Mathematical Toolkit Autumn 2015

Homework 1

Due: October 22, 2015

Note: You may discuss these problems in groups. However, you must write up your own solutions
and mention the names of the people in your group. Also, please do mention any books, papers or
other sources you refer to. It is recommended that you typeset your solutions in BTEX.

1. Let A € F3'*" be a matrix with entries in the field Fo and let m < n. Let all rows of A be
linearly independent in the vector space Fy over the field Fo.

(a) What is the dimension of the space ker(A)?

b) How many vectors x € F} satisfy the system of equations Ax = 07 (Note that here 0
2
denotes the zero vector in F5".)

(c) Let b € F3' be such that the system of equations Az = b has at least one solution, say
xg. Show that {z — o | Az = b} = ker(A). What is the total number of solutions to
the system Ax = b?

2. Let V be a vector space over the field F (not necessarily R or C) and let f: V' — [0,1] be a
function satisfying f(c-v +d-w) > min{f(v), f(w)} for all ¢,d € F and all v,w € V. Show
that

(a) f(Oy) > f(v) foralveV.
(b) For any ¢ € [0, f(Oy)], the space V; = {v € V' | f(v) >t} is a subspace of V.

3. Let F be a field and let P(z) = 22 + bx + ¢ € F[z] be a polynomial which has two distinct
nonzero roots r1 and ry in F. Let ¢ : F3 — F be defined as o(z1,T2,23) = 1 + bre + cx3.
Let oo : FN — FN be defined by (p2(f))(n) = ¢1(f(n), f(n + 1), f(n + 2)) for each f € RN
and each n € N. Show that dim(ker(p2)) > 2.

4. Consider the vector space R[z| of polynomials in a single variable x with coefficients in R.
Define the function p : R[z] x R[z] — R as

u(P,Q) = degree(P-Q) forall P,Q € R[z],

where P - @) denotes the product of the two polynomials P and @ (which is another polyno-
mial). Is the function g an inner product? Justify your answer.

5. Let V be a finite dimensional vector space over a field F and o, 8 : V' — V be linear operators.
Show that for every A € F (including Op), A is an eigenvalue of af if and only if X is an
eigenvalue of Sa.



6. A linear operator o : V — V is called a projection if ¢©? = ¢ i.e., p?(v) = p(v) Yo € V.
(a) If V is a vector space over a field F, ¢ : V' — V is a projection, and A € F is an eigenvalue
of i, then show that A € {Op, 1p}.

is an inner product space over aken to be R or or this part) an is a
b) If Vi i duct F (taken to be R or C for thi t d ¢ i
projection, is it always true that ¢ = ¢*? Justify your answer.



