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Abstract

We consider the question of decoding Reed-Muller codes over IF; beyond their list-
decoding radius. Since, by definition, in this regime one cannot demand an efficient
exact list-decoder, we seek an approximate decoder: Given a word F and radii r' >
r > 0, the goal is to output a codeword within radius 7’ of F, if there exists a codeword
within distance r. As opposed to the list decoding problem, it suffices here to output
any codeword with this property, since the list may be too large if r exceeds the list
decoding radius.

Prior to our work, such decoders were known for Reed-Muller codes of degree 2,
due to works of Wolf and the second author [FOCS 2011]. In this work we make the
first progress on this problem for the degree 3 where the list decoding radius is 1/8.
We show that there is a constant 6 = 1/2 — 4/1/8 > 1/8 and an efficient approximate
decoder, that given query access to a function F : F} — IF,, such that F is within
distance r = § — ¢ from a cubic polynomial, runs in time polynomial in 7 and outputs
with high probability a cubic polynomial which is at distance at most ¥ = 1/2 — ¢
from F, where ¢’ is a quasi polynomial function of «.
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1 Introduction

Reed-Muller (RM) codes were discovered by Muller in 1954 and are one of the most well-
studied families of codes in computer science. Let IF = IF, be a finite field. The codewords
for the code RM(#,d) are defined to be the evaluation tables of all polynomials in 7 vari-
ables with degree at most d, over the field F. The length of each codeword is thus equal to
g". Ifd =a(qg—1)+bfor 0 < b < g — 1, then the fractional Hamming distance between any
two codewords is at least

1 b

5d,]F - a4 : 1 - 7
q q

which is called the minimum distance of the code. In this paper, we will restrict our at-
tention to RM codes over the field IF,. We will refer to these codes as RM(n,d) and the
distance as 6; = 2.

Given the central importance of low-degree polynomials in theoretical computer sci-
ence, Reed-Muller codes have found many applications in pseudorandomness [STV01,
Tre03, TSZS06, SU05], cryptography [GL89, AGS03], learning theory [KM93, Jac97] and
hardness of approximation [BGH"15]. We refer the reader to the excellent surveys
[Tre04, V7 12] for details and references to many other applications.

In several applications of low-degree RM codes, the parameter of interest is the num-
ber of variables 11, and the block-length g" is thought of as being of exponential size. A
very useful property of RM codes here is that (for certain error-regimes), they are locally
decodable i.e., it is possible to recover the polynomial from a possibly corrupted evaluation,
in time 19, which is only poly-logarithmic in the block-length. The algorithms for local
decoding are necessarily randomized (as they do not have time to read the entire code-
word) and have query access to the codeword. This is the notion of decoding we will be
concerned with in this work.

Unique and List Decoding

As with any error correcting code, Reed-Muller codes can be uniquely decoded within
an error rate equal to half the minimum distance. An efficient (in the block-length) algo-
rithm for this was given by Reed [MS77] and it was observed by [GKZ08] that this can be
extended to the local decoding setting.

For error rates larger than half the minimum distance, unique decoding is no longer
possible as the number of codewords within the required radius may be more than one.
In such cases, one often considers the notion of list decoding defined by Elias [Eli57] and
Wozencraft [Woz58], and studied by Sudan [Sud00] and Guruswami [Gur01, Gur06]. The
goal here is to output a small list of codewords within the given error radius.

The celebrated Goldreich-Levin theorem [GL89] gave the first local list-decoding algo-
rithm for RM(n, 1), which is also known as the Hadamard code, showing that it can be
list-decoded from error rates up to 1/2 — e for any € > 0. This was later generalized by
Goldreich, Rubinfeld and Sudan [GRS00] to RMg(n,1) for other fields. For higher de-
gree polynomials over large fields (RMg(n,d)), it was shown by Sudan, Trevisan and Vad-
han [STV01] (improving on [AS03]) that they can be locally list-decoded from error rate
1— \/2d/[F].

