walk:E [|σ11|] ≈
√

2sia

π andR̂S = 2
√

2√
π|S|

[86, 60].

As an even tighter example of a bad sample without repeated entries, con-
sider a sample of|S| index pairs, all in the same column. The rank-one unit-
norm matrix attaining the supremum would match the signs of the matrix with
± 1√

|S|
yielding an empirical Rademacher complexity of2√

|S|
.

The form of (6.8) is very disappointing, as it would lead to a term of‖X‖tr√
|S|

in a generalization error bound using Theorem 45. Even a matrix of constant
sign requires a trace norm of

√
nm to represent with margin 1. This would

indicate that to get a meaningful bound we would need|S| > nm, i.e. more
sample entries than entries in the matrix—not a very useful situation.

In order to get a meaningful bound, we must analyze the expected spectral
norm more carefully.

Bounding the Expected Spectral Norm Eσ [‖σ‖2]

Instead of using the Frobenius norm, we bound the expected spectral norm
directly. We do so by applying Theorem 3.1 of [68] (see Appendix E), which
bounds the expected spectral norm of matrices with entries of fixed magni-
tudes but random signs in terms of the maximum row and column magnitude
norms. IfS contains no repeated index pairs (sia = 0 or 1), we are already in
this situation, as the magnitudes ofσ are equal tos. When some index pairs
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are repeated, we consider a different random matrix,σ̃ which consists of sign
flips of sia:

σ̃ia = εiasia (6.9)

whereεia are i.i.d. unbiased signs. Applying Theorem 3.1 toσ̃ia we obtain:

Eε [‖σ̃‖2] ≤ K(lnm)
1
4

(
max

i
|si·|+ max

a
|s·a|

)
= K(lnm)

1
4

max
i

√∑
a

s2
ia + max

a

√∑
i

s2
ia

 (6.10)

wheresi· ands·a are row and column vectors of the matrixs, andK is the
absolute constant guaranteed by Theorem 3.1 of [68].

To see thatEε [‖σ̃‖2] provides an upper bound on the Rademacher com-
plexity, we prove that such “sign consolidation” can only increase the Rademacher
complexity.

Consolidating Signs of Repeated Points

We show that for any function class and distribution, the Rademacher com-
plexity can be bounded from above by consolidating all random signs corre-
sponding to the same point into a single sign. We first show that consolidating
a single sign can only increase the Rademacher complexity:

Lemma 26. For any function classF and sampleS = (x1, . . . , xn) with
x1 = x2:

Eσ

[
sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣
]
≤ Eσ

[
sup
f∈F

∣∣∣∣∣σ22f(x2) +
n∑

i=3

σif(xi)

∣∣∣∣∣
]

whereσi are i.i.d. unbiased signs (the expectation on the right is overn− 1,
rather thann, random signs).
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Proof. We first note that removingx1, x2 can only decrease the expectation:

Eσ

[
sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣
]

(6.11)

= Eσ3:n

[
Eσ1,σ2

[
sup
f∈F

∣∣∣∣∣σ1f(x1) + σ2f(x2) +
n∑

i=3

σif(xi)

∣∣∣∣∣
]]

≥ Eσ3:n

[
sup
f∈F

∣∣∣∣∣Eσ1 [σ1f(x1)] + Eσ2 [σ2f(x2)] +
n∑

i=3

σif(xi)

∣∣∣∣∣
]

= Eσ3:n

[
sup
f∈F

∣∣∣∣∣
n∑

i=3

σif(xi)

∣∣∣∣∣
]

(6.12)

And now calculate, using (6.12) for the inequality:

Eσ

[
sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣
]

= Pr (σ1 6= σ2)Eσ

[
sup
f∈F

∣∣∣∣∣
n∑

i=3

σif(xi)

∣∣∣∣∣
]

+ Pr (σ1 = σ2)Eσ

[
sup
f∈F

∣∣∣∣∣σ22f(x2) +
n∑

i=3

σif(xi)

∣∣∣∣∣
]

≤ 1
2

Eσ

[
sup
f∈F

∣∣∣∣∣
n∑

i=1

σif(xi)

∣∣∣∣∣
]

+
1
2

Eσ

[
sup
f∈F

∣∣∣∣∣σ22f(x2) +
n∑

i=3

σif(xi)

∣∣∣∣∣
]

Subtracting the first term on the right-hand side from the original left-hand
side gives us the desired inequality.

