Information and Coding Theory Winter 2025
Lecture 10: February 8, 2025

Lecturer: Madhur Tulsiani

1 Lower bounds for minimax rates via multiple hypotheses

We now consider a high-dimensional problem, where we can prove lower bounds using
bounds for testing multiple hypotheses. Recall that for a random variable V uniformly
distrbuted over a set of hypotheses V, the probability of of error for any classifier T(X)
with input X coming from P} for a randomly chosen v € V), is lower bounded as

n- ]Evl,vzev [D(P?h HPUZ)] +1
log|V| '

As before, we will combine the above bound with our reduction to hypothesis testing, to
prove the desired lower bound on the minimax rate using

P[T(x) #V] = 1-

My(IL0) = inf sup E [e(é(x), e(p))} > @) - inf {P[T(X) # V]}
8  pery x~P" T

To use the above bounds, we need to come up with a set of distributions which are far in
terms of the property 6 (so that the second bound is large), but close on average in terms of
KL-divergence (so that the first bound is large). This is also known as the local Fano method
since we derived the first bound using Fano’s inequality, and are applying it by using (a
local bound on) KL-divergence for every pair of distributions P,,, P, (recall that we used
convexity of KL-divergence to reduce to the local setting). You can find other variants of
this method in the notes by Duchi [Duc16].

1.1 Gaussian mean estimation

While binary hypothesis testing was used show a bound for estimating the mean of Bernoulli
random variables, the multiple hypotheses setting is often useful in considering high-
dimensional problems. We take II to be the set of d-dimensional Gaussian distributions
as below

= {Nl) | peRr'}.

~ . 2
Let the property 6 be the mean as before, and let £(6,0) = HO — 9”2. We first check the

expected loss for the empirical mean estimator.
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Proposition 1.1. Let 0(x1,...,x,) = 1. Yic[n Xi- Then, for any p € IRY, we have that
1
= Z X; —p

2 d
- ]E = .
X~(N(u )" | || 7 ie[n] 2 "

Proof: The proof is similar to the case of Bernoulli random variables. By the (pairwise)
independence of the n samples, we have that

1
*in_ﬂ

- E
X~ (N( )" ||| i)

2
1
] = 'Z[:}E [HXz‘—HHﬂ +}12'§]E (Xi—w, Xj— )]
By icn i#]

n 2
= —-. FE X —
B [ wl]
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We will apply the local Fano method to prove the optimality of the above bound in terms
of both d and n. We first need the following expression for KL-divergence of two normal
distributions.

Exercise 1.2. Prove (using the chain rule) that

1
D(N(u1, 1) | NGz 1)) = 575 -l = a3 -

Thus, we need to find a large collection of distributions, equivalent to finding a large col-
lection of means, such that for any two u; # pp, we have that ||y — p2|| is somewhat
large (to lower bound the loss), but still |11 — p2|| is small on average (to upper bound the
average KL-divergence). This is the content of the following lemma.

Lemma 1.3 (Packing lemma). There exists a collection of vectors V C R? such that |V| > 24
and for all v1,v € V,v1 # o, we have

1
5 = on—oofl, <2
It is actually quite easy to prove the packing lemma above (with slightly weaker param-
eters) but we will take a slightly longer route through covering and packing numbers to
illustrate a general method. We first the lower bound, assuming the packing lemma. Let
V be a collection as in Lemma 1.3. We consider the set of distributions

(N@4S-v, 1) | ve V).
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We have that for all P,P’ € II, ||0(P) —6(P’)|| > 26. Also, since ||v —¢'|| < 2 for any
v,v" € V, we get that for any P, P’ € I, the means are at distance at most 83. Hence,

1 1 3242

2
D(PIP) = sy ll—#3 < 575 (69°) = -

Applying the lower bound on minimax loss in terms of KL-divergences gives

. 2 . 5
M, (11,0) > 52.(1_11 (326 /1n2)+1> S 52_<1_n (326 /ln2)+1).

log |V| d

1.2 Covering and packing numbers

Definition 1.4. Let S be a set of points with a metric p(-,-). A collection of points C C S is called
a é-covering of S (with respect to the metric p) if

VxeS,dyelC pxy) <.
A set of points P is called a §-packing if

Vx,ye P,x#y p(xy) > 6.

The size of the minimum 6-covering, denoted as N (6, S, p), is called the 5-covering number of S
and the size of the maximum 5-packing is called the 6-packing number. The quantity log N (9, S, p)
is also called the metric entropy of S.