A beautiful work of Gopalan, Klivans and Zuckermann [GKZ08] generalized the
Goldreich-Levin algorithm to show that RM(n,d) can be list decoded from error rates
5;—e = 2"%—¢forany e > 0. This was later generalized by Bhowmick and Lovett



[BL15] to show local list decoding of RME (7, d) within error radius d;p — € for any ¢ > 0
and fixed |FF|. Since the number of codewords at distance J, jr is known to be exponential
in n [KLP12], this result is optimal for local list-decoding. Thus, the distance ¢, is also
said to be equal to the list decoding radius for RMg(n, d).

Decoding beyond the list-decoding radius

Gopalan, et. al. in [GKZ08] also gave a global list-decoder for RM(n, d), which works up to
the Johnson radius at twice the minimum distance, defined as

J@0) = 5 (1= VI=48) = - (1= VT=2)

Their algorithm runs in time polynomial in the block-length N = 2", and outputs a list of
size poly(N). Kaufman, Lovett and Porat [KLP12] later improved this global list-decoder
up to distance 2 x §; = é;_1, twice the list-decoding radius of RM(n, d).

For the case when the errors are assumed to be independently random, Dumer
[Dumo04] gave a local-decoding algorithm for RM(n,d) which works up to error rates
1/2 — e for any constant ¢ > 0. A remarkable sequence of recent works [SSV17, ASW15,
KKM"17] have also extended this result to global decoding algorithms for the case of large
d (high-rate codes) and subconstant e.

Note that since the list size is too large beyond the list-decoding radius, in these regimes
the question of local list-decoding does not make sense. Motivated by decomposition the-
orems from higher-order Fourier analysis, [TW14] considered the following weaker prob-
lem for RM(n,2)

Given query access to F : F} — IF5 such that 6 (F,RM(n,2)) < 1/2 — ¢, find a codeword of
RM(n, 2) within distance 1/2 — €' of F.

Note that since the list-decoding radius for degree 2 is 1/4, the entire list of such
codewords may be exponentially large as a function of n. However, the problem above
only asks for any one such codeword. Moreover, the radius 1/2 — ¢ for the output code-
word is allowed to be different (larger) than the promised distance. Building on the work
of Samorodnitsky [Sam07], who gave an algorithm for the testing version of the above
problem, they gave a local algorithm for the approximate decoding question above, with
¢/ = exp(—1/¢°0). This was later improved to ¢ = exp(—O((log(1/¢))*)) by Ben-Sasson
et al. [BSRZTW14].

Our Results

We extend the above result to the case of d = 3. In particular, we prove the following:

Theorem 1.1 (Main Theorem). There is an efficient algorithm, such that given query access to a
function F : IFY — Fp with the guarantee that

5(F,RM(n,3)) < % - % e = J(1/4) = = J(2-85) —¢,
runs in time poly(n, exp((log(1/¢))°M),log(1/1)), and returns with probability at least 1 — 1,

a cubic polynomial P such that 6(F, P) < 1/2 — ¢ for ¢’ = exp (—(10g(1/8))o<1)>.



Note that since the result of [TW14] can be thought of as starting with distance
J(262) — € (J(262) = 1/2) the above is a direct generalization of the approximate local
decoding result of [TW14]. The bound J(2J;) also arises naturally in our analysis (for all
d) as described below, and in the results of [GKZ08].

The results on approximate local decoding (and testing) for the case of d = 2 rely heav-
ily on the connection between quadratic polynomials and Gowers’ U® uniformity norm
(see Section 2 for the definition). In fact, the decoding algorithms are simply the algorith-
mic versions of the proofs of the inverse theorem for the U3 norm by Green and Tao [GT08]
and Samorodnitsky [Sam07]. Since it is known that,
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the local decoding algorithm for d = 2 uses §(F,RM(n,2)) < 1/2 — ¢ to conclude
|(=1)F||» = e and then passes entirely to reasoning in terms of the Gowers norm.

However, using this approach to extend the approximate local decoding results for
d = 3 is problematic: the direct generalization of inverse conjecture to the higher-degree
U* norms and cubic polynomials is known to be false [LMS08, GT09] and the proofs of
the correct generalizations [GTZ11] are not combinatorial. In fact, it is a challenging open
problem to give combinatorial proofs of the higher-degree inverse theorems.

