Problems for Discussion 1

October 02, 2019

Exercise 1.

Let p be a prime. Show that the set {0,1,--- ,p — 1} associated with operations +y and .r defined below is a
field.

(i)a+rb=(a+b) mod p

(ii) a .¥ b = (a.b) mod p

This field denoted as IF,. Show that this is not a field if p is composite.

Exercise 2.
Consider the Fibonacci vector space defined in class over the real field. The set of vectors is given by

Fib={feRY: f(n)=f(n—1)+ f(n—2), Vn > 2}

Each element of Fib can be viewed either as a function from natural numbers to reals, or as an infinite
sequence of reals.

(i) What is the additive identity in this vector space?

(ii) What is the additive inverse for an element of Fib?

(iii) Show that the functions/sequences (1,1,2,3,5,8,---) and (1,2,3,5,8,---) are linearly independent in
Fib.
Exercise 3.

Let n > 2, and let V' be a vector space over R. Let vy, v, -+ ,v, be linearly independent vectors in V.
(i) Let

Up =V T U2+ FVUp_2 + Up_y

Ug =v2+vg+ -+ Up_1+v,

Up =Vp +V1+ -+ Up_3+Up_2

Show that wy,us,- - ,u, are linearly independent.
(ii) Let

U1:’Ul+’U2

U = Vo + V3

Up = Up + U1



Show that wy,us, - ,u, can be linearly dependent.

(iil) Let uy,uz, - ,u, be as in (ii). Show that uy,ua, - ,u, are linearly independent if n is odd.
(iv) Let 1 < k < n. Let

UL =V +va+ -+ V1 + Vg
Ug =v2 + v+ -+ Vg + Ukt

Up = Vp + U1+ + Vg2 + Vp—1

Show that wuq,us, - ,u, are linearly independent iff ged(k,n) = 1.