By iteratively consolidating identical sample points, we get:

Lemma 27 (Sign Consolidation).For any function classF and sampleS =
(x1, . . . , xn), denote bysx the number of times a sample appears in the class,
and letσx be i.i.d. unbiased random signs. Then:

RS(F) ≤ Eσ

[
sup
f∈F

∣∣∣∣∣ 2
|S|
∑
x∈S

σxsxf(x)

∣∣∣∣∣
]

Bounding the Row and Column Norms of a Uniformly Random Sample

We now consider the Rademacher complexity with respect to a sampleS of
|S| (where|S| is fixed) index pairs, chosen independently and uniformly at
random:
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RS(X1[1]) =
2
|S|

ES

[
R̂S(X1[1])

]
≤ K

|S|
(lnm)

1
4

(
ES

[
max

i
|si·|

]
+ ES

[
max

a
|s·a|

])
(6.13)

For the worst samples, the norm of a single row or column vector ofs
might be as high as|S|, but for random uniformly drawn samples, we would
expect the norm of row vectors to be roughly|S|n and of column vectors to be

roughly |S|m . To make this estimate precise we proceed in two steps.
We will first bound the maximum value ofsia, uniformly over all index

pairs. When the maximum entry ins is bounded, the norm of a row can be
bounded by the number of observations in the row. In the second step we
will bound the number of observations in a row and conclude a bound on the
maximal row (and similarly column) norm.

In deriving these bounds, we assumem ≤ n < |S| < nm. We also
assumem > 3 in order to simplify some of the logarithmic factors and con-
stants.

Lemma 28.
Pr
S

(
max

ia
sia > 9 ln n

)
≤ 1
|S|

Proof. Using Bernstein inequality for the binomial distribution (Corollary
39), with t = 2 ln(nm|S|2), for everysia:

Pr
(

sia >
|S|
nm

+ 2 ln(nm|S|)
)
≤ exp

(
−t2

t + 2 |S|nm

)
≤ exp(

−t

2
) =

1
nm|S|

Taking a union bound over allnm entries ins, and boundingln(nm|S|) ≤
4 ln n and |S|

nm ≤ 1 ≤ ln(n) we get the desired bound.

We now boundES [maxi |si·|], for samples in whichsia < B for all sia:

ES

[
max

i
|si·| | ∀sia < B

]
= ES

max
i

√∑
a

s2
ia | ∀sia < B


= ES

√max
i

∑
a

Bsia

 ≤√BES

[
max

i
si

]
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Wheresi is the number of observations in rowi. Viewing the sample as|S|
independent and uniform selections ofi rows, we can boundES [maxi si] ≤
6( |S|n + ln |S|) using Theorem 43.

Combining this bound with Lemma 28, we can now meaningfully bound
the Rademacher complexity, for a random sample set where each index pair
is chosen uniformly and independently at random (on each line,K designates
some fixed universal constant, but this constant changes from line to line):

Runiform
|S| (X1[1]) = ES [RS(X1[1])]

≤ Pr
(
max

ia
sia >9 ln n

)
sup

S
RS(X1[1]) + ES

[
RS(X1[1])

∣∣∣max
ia

sia≤9 ln n
]

≤ 1
|S|

2√
|S|

+
K

|S|
(lnm)

1
4 ES

[
max

i
|si·|+ max

a
|s·a|

∣∣∣ max
ia

sia ≤ 9 ln n
]

≤ 2
|S|

+
K

|S|
(lnm)

1
4

(
2 ·
√

6 · 9 ln n(
|S|
n

+ ln |S|)

)

≤ K
1√
nm

(lnm)
1
4 (lnn)

1
2

√
n + m + nm

|S| lnn

|S|

(where in the last inequality we also used2 ln n ≥ ln |S|)
So far, we bounded the Rademacher complexity of unit-norm rank-one

matrices,X1[1]. Taking the convex hull of this class (Lemma 11) and scaling
by the desired norm, we have (following Theorem 46):

R(B[M ]) = R(MconvX1[1]) = MR(X1[1])

establishing:

Theorem 29. For some universal constantK, the Rademacher complexity of
matrices of trace norm at mostM , over uniform samplings of index pairs is
at most (forn ≥ m):

R(B[M ]) ≤ K
M√
nm

(lnm)
1
4

√
(n + m + nm

|S| lnn) ln n

|S|

When|S| > n lnn, the last term can be subsumed in the constantK.