However, we show that using the guarantee that there is indeed a cubic polynomial
close to F (and not just the implication that the U* norm of (—1)f is large) one can indeed
utilize techniques from the U® inverse theorem to obtain the above approximate decoding
result. This indicates that the problem of approximate local decoding for RM codes may
be easier than the problem of giving algorithmic or combinatorial versions of the inverse
theorems for Gowers norms.

1.1 Overview of Proofs and Techniques

We first remark that instead of giving an algorithm that works with high-probability, it
is sufficient to give an algorithm which outputs the desired polynomial Q with a small
constant (depending on ¢) probability. Since 6(F, Q) for the output Q can be estimated
efficiently using sampling, we can simply repeat the algorithm using independent ran-
domness to boost the success probability. In the rest of the overview, we only describe an
algorithm that succeeds with some small probability.

Proofs for d = 2. All proofs of the inverse theorem for the U norm (and the results on
approximate local decoding) start with the following observation: If P : F} — F, is a
degree-2 polynomial then the derivative

DyP(x) := P(x+h) — P(x)

is a degree-1 polynomial in x of the form ¢j,(x) + c,. Moreover, the map ¢ : h — ¢ is a
homomorphism (linear map) from F} to [F}. The proofs show that this intuition can be
used even if one is given access to F : F; — IF, with § (F,P) < 1/2 — ¢. In this case, one

1 Also referred to as the direct theorem for U® norm.



uses the conclusion on the Gowers U norm of f = (—1) and the Fourier coefficients of f
to design an approximate homomorphism ¢ satisfying

Pr [p(h) + () = g(h + )] > .
hl,th]Fg
Various tools from arithmetic combinatorics allow one to refine this weak linear structure
of ¢ to obtain a linear map 7 : F§ — I} which agrees with ¢ in €’ fraction of the inputs. This
linear map 7 can then be “integrated” to obtain a quadratic Q satisfying §(Q, F) < 1/2—¢'.

Approximate homomorphisms for d = 3. Note that for a polynomial P of any degree d,
it is true that the map from h to the part of D, P with degree exactly d — 1 is still linear in
the direction h. Thus, a possible approach to the approximate decoding question would be
to construct an approximate ¢ as above, only given query access to F.

We start with the observation that when 6(F, P) < J(1/4) — ¢ for an unknown cubic
polynomial P, it is indeed possible to construct such an approximate homomorphism ¢,
given query access to F. For the above distance, a simple application of Cauchy-Schwartz
shows that )

her;,Fg (6] (DuF, DyP) < 7 —O(e).

In fact, for any d, when §(F,P) < ]J(20;) for deg(P) < d, the above gives
Encry [0] (DyF, DpP) < 641 — Q(e?). This suggests an immediate way to construct ¢
which “guesses” the degree-(d — 1) part of D, P: we simply apply the local list-decoding
algorithm of [GKZ08] to D, F and output the degree-(d — 1) part of a random polynomial
from the list. The list size in [GKZ08] is poly(1/¢) for error-rate §; — ¢, Thus, with prob-
ability at least e°(1), we pick the degree-(d — 1) part of the “true” P from the list for points
h1,hy, h3, hy satistying hy + hy = hz 4 hy, which gives

Pr [p(h)+¢(h2) = p(h3) + p(hy)] > eV,

hy+hy=h3+hy

One can then refine this approximate homomorphism to obtain an affine map 7 having
significant agreement with ¢. However, we need some extra properties to ensure T can be
integrated to a polynomial Q.

Symmetrization and integration For the case of d = 2, the map I — /}, for a “true”
quadratic polynomial P also has some symmetry properties in addition to being linear. If
we think of ¢(h) as given by Mh for a matrix M, then one can show that this matrix is
symmetric and has zero-diagonal. The arithmetic combinatorics tools which refine ¢ to T
are not sensitive to these symmetry properties and one needs to modify the final 7 to obtain
these symmetries, before it can be integrated to a polynomial. For the case of d = 2 this
argument is heavily Fourier analytic in nature and essentially uses the fact that row-rank
of a matrix equals its column-rank.

For the case of d = 3, one can think of the map from & to a degree-2 polynomial as
given by a tensor T, where the quadratic polynomial for D, P is given by (say) T(h, x, x).
Then, to be able to integrate, the tensor needs to satisfy the symmetry property

T(h,x,x) = T(x,h,x) = T(x,x,h).



