TTIC/CMSC 31150 Mathematical Toolkit Spring 2013

Homework 2
Madhur Tulsiani Due: June 7, 2013

Note: You may discuss these problems in groups. However, you must write up your own solutions
and mention the names of the people in your group. Also, please do mention any books or papers
you refer to.

1. Gaussian Random Variables. Prove the following very useful facts about Gaussian ran-
dom variables:

(a) Let u,v € R" be two vectors. Let g € R" be a random vector such that each coordinate
g; of g is distributed as a Gaussian random variable with mean 0 and variance 1, and
any two coordinates g;, g; (for i # j) are independent. Then show that

Elw,g)-{v.g)] = (u,v).

(b) Let g be a Gaussian random variable with mean 0 and variance 1. Show that for any

t € R, we have
E [etg] = /2,

Comparing coefficients of t2* on both sides, use this to show that for any k € N,

E {g%} - 2(k2 kll ‘

(c) (Optional Problem - will not be graded) Let g1,g2,93 and g4 be (not neces-
sarily independent) Gaussian random variables with mean 0. Consider the function
Egy.g2,95,94 [€7191 T1292 1395494 ] in the variables t1,t2,t3, 14 and use it to show that

E[91929394] = El[g192] - E[g394] + E[g193] - E [9294] + E [9194] - E [g293] -

This shows that for any four Gaussian random variables, the expectation of their product
can be expressed in terms of their pairwise correlations! This is a special case of what
is known as Wick’s theorem, which can also be proved by the above method.

2. Spectra of Bipartite Graphs. Let G = (U,V,FE) be a d-regular bipartite graph with
adjacency matrix A, where U,V represent the two sides of the graph.
(a) Prove that for the graph to be regular, we must have |U| = |V].
(b) Prove that —d is an eigenvalue of A and find the corresponding eigenvector.

(c¢) Prove that for every eigenvalue p of A, —p is also an eigenvalue of A.



3. Expander Mixing Lemma. This is an extremely useful result that lets one calculate the
number of edges between sets S and T in a graph. One can give an estimate that depends
only on the number of vertices in S and T', with an error term that is very small for expander
graphs. For a graph G = (V, E) and two subsets 5,7 C V, let e(S,T") denote the number of
edges (i,7) such that ¢ € S and j € T (you can assume that SNT = () so that each edge is
counted exactly once).

(a) Let G be a random graph in which each edge is chosen to be present with probability

d/n. Then show that
d

Ele(S.T)] = © 18- [].
(b) Let G be a connected d-regular graph and A be its adjacency matrix with eigenvalues
d=p1 > pg > > pin. Let p=max{ua, —fin}.
i. Let 1g be a vector which is 1 on vertices in S and 0 elsewhere. For 17 defined

similarly, show that
e(S,T) = 15Alr.
ii. Let u be the (unit-length) eigenvector of A with eigenvalue d. Calculate the com-
ponents of 1g and 17 along u and perpendicular to u.
iii. Use the above to show that
d

e(8,T) = — -S| Tl < n-VISI-IT1.

4. More on Linearity Testing. In class we analyzed a test for checking if a function f :
{0,1}™ — {0, 1} is close to a linear function ¢,(z) = a -z mod 2 for some a € {0,1}". The
test was to select x,y € {0,1}" at random and test if

flx)+ fly) = flz+y) mod2.

(We shall omit writing “mod 2” in the rest of the problem) The analysis of the linearity test
proceeded by defining a function g(z) = (—1)/(®) and showing that the probability that the
test accepted was equal to

P [f(z)+ f(y) = flz+y)] =

z,Y

+3 @),

SC[n]

N |

and we concluded that if the test accepts with probability at least 1 — n, then there exists
an S C [n] such that g(S) > 1 —n. This gave a linear function ¢,(x) = a - x such that
Py [f(2) = la(2)] 2 1 =1

The above test requires 2n random bits for choosing x and y. In this problem, we will reduce
the number of random bits using e-biased sets. Recall that a set F C {0,1}" is called e-
biased, if for all S C [n], S # 0, we have |[E, cr [xs(y)]| < e. We also discussed that there
exist e-biased sets of small size (at most (n/c)?). We can sample y uniformly from an e-biased
set using log(|F|) bits.

We will now consider the following variant of the above linearity test: Sample z uniformly
from {0,1}"™ and y from an e-biased set F. Then accept if and only if f(x)+ f(y) = f(z+vy).
Note that the test is the same as before, except that y is now sampled from an e-biased set.



Extend the analysis from the previous linearity test to show that the probability of
acceptance of the modified test is equal to

+5 E | Y @9)*-9(T)  xsly) - xr(y)
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The Cauchy-Schwartz inequality states that for any two functions h; and ho, we have
E, [h1(z) - hao(z)] < (Eq [(hl(m))2])1/2 - (Eq [(hg(.’I}))Z])l/Q. Use this to show that the
probability of acceptance is at most

2 1/2
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Use the fact that F is an e-biased set to conclude that

2

1 D (@G(9)% xs() < > @OS) +e.
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Combine the above parts to conclude that if the test accepts with probability at least
1 — 7, then there exists S C [n], such that [g(S)| > 1—4n —e.