6.2.3 Bounding with the Max-Norm

Since the max-norm gives us a bound on the trace norm:

‖X‖tr ≤
√

nm ‖X‖max for everyX ∈ Rn×m
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we can apply Theorem 23 also to matrices of bounded max-norm, replacing
‖X‖tr√

nm
with ‖X‖max. However, when the max-norm is bounded it is possible

to more simply obtain slightly better bounds, avoiding the log-terms and with
explicit constants:

Theorem 30. For all target matricesY ∈ {±1}n×m and sample sizes|S| >
n log n, and for a uniformly selected sampleS of |S| entries inY , with prob-
ability at least1 − δ over the sample selection, the following holds for all
matricesX ∈ Rn×m:

1
nm

∑
loss(Xia;Yia) <

1
|S|

∑
ia∈S

loss(Xia;Yia)+

12 ‖X‖max

√
n + m

|S|
+

√
ln(1 + |e log ‖X‖max |)

|S|
+

√
ln(4/δ)

2|S|

Where loss is Lipschitz continuous with constantL. For large enoughn, m,
the constant12 can be reduced tokR

√
8 ln 2 < 4.197, wherekR is Grothendiek’s

constant (see Appendix F).

Moreover, unlike the bound in terms of the trace norm (Theorem 23), the
bound in terms of the max-norm can be generalized to index pairs chosen
under an arbitrary distribution, with the generalization error measured appro-
priately:

Theorem 31. For all target matricesY ∈ {±1}n×m and sample sizes|S| >
n log n, and for any distributionD over index pairs, for a sampleS of |S|
i.i.d. index pairs selected according toD, with probability at least1− δ over
the sample selection, the following holds for all matricesX ∈ Rn×m:

Eia∼D [loss(Xia;Yia)] <
1
|S|

∑
ia∈S

loss(Xia;Yia)+

12L ‖X‖max

√
n + m

|S|
+

√
ln(1 + |e log ‖X‖max |)

|S|
+

√
ln(4/δ)

2|S|

Where loss is Lipschitz continuous with constantL and the constant can be
improved as in Theorem 30.

This generalization is a consequence of the empirical Rademacher com-
plexity of low max-norm matrices being bounded for any sample set of in-
dexes. As was discussed in Section 6.2.2, this is not the case for low trace
norm matrices, for which the empirical Rademacher complexity might be
high, and only the average Rademacher complexity over uniformly selected
index pairs is low.
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6.2.4 Proof of Theorem 30

To prove Theorems 30 and 31 we bound the empirical Rademacher com-
plexity of low max-norm matrices, again viewing them as functionsX :
[n]× [m]→ R from index pairs to entries in the matrix.

As we did for low trace norm matrices, we bound the Rademacher com-
plexity of low max-norm matrices by characterizing the unit ball of the max-
norm (i.e. unit max-norm matrices) as a convex hull. Unlike the trace norm
unit ball, we cannot exactly characterize the max-norm unit ball as a con-
vex hull. However, using Grothendiek’s Inequality (see Appendix F) we can
bound the unit ball as with the convex hull of rank-one sign matrices:

convX± ⊂ Bmax ⊂ 2convX± (6.14)

where
Bmax = {X| ‖X‖max ≤ 1}

is the unit max-norm ball and

X± = {uv′|u ∈ {±1}n, v ∈ {±1}m} = {X ∈ {±1}| rank X = 1}

The class of rank-one sign matrices is a finite class of size|X±| = 2n+m−1,
and so its Rademacher complexity can be bounded by (Theorem 47):

R̂S(X±) <

√
7
2(n + m) + log |S|

|S|
(6.15)

Taking the convex hull of this class and scaling by the desired norm we
have (following Theorem 46):

R(Bmax[M ]) < R(2MconvX±)

< 2M

√
7
2(n + m) + log |S|

|S|
< 12M

√
n + m

|S|
(6.16)

where in the last inequality we use2 < |S| < nm. This establishes:

Theorem 32. The Rademacher complexity of matrices of trace norm at most
M , for any index-pair distribution, is bounded by:

R(Bmax[M ]) ≤ 12M

√
n + m

|S|

For large enoughn, m, the constant12 can be reduced tokR

√
8 ln 2 <

4.197, wherekR is Grothendiek’s constant (see Appendix F).
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6.3 On assuming random observations

A major assumption we make throughout the treatment of the matrix com-
pletion problem is that the entries to be observed (indexes inS) are selected
randomly, independently of one another (except perhaps avoiding repetitions)
and independently of the targetY . This assumption underlies the learning
method suggested, and is made explicit in the generalization error bounds.

However, this assumption is often unrealistic. For example, it would im-
ply a binomial distribution on the number of movies people rate, and on the
number of people who rate a movie. A heavier tailed distribution is probably
more realistic, implying dependencies among the choice of observations.