However, as the arguments for the quadratic case do not carry over here, we need to use
a different symmetry argument (inspired by the [GT08] proof of the U inverse theorem)
that we indeed have a “true” cubic polynomial P close to F. We denote the above map for
P by 4. Since the map 1 must satisfy all required symmetry properties, we can use it to
show that if the map 7 found by our algorithm has some agreement with ¢, then T can also
be (locally) symmetrised on the inputs where they agree. However, this poses a challenge
since ¢ is unknown and we need the guarantee that the homomorphism 7 given by our
algorithm to agree with this “hidden” homomorphism.

Decoding approximate and hidden homomorphisms We now return to the ideas from
arithmetic combinatorics which refine the approximate homomorphism ¢ to obtain a lin-
ear map 7, which has significant agreement with 7. We additionally require that they agree
on a significant fraction the “hidden” set

H = {h | heB and ¢h) =y(h)} .

Here, B is also an unknown (large) set where D,P is in the list of polynomials close
to DyF. We show that the algorithms from [TW14] and [BSRZTW14] can be modi-
fied to ensure agreement at least ¢’ on the set H, with probability at least ¢/, for ¢ =

exp (—(log(l / e))o(1)>. The argument in [TW14], was stated for a very special approxi-

mate homomorphism ¢ arising out of the Fourier coefficients of f = (—1)f. Here, we give
a more general version of the argument which is also sensitive to the hidden set H.

We remark that the parts about finding the approximate homomorphism ¢ and refining
it to an affine T can be carried out for all degrees d. However, the integration argument
requires some steps which are currently only available for d = 3.

2 Preliminaries and Notation

Throughout the paper, we shall be using Latin letters such as x, y or z to denote elements
of Fj. Let N := |F4| = 2", and let 6; = 1/2% be the list-decoding radius of Reed-Muller
codes of degree d over IF5. Denote by ¢, the vector with all entries equal to 0 except the
kth entry equal to 1. For two functions F, G : F} — {0,1}, define the distance between F
and G tobe 0(F,G) := Prycp;(F(x) # G(x)) and the correlation between F and G to be
Corr(F, G) = | Exepy (—1)FFCW)|.

For any variable 71, we denote by poly(m) a function that is of the form O(m®(1)), and
by quasipoly(m) a function of the form O(2log(m)Vy

Given a function F : Fj — IF,, deg(F) denotes the degree of the unique multilinear
polynomial that agrees with F. When a function F depends on disjoint sets of variables
x,Y, ... we denote by deg (F) to be the maximum degree of F for any fixing of non-x vari-
ables.

For F : IF} — [F,, define its additive derivative at direction y € FF} at x to be D, F(x) :=
F(x+y) — F(x). For f : IFj — R define its multiplicative derivative at direction y € IF}
at x tobe A, f(x) := f(x)f(x +y). We correspond IF, with {0,1} in the obvious manner.
Thus, for example for P : F} — [F, we have

Ay(—l)P(x) — (_1)DyP(x)‘



A useful fact about the additive derivative is that if deg(P) = d, then deg(D,P) < d — 1
for any y € IF.

2.1 Sampling

We shall be using the following standard probabilistic bounds without further mention.

Lemma 2.1 (Hoeffding bound for sampling). If X is a real valued random variable with |X| < 1
and ji is the empirical average obtained from t samples, then

Pr([EX] -7l > 7] < exp(—=Q(2*)).

A Hoeffding-type bound can also be obtained for polynomial functions of +1-valued
random variables.

Lemma 2.2 (Hoeffding bound for low-degree polynomials [O’D08]). Suppose that F =
F(Xy,...,Xn) is a polynomial of degree d in random variables Xy, ..., Xy taking value £1, then

Pr([F-E[F]| > 9] < exp (—Q (d. (7/0)2/d>) ,
where o = \/E [F2] — E [F]? is the standard deviation of F.

2.2 Results from Additive Combinatorics

For a set A C F}, we write A + A for the set of elements a + a’ such that 4,4’ € A. More
generally, the k-fold sumset, denoted by kA, consists of all k-fold sums of elements of A.