We will take the required collection in Lemma 1.3 to be a (1/2)-packing of the unit ball
in R? (under the Euclidean distance). We will show a lower bound on the size of this
collection (the packing number) by using a relationship between the packing and covering
numbers.

Exercise 1.5. For any set S, metric p and 6 > 0, show that

M(25,S5,p) < N(4,S,p) < M(9,S,p).
(Hint: First prove that an optimal J-packing must also be a é-covering.)

Let B (x,r) denote the ball in R of radius 7 (in the Euclidean distance) with its center at x.
We know that Vol (By(x,7)) = ¢4 - ¥ for some constant ¢; > 0. Note that if C C B4(0,1) is
a 6-covering of B;(0,1), then

B(0,1) C U Bi(x,9).

xeC



Thus, we have

ci = Vol (B4(0,1)) < Y Vol (By(x,8)) = N(8,B4(0,1),]]|5) -cq- 0.
xeC
Combining with the previous relationship between covering and packing numbers, this
gives
1

M3 Bi(0,1), ) = NGB0 1), I1lp) = 5

Thus, there exists a (1/2)-packing of B;(0,1) of size at least 2¢. Note that for any v;, v, in
the packing

1
5 < lli—of < foff +leaf| < 2,

which proves the packing lemma.

1.3 Another proof of (a weaker) packing lemma

One can also sample points on the Boolean cube {—1,1}? to prove a weaker version of
the packing lemma, which also suffices for our application. For some applications, this
additional structure in the set of points may be helpful.

Lemma 1.6. There exists a collection of vectors V C ﬁ {=1,1}* such that |V| > 24/20 and for
all v1,vy € V,v1 # vy, we have

1
5 S ll—of, <2
Remark 1.7. The above bound is a crude one and is just proved as an illustration. A more sophis-

ticated sampling argument can prove a lower bound of exp (d/8) on the size of the set V.

Proof: Sample yy,...,yn € {—1, 1}d uniformly and independently at random, and take
V= {ﬁ “Yi,oee, ﬁ . yN}. For a fixed pair v;, v;, we have

1 7 7d
loi—vill < 5 & (o) =g & Wy 23
Since (y;,y;) is a sum of d independent variables in { —1,1}, we have by Chernoff-Hoeffding
bounds that 2 .
d (7
P |(y,y) > 2| <276() <278,
By a union bound

P3ije My) = 5| < w22,



The probability above is 0(1) for N <« 24/16 ‘and thus, with high probability, we have for
alli # j, ||oi — vj|| > 1. The upper bound on the distance also holds since all vectors lie on
the unit sphere. ]

2 Sparse mean estimation

We will conclude our discussion of minimax rates, with this final example of estimating
the mean, when we are given the additional condition that the mean is a sparse vector.
Consider the set of normal distributions, where the mean has only one non-zero coordinate.

M= {NGl) | peR, ulp<1}.

N N 2
Let (P) = E,.p [x] be the mean, and let £(6,0) = HQ — 9H2 as before. From the previous

examples, it seems like the empirical mean estimator is always the best one, and the role
of information theory is primarily for proving lower bounds. However, it can also serve as
a guide for the right bound to aim for. For this problem, it will be much easier to prove a
lower bound. We will then show an estimator which matches this bound.

2.1 Lower bound

Let V = {e1,...,¢e;} be the set of standard basis vectors in RY. Consider the set of dis-
tributions P, = N (\/ﬁ -v,1;) for all v € V. Note that the means y, = V26 v satisfy
|pto, — Ho,|| = 26 for all v1 # vp. Using the bound from the previous lecture, we get

Mu(IL L) > & (1 _ 1 Bomey [D(Pvllle)]H)
log |V|

o (o mamn) )
logd

> C'logd

4

n

for an appropriate constant ¢ > 0, using a choice of 6> = ¢ - . We will now show that

this lower bound is actually tight.

logd
n

2.2 Upper bound

The optimal estimator for the above problem actually extends the definition of the mean as
the minimizer of the total square distance (from the sample points). Recall the following.