More importantly, whether a rating is observed or not can be related to
the rating itself. Users are more likely to see, and rate, movies they like. An
extreme example of such dependencies is in collaborative filtering situations
where the preferences are implied by user requests, where all observations
are assumed positive. Even in more subtle situations, significant benefit can
probably be gained by modeling the observation process and its relationship
with the target values.

The bound in terms of the trace norm (Theorem 23) heavily relies on the
uniformity of the sample selection. Since the trace norm is anaverageover
rows and columns, it is not surprising that it is an effective constraint only
when all rows and column are used uniformly. Indeed, as was discussed in
Section 6.2.2, bounding the trace norm is not effective when only a subset of
rows or columns is used.

Requiring low rank or low max-norm constrains all rows and columns
uniformly. Indeed, the generalization error bounds in terms of these com-
plexity measures apply also when the indexes are not chosen at random, and
even when the observation process is dependent on the ratings themselves
(i.e. on the target matrixY ). However, in such cases, the guarantee is on the
expected loss when future entries are sampled under the observed subset. In a
collaborative filtering setting, this is extremely unsatisfying, as it would guar-
antee low error on items the user is likely to want anyway, but not on items
we predict he would like.
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Chapter 7

Summary

In this thesis, we examined several aspects of learning with matrix factoriza-
tions. Learning with matrix factorizations is not a new idea: low-rank and
factor models have been extensively used in statistical analysis of tabulated
data for over a century [63]. Throughout this century of matrix factorization,
new formulations, methods and analysis have been devised, based on the cen-
tral motivating assumption that tabulated data can be modeled by underlying
factors. Continued research on learning with matrix factorizations is fueled
by evolving trends and approaches to statistical analysis and machine learn-
ing, such as the study of exponential families and generalized linear models,
high-dimensional large-margin linear methods, and distribution-free post-hoc
generalization error bounds, as well as by advances in convex optimization
and the constant growth in sheer processing power. This thesis continues this
tradition, and offers several novel contributions to the field:

Study of Weighted Low Rank Approximations We show how the structure
of the optimization function breaks down when weights are introduced,
and suggest novel local search heuristics for finding weighted low-rank
approximations. These include a very simple update inspired by Expec-
tation Maximization and a more complex conjugate gradient method.
We show how weighted low-rank approximations can be used as a pro-
cedure in other low-rank optimization problems, including ones with
convex loss functions or with additive noise modeled as a (possibly
unknown) Gaussian mixture.

Asymptotic Consistency and InconsistencyWe show that asymptotic con-
sistency of maximum likelihood low-rank approximations should not
be taken for granted. For a Gaussian noise model, estimation of the
low-rank subspace is consistent, but we show that for a variety of other

110



conditional models, including some that have recently been suggested
and studied (e.g. Exponential PCA and Logistic Low-Rank Approxi-
mation in particular) estimation is not consistent even when the data
follows the modeling assumptions. On the other hand, we show that
simple Frobenius low-rank approximation (using the SVD) is consis-
tent for any additive noise, even when the noise distribution is not Gaus-
sian. For non-additive noise models, we are able to provide an appro-
priate correction to Frobenius low-rank approximation only forunbi-
asedconditional models, i.e. only when a low-rank approximation to
themeanparameters is sought. This leaves open the important problem
of consistent estimation of a linear subspace of thenatural parameters
(as in Exponential PCA).

Maximum Margin Matrix Factorizations We propose a novel method for
completing entries in a partially observed matrix: instead of approxi-
mating the observed entries with a low-rank factorization, we approxi-
mate the observed entries with a low-norm factorization while main-
taining a large-margin. Unlike low-rank matrix approximation of a
partially observed matrix, which is a non-convex optimization prob-
lem for which no efficient solutions are known, maximum-margin low-
norm matrix factorization is a convex optimization problem that can
be formalized and solved as a semi-definite program. Using generic
optimization methods for sparse semi-definite programs we are able to
find maximum-margin matrix factorizations for problems with up to a
few tens of thousands of observations—far from the size of actual data
sets. The applicability of the methods to large data sets is contingent on
developing specialized optimization techniques which take advantage
of the very simple structure of the dual semi-definite programs.

Post-hoc Generalization Error Bounds We present, for the first time, post-
hoc generalization error bounds, without assumptions on the “true”
preferences, for collaborative filtering viewed as a matrix completion
problem. We present bounds both for low-rank approximation, based
on combinatorial results on the number of sign configurations of low-
rank matrices, and for maximum-margin matrix factorization, based on
bounding the Rademacher complexity of low trace-norm and low sum-
norm (γ2-norm) matrices. All of our results assume a random observa-
tion process—an assumption which often does not hold in practice. An
important challenge is to develop generalization error bounds for the
more realistic scenario in which the observation process is dependent
on the value of the entries in the matrix.
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Appendix A

Sign Configurations of
Polynomials

We briefly quote here a discussion from Alon [3] on the number of sign con-
figurations of a set of real polynomials.