The Balog-Szemerédi-Gowers theorem, a fundamental result in additive combina-
torics, states that if a set contains many additive quadruples, that is, elements a1, a2, a3, a4
such that a; + a2 = a3 + a4, then a large subset of it must have small sumset.

Theorem 2.3 (Balog-Szemerédi-Gowers [Gow98]). Suppose that A C 7 contains at least
|A|®/K additive quadruples. Then there exists a subset A’ C A of size |A’| > K=C|A| with the
property that |A’ + A’| < K| A’].

We will also need the following version of Pliinnecke’s inequality.

Lemma 2.4 (Plilnnecke’s Inequality). Let B C IF} be such that |B + B| < K|B| for some K > 1.
Then for any positive integer k, we have |kB| < K¥|B].

We shall also require the notion of a Freiman homomorphism. The map [ is said to be
a Freiman 2-homomorphism if x + y = z + w implies I(x) + I(y) = I(z) + I(w). More
generally, a Freiman homomorphism of order k is a map [ such that x; +x +--- +x, =
Xy 4+ x5 + - - + x; implies that I(x1) + - - +1(x¢) = I(x}) + - - -+ 1(x;). The order of the
Freiman homomorphism measures the degree of linearity of [; in particular, a truly linear
map is a Freiman homomorphism of all orders.



2.3 Gowers Uniformity Norms and Inverse Theorems.

Here we recall the definition of Gowers uniformity norms introduced by Gowers in
[Gow98].

Definition 2.5. Let G be any finite abelian group. For any positive integer k > 2 and any function
f: G — C, define the U*-norm by the formula

IflI2i= E T[] c“fx+w-h),

x,h1,..., i €G OJE{O,l}k

where w - h is shorthand for Y_; wih;, and CI¥| f = £ if ¥°; w; is even and f otherwise.

In the special case k = 2, a computation shows that

1fllu = 11 £, 1)

and hence any argument using the U? norm is essentially equivalent to using ordinary
Fourier analysis. In the case k = 3, the U® norm counts the number of additive octuples
“contained in” f, that is, we average over the product of f at all eight vertices of a 3-
dimensional parallelepiped in G.

These uniformity norms satisfy a number of important properties: they are clearly
nested

1f e < fllus < [ fllus < o

and can be defined inductively

f 1/2k+1
|fller = (BIAIZ) @

where k > 2 and the function f, stands for the assignment f.(y) = f(y)f(x +y). Thinking
of the function f as a complex exponential (a phase function), we can interpret the function
fx as a kind of discrete derivative of f.

It follows straight from a simple but admittedly ingenious sequence of applications of
the Cauchy-Schwarz inequality that if the balanced function 14 —a of aset A C G of den-
sity a« has small U norm, then A contains the expected number of arithmetic progressions
of length k + 1, namely a*+1|G|2. This fact makes the uniformity norms interesting for
number-theoretic applications.

In computer science they have been used in the context of probabilistically check-
able proofs (PCP) [ST06], communication complexity [VWO07], as well as in the analysis
of pseudo-random generators that fool low-degree polynomials [BV10].

In many applications, being small in the U norm is a desirable property for a function
to have. What can we say if this is not the case? It is not too difficult to verify that || f|| x = 1
if and only if f is a polynomial phase function of degree k — 1, i.e. a function of the form
wP¥) where p is a polynomial of degree k — 1 and w is an appropriate root of unity. But
does every function with large U* norm look like a polynomial phase function of degree
k—1?

It turns out that any function with large U* norm correlates with a polynomial phase
function of degree k — 1. This is known as the inverse theorem for the U* norm, proved
by Green and Tao [GT08] for k = 3 and p > 2, Samorodnitsky [Sam07] for k = 3 and
p = 2, and Bergelson, Tao and Ziegler [BTZ10, TZ10] for k > 3 (where in the latter case the
above definition of a “polynomial phase function” needs to be slightly modified). We shall
restrict our attention to the case k = 3 in this paper, which we can state as follows.
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Theorem 2.6 (Global Inverse Theorem for U3 [GT08], [Sam07]). Let f : IF’; — C be a function
such that || f|le < 1and ||f||z = €. Then there exists a quadratic form q and a vector b such that

| Ef(x)w"™ ] > exp(—0(e™)).

