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Recall that G is a d-regular graph, and Ag denotes its adjacency matrix with d = pu1 > po > ... >
n > —d its n eigenvalues. Laplacian of G is denoted as Lg = dI — Ag. Normalized laplacian,
Ng=1—-1/dAg with 0 =X < )Xo < ... <\, <2its n eigenvalues.

1 Saving Random bits Continued
Recall that we were trying to prove the following lemma.

Lemma 1.1 If 4(G) <9/10-d and S CV with |S| > n/2 then
P [Random walk of length | avoids 8] = 2740

Proof: Recall that the number of random walk of length I can be represented as 17 A'1 = d* - n.
Similarly, the number of walks of length [ that avoid S is 174'1 where

AU:{O ificSorjes

A;; otherwise

Last class, we proved that
all eigenvalues of |Z] < (1 — ’S|> cd+ @ -
n n

Therefore we can give a following upper bound.

Number of walks avoiding S = 174"

< (“;dy (11
< (12?)[ (171)
- ()~

P [walk avoids S] < o
_ 27Q(n)



2 Explicit Construction of an Expander

2.1 Expanders as an approximation of K,

First, consider eigenvalues of A, . Observe that Ax, = J — I,,. Since the eigenvalue of J is n and
0 and the eigenvalue of I, is all 1,

e Eigenvalues of Ak, : n—1,-1,—-1,...,-1
e Eigenvalues of Ng, : 0,1+ 15,1+ 25 ... 1+ 15

n

An expander G approximates K, in a following sense.

(1_5)NKn = Ng < (1+5)NKn

Definition 2.1 A < B if B— A is a positive semi-definite matriz. That is, Vz € R", z7 Az < z” Bz

2.2 Squaring a graph
Here, we explain a procedure that will increase the expansion of a graph.

Definition 2.2 (Squaring a graph) Consider G = (V, E). Also assume that G does not contain
any 4-cycle. Then define G* = (V', E') as following. V' =V and (i,5) € E' if there exists a length
2 path from i to j where i # j.

The adjacency matrix of G? can be then denoted as A% — dI. Therefore the eigenvalues of this
graph are u% —d=4d*>—d, u% —d,...,u2 — d, not necessarily in order. Then we can make two
observations.

1 13(G?) < () —d
2. u(G?) < max(p? —d,d)

Similarly, we can analyze the eigenvalues of normalized laplacian of G2.

e Eigenvalues of Ng : 0=1—-4,.. 1 £
2 2
e Eigenvalues of N2 : 0=1— Z;ij,...,l — ’;37;

Then we want to relate second eigenvalue of G with G2.

2 2
Ao(G2) = min<1—“2 d 1t d>

2—d d—-d

2
o —d
> 1-—
- d? —d
2
1
> 1_ﬁ



Since p/d <1 — X\(G),
X(G?) = 1-(1-X(G))?
Then finally, we get
1—X(G?) < (1= Xa(G))?
2.3 Line graph
Definition 2.3 H is a line graph of G if
e V(H) = E(G)

e (e1,e9) € E(H) if e1 and ey share a vertex in G
Under this definition, we can make following observations.

Fact 2.4 For a line graph H of d-regular graph G, the following holds.
o V(H)| = |E(G)] =nd/2
e deg(v) =2d—2 for anyv € V(H).

o Fach v is incident on exactly two d-cliques

Now we want to compute the eigenvalues of the line graph.

Lemma 2.5 All eigenvalues of Lg is eigenvalues of Ly with the remaining eigenvalues being 2d.

Proof: First recall the following fact about laplacians.
XTLGx = Z |:L‘l - :Uj|2
(ig)eE
Then this immediately implies the following decomposition of a laplacian.

Lo = Y (Li-1)(Li—-1)"

(i,5)EE
= yu”

where 1; denotes a vector with 1 on ith position and 0 on other positions, and U is a n X m matrix
with each column vector u, = 1; — 1; with e = (4, j).

Consider |U| where each U;; = |Uy;|. Then since Lg = dI,, — Ag = UUT, |[U||U|" = dI,, + Ag

Claim 2.6 |U||U|" = 2I,, + Ay



Proof of claim: Consider (|U| \U|T>
eije2

2 if €1 = €2
(|U\ |U|T) = (1 if e; and es share a vertex
ejeg

0 otherwise

Claim 2.7 |U|" |U| share the same eigenvalues with |U||U|*

Proof of claim: Consider a singular value decomposition of |U| = 3" o;u;v] Then

Ut = (Zaiuivf) (Zmuw?)T
- (Z aiuwf) (Z amugf’)
= Z otugul

oMUl = sfvf

are their eigenvalues, and they are all equal. U

Similarly,

2

Here o7

Now suppose « is an eigenvalue of Lg

« is an eigenvalue of dI,, — Ag

d — « is an eigenvalue of Ag

2d — « is an eigenvalue of dI,, + Ag = |U||U|*
2d — o is an eigenvalue of |U|" |U| = 2I,, + Ag

2d — 2 — « is an eigenvalue of A

T 2

« is an eigenvalue of Ly

Here the remaining eigenvalue to |U|” |U| should be 0. Therefore remaining eigenvalues to Ly
should be 2d. [

Therefore, for the line graphs we have the following eigenvalues.

e Eigenvalues for Ly : 0=d— 1 <...<d—p,=2d...2d

e Eigenvalues for Ay : 2(d—1)=d—-24+pu >d—24+pu>...>-2... -2



2.4 Putting things together

Definition 2.8 (Line Graph Product) Let G be a d-regular graph with |V| =n. Let Z be a k-
reqular expander on d-vertices. Then define G © Z as a graph obtained by replacing every d-clique
in line graph of G by a copy of Z.

Following is the summary of graph quantities throughout our procedure. First assume that u(G) <

4d/5 or Ao(G) > 1/5, and select k so that d = 16k* while u(Z) < ek. Then our algorithm repeats
the following process from G to ((G © Z)Q)z.

G H GOz (GDO2)?)°

2 1/5 1/10 =1/10  >1/5
Vv n nd/2 nd/2 nd/2
degree d  2(d—2) 2k d

We showed all the parts except Ao from H to G © Z.

Lemma 2.9 Let Ly, Ny denote laplacian and normalized laplacian of H and LG@Z’ NG@Z that

of GO Z. Then
(1—E)NH jNG@Z = (1+€)NH

Proof: Consider following decomposition of L.

Ly = Y Lujy

(i.5)€EH

= > > Lup

r€R (i,5)€rth clique

— ZLHr

reR
where Ep denote the set of edges for H, R denotes the index set for cliques in H, H, denote the
actual rth clique.

Similarly,
Le@z = Z Lz,

reR
where Z, denote the rth copy of Z.
By assumption we have (1 —¢)Ng, = Nz < (1 +¢)Nk,. And it is easy to see that if By < A; and



By < Ay then By + By < A1 + As. Then

Ne@z = ﬁLG(DZ

Y
N |
=
|
N
S

Similarly, NG@Z =< (14¢)Ny ]
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