Exercise 2.1. Let x1,...,x, € RY. Then the empirical mean n = % - Yt x; satisfies

< 2 < 2
Y llxi—nly = inf lxi =olly ¢ -
i=1 i=1

veR4

Given a sequence of samples X = (x1, ..., X,), let the 57 denote the empirical mean

n
'le'.

i=1

1
M=
As we saw above, the empirical mean is the minimizer of the least square distance. How-
ever, itis not sparse. We take our estimator ji to only consist of the largest entry (in absolute
value) of 7, and set all other entries to zero i.e.,
7 = nj  if j = argmaxy 177k
! 0  otherwise

Note that the above definition does not make sense if the the coordinate maximizing |77| is
not unique. In such a case, we arbitrarily pick one of the maximizing coordinates. Check
that this definition is a constrained version of the above definition for empirical mean.

While the empirical mean 7 is the minimizer over all of R?, of the average squared distance
from the sample points, the estimator above is the minimizer over all sparse vectors.

Exercise 2.2. Check that for i defined as above

L 2 . 2
Y llxi—@ll; = inf lxi = oll3 ¢ -
i=1 1

lollo=<1 | ;=

While we will use the above estimator, the operation of picking the largest coordinate does
not combine well with analytic expressions such as expectation etc. For this reason, we will
use the empirical mean 7 as an intermediate object in the analysis. We need the following
basic properties

Proposition 2.3. Let X ~ (N(u,I;))" be a sequence of n independent samples, and let 1 =
LY | x; be the empirical mean. Then i — y is distributed according to the Gaussian distribution
N(0, 3-1)

/' n .

Proof: Since different coordinates are independent in each of xy,..., x,, they are also
independent in § — u. For any single coordinate j € [d], we have

o110y = 5 Lty



By definition of (xy,..., ), each term (x; — u); is independently distributed according
to N(0,1). Since a linear combination of independent Gaussians is still a Gaussian, and
variances add for independent variables, we get

1 & 1 1
Var [(77_7/‘)]'] = ﬁi;Var [(xi—y)j} - ﬁ'n = -
Combined with E [x; — u] = 0, this completes the proof. -

Corollary 2.4. Let X = (x1,...,x,) ~ (N((u, I;))" as above. Then,

P[3jed |pj—n=t] < 2d-exp(-nt/2).

Proof: Using the standard Gaussian tail bound, we know that fory ~ N (0, (72), we have
Pllyl > < 2-exp(~£/(207)) .
Using Proposition 2.3 for each coordinate #7; — p;, and taking a union bound over all j € [d]

gives the desired bound. ]

Recall the our goal is to bound the expected loss Ex.(n(y, 1)) [H]/l — H(x) Hﬂ Using the
above, we can first prove a tail bound: the probability that the loss is too large, is small.

Claim 2.5. For the estimator i as above

P[lp—#ll, > t] < 2d-exp (—nt*/18) .

Proof: We will prove that
=gl >t = 3Jjeld |nj—u|>1/3.

Using this, together with Corollary 2.4 will prove the claim. Recall that both y and ji have
at most one non-zero coordinate. If 4 = 0 and ji; # 0, then we must have |i;| = |7; — ;| >
t. The case when ji = 0 can be handled similarly.

If u # 0, then let unique the non-zero coordinate be 1 (without loss of generality) i.e.,
|1 > 0. If fi; # 0, then we again have

mi—m| = |p—ml = |p—pl, >t,

and we are done. So let’s assume 71 = 0 and }i; # 0 for some j > 1. Since we must have
ﬁj = 1; in this case, we have

il + il = [ =l +[(r—m)| > lu—gall, > t.
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Also, since 17; must be the largest coordinate in absolute value, we have
il > Iml > |l =l —ml
Adding the above inequalities gives
o —ml+2- || = [ —ml+2- -l >t

Hence, either |yy — 1| > t/3or |u;j—nj| > t/3, which is what we wanted to prove. ®

We can now finish the computation of the expected loss, using the above tail bound. Using
s = t2 in the above bound, we can write it as

P [HM —filly > S] < 2d-exp (—ns/18) .

This yields the following bound.

Claim 2.6. For the estimator i as above

n(x logd
& —A®Il| = o( > .
(N (1)) [”V H( )Hz} 5

Proof: We use the fact that for a non-negative random variable Z, E [Z] = [P [Z > s].
Using this, we get

e —i®@l] = /OOIP a2 >s|d
e =] = [P [l = Al = 5] ds
= [ Plle-rBzs)as + [P Il ]
0 u
0 u
= u+ 3fld'exp(—nu/18).

. _ logd . ..
Choosing u = ¢ - =~ for an appropriate constant c, then finishes the proof. |
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