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1 Coloring a 3-Colorable Graph (contd.)

Continuing calculation form previous lecture
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Claim 1.1 For l ≥ 1, we have:
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If there is such a bound, we have:
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Where D is the average degree.

We can choose l such that: e−3l2/2 = 1
D . So we set l =

√
2
3 lnD.
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So k = O(D1/3
√

lnD). Give that D is at most n, we have k = O(n1/3
√

lnn).

So we have a coloring with O(n1/3
√

lnn . lnn) = O(n1/3(lnn)3/2) colors.

Now let’s prove claim 1.1.

Proof of claim: [CMM06]
The idea is simple: we just do integration by parts.
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This was the lower bound. Upper bound is obvious, since a positive value is sub-
tracted. �

2 Spectral Graph Theory

Consider M ∈ Rn×n, which is symmetric. We can write M as:

M =
∑

µiviv
T
i

v1, . . . ,vn ∈ Rn, orthonormal

µ1, . . . , µn ∈ R, eigen values

∀j Mvj = µjvj , or equally: vTj Mvj = µj

From now on, we assume µ1 ≥ µ2 ≥ · · · ≥ µn.

µ1 = max
x∈Rn

xTMx

xTx

µ2 = max
x⊥v1

xTMx

xT

...

µn = min
x∈Rn

xTMx

xTx

Side note: The full theorem is called Courant-Fisher theorem. It is recommended that you look it
up.
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Graphs and Matrices

Aij =

{
1 if (i, j) ∈ E
0 o.w.

A is symmetric, so we can write it as
∑n

i=1 µiviv
T
i .

Let’s look at an interesting property of A:

average degree ≤ µ1 ≤ maximum degree

Proof: First, we prove the lower-bound.

µ1 = max
x∈Rn

xTMx

xTx
≥ 1TA1

1T1
=

∑
i,j Aij

n
=

2m

n
= D

Now, we show that the upper-bound holds.

Suppose vis an eigenvector with eigenvalue µ1. We have Av = µ1v, so:

∀i
∑
j

Aijvj = µ1vi

⇒ |vi| ≤
1

µi

∣∣∣∣∣∣
∑
j

Aijvj

∣∣∣∣∣∣
≤ 1
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∑
j

|Aij |

max
j
|vj |

By defining i∗ = argmaxi |vi|, we have:

|vi∗ | ≤
1

µ1
(|Aij |) |vi∗ |

⇒ µ1 ≤
∑
j

|Ai∗j | ≤ Dmax

Back to the Coloring Problem

Minimum number of colors needed to color G is called the chromatic number of G, shown as X (G).
We are going to show that X (G) ≤ bµ1c+ 1.

Proof: We proceed with induction on n = |V |
For n = 1, A = [0], which is 1-colorable.
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Induction step: consider a general graph G.

∃i ∈ V deg(i) ≤ µ1
or equivalently deg(i) ≤ bµ1c

Consider graph G \ {i} and color it with bµ′1c+ 1 colors.

Claim 2.1 µ′1 ≤ µ1
We will prove this claim later.

The vertex that was left out, i, has degree of at most bµ1c, because we picked it to be so. So there
is one color left for i.

Proof: Here we prove claim 2.1. Let A′ be adjacency matrix of G \ {i}.

µ′1 = max
x∈Rn−1

xTA′x

xTx

For every x ∈ Rn−1, if we define a z ∈ Rn as
(
x
0

)
, we can check that we have zT z = xTx and

xTA′x =
∑
k,l 6=i

A′klxkxl

=
∑
k,l

Aklzkzl

= zTAz

So we will have:

µ′1 = max
z∈Rn−1×{0}

zTAz

zT z
≤ max

z∈Rn

zTAz

zT z
= µ1

In summary, we showed that X (G) ≤ bµ1c+ 1. This means that G has an independent set of size
at least n

bµ1c+1 .

Laplacian Matrix

We define the Laplacian matrix as:
L = D −A

where A is the adjacency matrix, and D a diagonal matrix with Dii = deg(i).
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Normalized Laplacian is defined as:

N = D−
1/2LD−

1/2 = I −D−1/2AD−
1/2

Using the definitions, let us take a look at what xTLx corresponds to:

xTLx = xT (D −A)x

= xTDx− xTAx

=
∑
i

deg(i)x2i −
∑

(i,j)∈E

2xixj

=
∑
i

∑
(i,j)∈E

xi −
∑

(i,j)∈E

2xixj

=
∑

(i,j)∈E

(
x2i + x2j − 2xixj

)
=

∑
(i,j)∈E

(xi − xj)2

Now consider the d-regular graph G. We have:

L = dI −A

N = (I − 1

d
A)

If v is an eigenvector of A, we have Av = µv. Thus, (dI −A)v = (d− µ)v.

Let 0 = λ1 ≤ λ2 ≤ ... ≤ λn be eigen values of N . We have λi = 1− µi
d .

Exercise 2.2 Prove |µn| ≤ d.

References

[C96] F. Chung, “Spectral Graph Theory”, American Mathematical Society, 1996.

[S12] D. Speilman, “Lecture Notes on Spectral Graph Theory”, Yale University, 2012.

5


