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Max-k-CSP

- n Boolean variables, m constraints (each on k variables)

- Satisfy as many as possible.

Max-3-SAT

x1V xp2 V X19
x3 V Xg V X3

x5 V X7 V Xog

Max-Cut
1
X2 X1 # X2
X, X2 # X5
X3 7# X4
X5 X7 X3

X6

One of the most fundamental classes of optimization problems.
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Max-3-XOR: Linear equations modulo 2

x5 +x9+x16 = 0 X5+ X9 + x16 =
X6+ x12+x02 =1 Xo + X12 + X2 =
x7+xg+ x5 = 1 3 x7 +xg +X15 =

Max-k-CSP(P): Given predicate f : {0,1}% — {0,1}. Each
constraint is f applied to some k (possibly negated) variables.

G = f (x,-1 + b0+ b,((i))
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Approximating Max-k-CSP

Relax the problem of finding maximum fraction of constraints
satisfiable.

<46 >0
(v>1)

- Can solve for all & = Can approximate within factor ~.

- Hard to solve for some § = Hard to approximate within
factor ~.
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- [Hastad 01]: 3-SAT and 3-XOR are approximation resistant.

- [ST 06*, AM 09*, Chan 12]: Approximation resistance for large
classes of predicates.
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f is approximation resistant if it is (NP-) hard to distinguish

(f) >1—c¢

~
~

o s

[Hastad 07]: P is somewhat approximation resistant if for some
7 > p(f) it is (NP-) hard to distinguish

1 —

~ p(f) >7

Question: What is the maximal 7 = 7(f) for a given f?

[Hastad 07]: Characterized 7(f) — p(f) up to a factor of 2004,
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Fourier Degree of Predicates

fx) = > fla)- (-1 = 3 F(@) xalx)

a€ef{0,1}k ae{0,1}k

- Fourier degree = largest |a| such that ?(a) # 0.
- @ = Boolean functions of Fourier degree at most 2.

- A(f,Q) = min (fractional) Hamming distance from g € Q.
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Hastad's Result

- [Hastad 07]: f is somewhat approximation resistant if and
only if A(f,Q) > 0.

- (Implicit)  7(f) — p(f) > maxjq>3 ‘f(a)

- There exist predicates for which 7(f) — p(f) = Q(1) but
maX|a‘23 ‘?(Oé)‘ = 2_O(k).



Our Results

Let A()‘-7 Q) .y




Our Results

Let A(f, Q) = 4.

- Ifo> %,then

1 = 7(f) — p(f)



Our Results

Let A(f, Q) = 4.

Cc

- If6> %, then 1 > 7(f)— p(f) PG

Y

- If 6 < %, let g € Q be unique closest function.



Our Results

Let A(f, Q) = 4.

- Ifo> %,then

- If 6 < %, let g € Q be unique closest function.

1> 7(f)=p(f) =

Cc

k5

If F~1(1) N g~1(0) # 0, then

1 > 7(f) = p(f)

C
Z —

k



Our Results

Let A(f, Q) = 4.

- Ifo> %,then

1> ()= plf) > =
-Ifo<

X5
. let g € Q be unique closest function.

If F~1(1) N g~1(0) # 0, then
1> 7(f) = p(f) =

Else f < g and

C-6k3 = 1(f) — p(f)
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fx) = > fla)- (-1 = Y F(@) xalx)

ae{0,1} ae{0,1}k

- We prove lower bounds in terms of Fourier mass above level 2

n(f) = > fa)?

la[>3

- Upper bounds in terms of A(f, Q).

- Relate y3(f) to A(f, Q).
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Relating v3(f) to A(f, Q)

[FKN 02]: Relate Fourier mass above level 1 to distance from set £
of Boolean functions with Fourier degree at most 1.

7(f) < A(f,£) < C-7f(f)

- [Here]: Relate Fourier mass above level 2 to A(f, Q) (only when
k > ko and y3(f) < 1/k)

13(f) < A(f,Q) < C-(f)

[Here]: Weaker bound for all ranges of ~y3(f)

13(f) < A(f,Q) < C/log(1/v3(f))

Both bounds generalize for -y, and distance from degree-(r — 1)
functions.
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A class of Approximation Resistant Predicates [Chan 12]

Proved approximation resistance for class of predicates given
by affine subspaces of {0, 1}*

gap(x)=1 & Ax=b mod?2

If rows of A form a distance-3 code (non-zero elements in
row-span have weight at least 3) then ga j is approximation
resistant.

A=[111]and b= 0 gives 3-XOR.

Call these Good Subspace Predicates.
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- Define Cor(f, g)

_ ' @ns )

_ E[f(x)g(x)]
g ()] Efg(x)]

Probability that a random satisfying assignment of g satisfies f

- (Implied by [Chan 12]): If Cor(f,g) > T for a good subspace
predicate g, then hard to distinguish 7 vs. p(f).

- Will show if 3(f) is large, then f correlates with a good subspace
predicate.
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The Fourier Spectrum of Good Subspace Predicates

- Let g be a good subspace predicate defined by Ax =0 mod 2.

gx) = ﬁ(H(zl)Ai'x)

- Rows of A form a distance-3 code. Hence, all non-empty Fourier
coefficients have degree at least 3. Same for Ax = b.

- Will show if f does not correlate with any such g, then ~3(f) must
be small.
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A Lower Bound on Correlation

- Consider random good subspace predicate g, with |g*1(1)| = 0(k?)
(dim(A) = k —2log k — O(1)).

E[f(x) - g(x)] _ Yof() &)

Corlf-8) = )] O(k2 /2)

- Non-empty Fourier coefficients of g have degree at least 3. If f has
correlation at most 7 with all g in random family, then

w(f) < Ok [r* = p(f)’]

- Large 73(f) implies high correlation with some good g.
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Thank You

Questions?