Let P1, . . . , Pm be real polynomials inq variables, and letV be the com-
plement of the variety defined byΠiPi, i.e. the set of points in which all the
m polynomials are non-zero:

V = {x ∈ Rq|∀iPi(x) 6= 0}

Theorem 33 (Warren [84], Theorem 5.2 [3]). If all m polynomials are of
degree at mostd, then the number of connected components ofV is at most:

c(V ) ≤ 2(2d)q

q∑
i=0

2i

(
m

i

)
≤
(

4edm

q

)q

where the second inequality holds whenm > q > 2.

We are interested in the number of sign configurations of the polynomials,
i.e. the cardinality of:

S = {(signP1(x), signP2(x), . . . , signPm(x)) ∈ {−, 0,+}m | x ∈ Rq}

Each connected component ofV maps to a single sign vector. And so, the
number of connected components ofV bounds the number of sign configura-
tions that do not contains zeros:

|S ∩ {−,+}m| ≤ c(V )
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To bound the number of sign configurations, including those with zeros,
we will modify the polynomials slightly. Consider a setC ⊂ Rq containing
one variable configuration for each sign pattern inS, i.e. |C| = |S| and such
thatS = {(signPi(x)) ∈ {−, 0,+}m | x C}. Defineε as:

ε
.=

1
2

min
1≤i≤m,x∈CPi(x) 6=0

|Pi(x)| (A.1)

SinceS is finite (at most3m sign vectors are possible),C is also finite, the
minimum is justifies, andε > 0. We can now consider the2m polynomials
P+

i (x) = Pi(x) + ε andP−
i (x) = Pi(x)− ε and:

V ′ =
{
x ∈ Rq|∀iP

+
i (x) 6= 0, P−

i (x) 6= 0
}

Different points inC lie in different connected components ofV ′, and so
|S| = |C| ≤ |c(V ′)| establishing:

Theorem 34 ([3, Proposition 5.5]).The number of sign configurations ofm
polynomials, each of degree at mostd, overq variables, is at most(8edm/q)q

(for 2m > q > 2).

If we consider only +/- signs by identifying zero as (arbitrarily) positive,

instead of ignoring zeros, that issign± p =

{
+ p ≥ 0
− otherwise

, it is enough

to take the modified polynomialsP−
i (x) = Pi(x) − ε, obtaining a bound

of (4edm/q)q. This is true also if we identify zero as positive or negative
differently for each polynomial:

Theorem 35. Let P1, . . . , Pm be polynomials overq variables, each of de-
gree at mostd andy1, . . . , ym ∈ ±1. Define the relative sign configuration
for a variables assignmentx ∈ Rq as

si(x) =

{
+ yiPi(x) > 0
− yiPi(x) ≤ 0

.

The number of different relative sign configurations is at most(4edm/q)q

(for m > q > 2).
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Appendix B

Basic Concentration
Inequalities and Balls in
Bins

We quote here basic concentration inequalities about the sums of random
variables that are used in the Thesis. In Section B.2.1 we use Bernstein’s
inequality to bound the expected number of balls in the fullest bin, when
balls are tossed randomly into bins.

B.1 Chernoff and Heoffding Bounds

Chernoff’s original inequality applies to a binomial distribution, i.e. a sum of
i.i.d. Bernouli random variables:

Theorem 36. Let S Binom(n, p) be a binomial random variable. For any
ε > 0:

Pr (S > E [S] + ε) ≤ e−2ε2/n

and
Pr (S < E [S]− ε) ≤ e−2ε2/n

Heoffding relaxed the assumptions that the variables are identically dis-
tributed, and that they are Bernoulli:

Theorem 37 (Heoffding 1963, [26, Theorem 8.1]).Let Xi be independent
random variables such thatai ≤ Xi ≤ bi with probability one for alli, then
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for anyε > 0:

Pr

(
n∑

i=1

Xi >
n∑

i=1

E [Xi] + ε

)
≤ e−2ε2/

∑n
i=1(bi−ai)

2

and

Pr

(
n∑

i=1

Xi <
n∑

i=1

E [Xi]− ε

)
≤ e−2ε2/

∑n
i=1(bi−ai)

2

Chernoff’s and Heoffding’s inequalities arepessimistic. They do not de-
pend on the distribution of the summed random variablesXi, and assume
the worst possible variance. For Bernoulli random variables, this variance is
achieved, and the inequality is tightest, whenP (Xi = 1) = 1

2 . However,
when the probability of ’success’ in each trial is very low, i.e.E [S] is small,
the inequality is very loose. Bernstein’s and Bennett’s inequalities are tighter
when the variance is small.