3 Proof of The Main Theorem

Theorem 1.1 (restated). There is an efficient algorithm, such that given query access to a
function F : F} — IF, with the guarantee that

5(F,RM(1,3)) < % _ % e = J(1/4)—e = J(2-85) —¢,
runs in time poly(n, exp((log(1/¢))°M),log(1/1)), and returns with probability at least

1 — 1, a cubic polynomial P such that 5(F,P) < 1/2 — ¢ fore' = exp (—(log(l/z—:))o(l)>.

3.1 Random Derivatives

The first step of the proof relies on the observation that if F is sufficiently close to a cubic
polynomial P, then the distance of D, F from D, P averaged over y is small. We prove this
more generally for any degree d in the next lemma.

Lemma 3.1. For e > 0, there is €' (e,d) > € such that the following holds. Let F, P : F} — IF, be

such that 5(F,P) < 3(1—/1—204_1) — ¢, then

E [6(D,F,D,P)] < 6; 1—¢.
sy [PO(DyE DyP)] < 00

Note that the bound on §(F, P) is the well-known Johnson bound applied to 2é; which

is strictly larger than J;, and equals % - \/g — & when d = 3 as in the statement of

Theorem 1.1. The above lemma is a special case of the following claim by choosing
l—a=3 (1—/1-26_1) —e.

Claim 3.2. Let 4 P IFZ > I 2 be such that 5(1 ,l ) < 1-— u, where we assume « > 1/ . Then
we have 2.1
yeﬂ:‘izl [ ( yf/ Eyl ):| < 20((1 — [X).

Proof. Let A := {x: f(x) = P(x)}, hence |A| > a2". We are interested in

1- E [Pr(P(x+y)+P(x):P(x+y)+P(x))}

yeF; L x
1 -
= 1-E (AN (A+y)|+][AN(A+y)])

<1—a%—(1-a)



Suppose that (F, ) <i- \/i — ¢ for some ¢ > 0. Pick €' (¢, 3) such that by Claim 3.2
E,cp; 0(DyF, DyP) < 3 —¢'. Now define

Bim{yeF | 6D, DP) < ;-5

We call directions y € B as good directions for F. We will need the fact that the set B is large
and contains many 4-tuples y1,12,Y3,y4 such that y; +y> = y3 + ya (has high additive
energy).

Claim 3.3. Let B be as defined above. Then, |B| > 3¢’ - 2", and

Yy1t+y2=Yys+tys i1

4
Pr [/\ (yi € B)] > (3¢)*
Proof. By Markov’s inequality we have that

e 4 s’/2,
&

1_¢ 1_ g
172 172

Bl 1 ¢ i

<1-3¢.
2 yeFy =

Thus, we have that E,cpy [15(y)] > 3¢’. To bound the additive energy, note that

How| - T (66) > (G0)' > @

Yy1t+y2= y3+y4 ﬁell::;zz

3.2 The Quadratic Part of the Derivative

The set B as defined above has the nice property that for y € B we have & (DyF D,P) <

O4—1 — % ; this means that Dy P will be in the list of D,F at radius d;_1 — %, and the list-
size will be a constant determined by e. We will use the local list-decoding algorithm of
Gopalan, et. al. [GKZ08] in order to guess D, P.

Theorem 3.4 ([GKZ08]). There is an algorithm that given d > 0, and €, > 0 and query access to
a function F : F} — TFy, runs in time poly(1/¢,log(1/n), n) and with probability 1 — n, returns
a list of size poly(1/¢) containing all degree d polynomials P such that 6(F,P) < 64 — «.

Using the above algorithm, we can provide query access to a random map ¢ : F; —
IFSZ, defined as follows for a given vector h € FF} as input:

€

1. Efficiently list-decode Dj,F up to distance § — 5/ and let £; denote the set of all
quadratic polynomials on the list.

2. If £, = @ then let ¢(h) := 0. Note that all such directions must belong to FF4\B,
assuming the £, is the correct list.

