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Exercise 1.

Let V be a finite dimensional inner product space with dim(V) = n. Let a, 8 : V — V be two self-adjoint linear
operators. Furthermore, suppose that 5 is positive semidefinite. Show that for k € [n], Ag(a+ 8) > Ap(«).

Exercise 2.

(1097 Golan’s Book) Let V' be an inner product space finitely generated over C and let a: V' — V be a positive
definite self-adjoint full rank linear operator. Show that ((a 4+ a~!)v,v) > 2(v,v) for all v € V. Use this to
show that the minimum eigenvalue of o + ™! is at least 2.

Exercise 3.
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Solutions

Solution 1.

The key observation is that Rayleigh quotient is linear, so that Ra45(v) = Ra(v) + Ra(v) for all v € V\{0y }.
Then 8 being positive semidefinite means that Ra4s(v) > R (v) for all v € VA\{0y }.
Next, we need to ensure that A\g(a + ) = max min Rayp(v) > max min Ra(v) = Ag(a).

SCV — scv
dim S=k veS\{0} dim S=k veS\{0}

To do this, let S be arbitrary, and choose v* € S that minimizes R4 5(v). Then

min = Ro4+8(v) = Ra4s(v™) > Ra(v*) > min R (v)

veS\{0} veS\{0}

Note that the above holds for all subspaces S. Now choose S* that maximizes Igl{rgo} Ra(v), and repeat
veE
the above argument to get

max min Re4s(v) > max min R,(v)

di;gngSV:k UGS\{O} difngSV:k: ’UGS\{O}
Solution 2.
If the eigenvalues of « are A\i, A2, -+ , An, then the eigenvalues of a1 are A%’ )\%, RN ﬁ, and the corresponding
eigenvectors are same.
Because « is self-adjoint, it is orthogonally diagonalizable, and let wvi,vs,--- ,v, be orthonormal set of
eigenvectors that forms a basis, corresponding to eigenvalues A1, A2, -+, A,. Then every v = Y " | ¢;v;, and

a(v) =320, cidivg, and o~ (v) = 3311, {tv;. Together,
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> 22612 = 2(v,v)
i=1
To see why minimum eigenvalue of a4+ a ! is at least 2, note that the Rayleigh quotients are lower bounded

by 2 for every vector.

Solution 3.
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