B.2 The Bernstein Bound and Balls in Bins

Theorem 38 (Bernstein 1946, [26, Theorem 8.2]).Let Xi be independent
random variables such thatXi < c with probability one for alli, then for any
ε > 0:

Pr

(
n∑

i=1

Xi >

n∑
i=1

E [Xi] + ε

)
≤ exp

(
− ε2

2
∑n

i=1 Var [Xi] + 2
3ncε

)
Specialized to the binomial distribution, Bernstein’s bound can be written

as:

Corollary 39.

Pr
(

Binom(n, p) >
n

p
+ t

)
≤ exp

(
− t2

t + 2np

)
Note that the(1− p) term was dropped from the variance, and the factor

2
3 was also dropped, giving a slightly looser version of the bound, specialized
to smallp.

B.2.1 The Expected Number of Balls in the Fullest Bin

Consider an experiment in whichn balls are independently and uniformly
tossed, each ball to one ofm bins. Denote bysi the number of balls in bini.
We can use Bernstein’s inequality to bound the expected number of balls in
the fullest bin, i.e.E [maxi si].
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Lemma 40. For 7 < n ≤ m, if n balls are tossed intom bins:

E
[
max

i
si

]
≤ 3 ln m

Proof. Eachsi is Binomially distributed withn trials and success proba-
bility 1

m , and so using Corollary 39 of Bernstein’s bound, and settingt =
(2 ln(nm)− 1− n

m ):

Pr (si > 3 ln m− 1) ≤ exp
(
−

(3 ln m− 1− n
m )2

3 ln m− 1− n
m + 2n 1

m

)
≤ exp

(
− (3 ln m− 2)2

3 ln m

)
≤ exp

(
−9(lnm)2 − 6 ln m + 4

2 ln m

)
≤ exp (−3 ln m + 2) ≤ exp(−2 ln m) =

1
m2

Taking the union of these events over all bins, the probability that at least one
bin has more than3 ln m − 1 balls is at mostmm2 = 1

m . Noting that in any
case, the maximum is at mostn, we have:

E
[
max

i
si

]
≤ Pr

(
max

i
si > 3 ln m− 1

)
n + 3 ln m− 1

≤ 1
m

n + 3 ln m− 1 ≤ 3 ln m

Lemma 41. For n
ln n ≤ m ≤ n:

E [maxisi] ≤ 6 ln n

Proof. We use the same argument, witht = 4 lnn, getting:

Pr
(
si >

n

m
+ 4 ln n

)
≤ exp

(
− (4 lnn)2

4 ln n + 2 n
m

)
≤ exp

(
−16(lnn)2

6 ln n

)
≤ exp(−2 ln n) =

1
n2

And so:

E
[
max

i
si

]
≤ Pr

(
max

i
si >

n

m
+ 4 ln n

)
n +

n

m
+ 4 ln n

≤ m

n2
n +

n

m
+ 4 ln n ≤ 6 ln n
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Lemma 42. For m ≤ n
ln n :

E
[
max

i
si

]
≤ n

m
+ 4
√

n

m
lnn ≤ 5

n

m

Proof. Chooset =
√

11 n
m lnn:

Pr
(

si >
n

m
+
√

11
n

m
lnn

)
≤ exp

(
−

11 n
m lnn√

11 n
m lnn + 2 n

m

)

≤ exp

(
−

11 n
m lnn√

n
m (
√

(11)
√

lnn + 2
√

n
m )

)

Sincelnn ≤ n
m and

√
lnn ≤

√
n
m :

≤ exp

(
−

11 n
m lnn

(
√

11 + 2) n
m

)
< e−2 ln n =

1
n2

And so:

E
[
max

i
si

]
≤ Pr

(
max

i
si >

n

m
+
√

11
n

m
lnn

)
n +

n

m
+
√

11
n

m
lnn

≤ m

n2
n +

n

m
+
√

11
n

m
lnn <

n

m
+ 4
√

n

m
lnn ≤ 5

n

m

Combined, these three lemmas cover the entire range of ratios of balls to
bins:

Theorem 43. If n balls are tossed intom bins uniformly and independently
at random, then the expectation of the number of balls in the fullest bin is at
most:

6 max
(
1,

n

m
, lnn, lnm

)
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Appendix C

Generalization Error
Bounds in Terms of the
Pseudodimension

We quote here standard results (e.g. [7, Chapters 17-18]) bounding the gen-
eralization error in terms of the pseudodimension (see Definition 4 in Section
6.1.4).

Definition 6. We say a loss function loss: R×Y → R is monotoneif for all
y, loss(x, y) is a monotone (either increasing or decreasing) function ofx.

Theorem 44. Let F be a class of real-valued functionsf : X → R with
pseudodimensiond, and loss: R × Y → R be a bounded monotone loss
function, with loss< M . For any joint distribution over(X, Y ), consider an
i.i.d. sampleS = (X1, Y1), . . . , (Xn, Yn). Then for anyε > 0:

Pr
S

(
∃f∈FEX,Y [loss(f(X), Y )] >

1
n

n∑
i=1

loss(f(Xi), Yi) + ε

)

< 4e(d + 1)
(

32eM

ε

)d

e−
ε2n
32

The bound is a composition of a generalization error bound in terms of
theL1 covering number [7, Theorem 17.1] and a bound on theL1 covering
number in terms of the pseudodimension [37], as well as the observation that
composition with a monotone function does not increase the pseudodimen-
sion [7, Theorem 12.3],[36].
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Appendix D

Bounding the Generalization
Error Using Rademacher
Complexity

The Rademacher complexity is a scale-sensitive measure of complexity for a
class of real valued function.

Definition 7. The empirical Rademacher complexity of a class of function
F : X → R over a specific sampleS = (x1, x2, . . .) ∈ X |S| is given by:

R̂S(F) =
2
|S|

Eσ

[
sup
f∈F

∣∣∣∣∣∑
i

σif(xi)

∣∣∣∣∣
]

where the expectation is over the i.i.d. random signsσi, withPr(σi = +1) =
Pr(σi = −1) = 1

2 .
The Rademacher complexity ofF with respect to a distributionD overX

is the expectation of the empirical Rademacher complexity:

RD
n (F) = ES∼Dn

[
R̂S(F)

]
where the expectation is over and i.i.d. sample of|S| points chosen according
to D.

The distribution-free Rademacher complexity ofF is the supremum of
over all samples of|S| points:

Rsup
n (F) = sup

S∈Xn

R̂S(F)

and is an upper bound of the Rademacher complexity over any distribution.
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The Rademacher complexity can be used to bound the generalization er-
ror:

Theorem 45 ([61, Theorem 2]).For any class of functionF : X → R
and any joint distributionD of (X, Y ) overX × {±1}, for a sample of a
D-i.i.d. sample(Xi, Yi) of size of sizen, with probability at least1− δ with
respect to choosing the sample, all functionsf ∈ F satisfy:

Pr
(X,Y )∼D

(Y f(X) ≤ 0) ≤ 1
n

n∑
i=1

lossγ(f(Xi);Yi) +
2
γ
RD

n (F) +

√
ln(2/δ)

2|S|
(D.1)

Furthermore, with probability at least1 − δ with respect to choosing the
sample, all functionf ∈ F satisfy:

Pr
(X,Y )∼D

(Y f(X) ≤ 0) ≤

inf
γ>0

(
1
n

n∑
i=1

lossγ(f(Xi);Yi) +
4
γ
RD

n (F) +

√
ln(1 + | log γ|)

n

)
+

√
ln 4

δ

2|S|
(D.2)

The presentation here differs from the original presentation [61]:

• Only the form (D.2) was presented in [61]. The form (D.1) is an inter-
mediate result, and is the presentation in, e.g. [11].

• The presentation here is specialized to the zero-one margin loss lossγ ,
as a bound on the truncated hinge loss. The original presentation ap-
plies to any Lipschitz-bounded bound on the zero-one sign loss.

• The original presentation takes an infimum over0 < γ ≤ 1. Here, a
slightly modified form is presented, where the bound is over any0 < γ.
This form can be easily derived from Theorem 1 in [61] by taking a
union bound over the two casesγ < 1 andγ > 1. As a result, the
failure probability doubles (expressed in the bound by a4

δ instead of2δ
inside the logarithm of the last term). The expression of the third term
also has to change to accommodateγ > 1, andln(1+ | log γ|) replaces
ln log 2

γ in the original presentation.

Some properties of the Rademacher complexity (e.g. from [11, Theorem
12]):

Theorem 46. For any classes of functions:
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1. If F ⊂ H thenRn(F ) ≤ Rn(H).

2. Rn(F ) = Rn(convF ).

3. For c ∈ R,Rn(cF ) = |c|Rn(F ).

4. Rn(
∑

Fi) ≤
∑

iRn(
∑

Fi).

Rademacher Complexity of a Finite Class of Sign Functions

Theorem 47. LetF be a finite class of sign functions functionsX → {−1,+1},
then its empirical Rademacher complexity, and so also its distribution free
Rademacher complexity, is bounded by:

R̂S(F) <

√
7
2 log |F|+ log |S|

|S|

The constant can be reduced to4 ln 2 < 2.773 for large enough|F|.

Proof. For anyf ∈ F ,
∑

i f(xi)σi are all identically distributed (whenσ
are random), and it is enough to analyzesumiσi. Using Chernoff’s bound
(Theorem 36), for anyα > 0:

Pr
σ

(
2
|S|
∑

i

σi ≥
α

|S|

)
= Pr

(
Binom(|S|, 1

2
) ≥ |S|

2
+

α

4

√
|S|
)
≤ e−α2/8

(D.3)
And so for anyf ∈ F we have:

Pr
σ

(∣∣∣∣∣ 2
|S|
∑

i

f(xi)σi

∣∣∣∣∣ ≥ α

|S|

)
≤ 2e−α2/8 (D.4)

Taking a union bound over allf ∈ F :

Pr
σ

∑
f∈F

∣∣∣∣∣ 2
|S|
∑

i

f(xi)σi

∣∣∣∣∣ ≥ α

|S|

 ≤ 2|F|e−α2/8 (D.5)

Noting that
∣∣∣ 2
|S|
∑

i f(xi)σi

∣∣∣ < 2, and settingα =
√

8 ln(4|F|) + 4 ln |S|
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we can now bound:

R̂S(F) = Eσ

[
sup
f∈F

∣∣∣∣∣ 2
|S|
∑

i

σif(xi)

∣∣∣∣∣
]

≤ α√
|S|

+ 4Ne−α2/8

=

√
8 ln(4|F|) + 4 ln |S|+ 1√

n

≤

√
7
2 log |F|+ log |S|

|S|
(D.6)

for |F|, |S| > 2.
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Appendix E

The Expected Spectral
Norm of A Random Matrix

Many results are known about the asymptotic distribution of the spectral
norm of a random matrix, where the entries in the matrix are i.i.d. Gaussians.
Seginer [68] provides a bound on the expectation for finite size matrices, for
matrices with i.i.d., but not necessarily Gaussian entries, and for matrices
with independent sign-flips, but not necessarily identical magnitudes.

Theorem 48 ([68, Corollary 2.2]). There exists a constantK such that, for
anym,m, anyh ≤ 2 ln max(m,n) and anym×n random matrixA = (aij),
whereaij are i.i.d. zero mean random variables, the following inequality
holds:

max
{

E
[
max

i
|ai·|h

]
, E
[
max

j
|a·j |h

]}
≤ E

[
‖A‖h2

]
≤

Kh

(
E
[
max

i
|ai·|h

]
+ E

[
max

j
|a·j |h

])
whereai· is a row ofA anda·j is a column ofA.

Theorem 49 ([68, Theorem 3.1]).There exists a constantK such that, for
any n, m, any h ≤ 2 ln max(m,n), and anym × n deterministic matrix
A = (aij), the following inequality holds:

Eε

[
‖ε⊗A‖h2

]
≤
(
K ln1/4 min(m,n)

)h
(

max
i
|ai·|h + max

j
|a·j |h

)
whereε is an i.i.d. sign matrix withPr (εij = 1) = Pr (εij = −1) = 1

2 , the
operation⊗ denotes an element-wise product, andai· and a·j are row and
column vectors ofA.
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Appendix F

Grothendiek’s Inequality

We quote here Grothendiek’s inequality, and a corollary of the inequality that
we use in the Thesis.

Theorem 50 ([85]). For anyA ∈ Rn×m:

maxX=uv′,|u|∞=|v|∞=1A •X ≥ kR max
X,‖X‖max≤1

A •X

wherekR is Grothendiek’s constant, and:

1.67 ≤ kR ≤ 1.79

Let
Bmax = {X| ‖X‖max ≤ 1}

denote the unit ball of the max-norm,

Xinf = {uv′| |u|∞ = |v|∞ = 1}

denote rank-one matrices with unit-bounded entries and

X± = {uv′|u ∈ {±1}n, v ∈ {±1}m} = {X ∈ {±1}| rank X = 1}

denote rank-one sign matrices.

Corollary 51.

convX± = convXinf ⊂ Bmax ⊂ 2 convX±
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