3. If £, # @, we pick a quadratic Q, €r L}, uniformly at random and let ¢(y) be the
upper-triangular matrix defined by ¢(y);; being the coefficient of x;x; in Q, (x), when
i < j. In other words, ¢(y) represents the quadratic part of Q.

9



From here on, we will condition on the list-decoder succeeding for every single time we
run the decoder. We are able to do so via a union bound, as the running time of the
algorithm in Theorem 3.4 has polylogarithmic dependence on the error probability. Denote
by (h) the upper-triangular matrix representing the quadratic part of D;P(x). We say
h € F} is lucky if h € B and ¢(h) = ¢(h). Note that for every h € B, D,P € L), and since
|Ly| < poly(1/¢),

Vh € B I;r [hislucky] = I:or [p(h) =y(h)] > poly(e).

Given a map ¢, define G, := {(x,¢(x)) : x € Fj}, thus |Gy| < 2". Note that the map

Y F — IFS2 is a homomorphism since the quadratic part of D, P is a linear function of
h. Thus, ¢ is an approximate homomorphism on & that are lucky. This is captured by the
following claim.

Claim 3.5. Let ¢ be the random map as defined above. Then

AL 0 0) 10~ g0 * Lo e iy | > POIY(e)

Proof. By Claim 3.3 and Lemma 3.1, we have that k1, ..., hs € B with probability at least
€M) Also, each h; is lucky (independently) with probability £ over the randomness in
the choice of ¢. Since the map 1 is a homomorphism, in this case, we have that

¢(h) +¢(ha) = () +¢(ha) = $(hs) +¢(ha) = @(h3) + ¢(ha),
which proves the claim. O
Applying Markov inequality to the conclusion of Claim 3.5, we obtain the following.

Theorem 3.6. Given query access to a function F : F5 — T, that is J(263) — € close to a cubic
polynomial P. There is a distribution D on functions ¢ : Fj — ]F§2 which satisfies the following.

e For every h, ¢(h) is selected independently at random, and this query can be computed in
poly(n, €) time.

e Defining B as above, for every h € B, Pryp(@(h) = p(h)) = poly(e).

o There is a constant ¢ = ¢©V) such that

Pr { Pr [ hy, ..., hy are lucky, and } S c} S,
¢ mtho=ha+hy | (h1, @(h1)) + (ho, @(h2)) = (h3, @(h3)) + (ha, @(ha))] ~ | 7 7

3.3 Finding a Homorphism

Theorem 3.7 (Hidden Homomorphism Decoding). There is an algorithm that given query

access to a random map @ : F} — FY given by Theorem 3.6, runs in time Og(n°WV) and with
probability quasipoly(¢) (over the randomness of the algorithm and ¢) outputs an affine map T :

F; — IF§2 such that

I;lr [t(h) = @(h) = ¢(h)and h € B] > quasipoly(e).
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3.4 Finding a Correlating Cubic

By Theorem 3.7 we have found an affine map 7 : [Fj — IFE‘Z such that

I:lr [T(h) = @(h) = ¥(h) and h € B] > quasipoly(e). (3)

Let Q(x, x) := x'7(0)x, and denote by 7’ := T — 7(0). Since, T’ is a linear map, it naturally
corresponds to an n x n X n tensor which we henceforth denote by T. Define

S:={heF;|t(h) =y} = {n| 7' () +p(h) =(0)}.

Noting that S 2 {h|7(h) = ¢(h) =y¢(h)andh € B}, Eq. (3) implies that |S| >
quasipoly () - 2"". Moreover, since both 7/ and ¢ are linear maps, S is an affine subspace
of IF}.

We take the input to 7’ to be the first mode of the tensor i.e., T’ is the quadratic polyno-
mial given by T(h, x, x). We observe that T must obey the following “symmetries”.

Claim 3.8. For every a € Fy and y € S, there exists an affine form £y, such that for every
xeS+a,
T(x,y,x)+T(x,x,y) +T(y,x,x) = T(y,x,x) + yq(x).

Proof. By the definition of S, for every h € S there exists an affine map ¢} (x) such that
x'w(h)x = DyP(x) = T(h,x,x) + Q(x,x) + £},(x).

Thus deriving along x at directions y; and y, we get that for every h € S there exists an
affine ¢ (x) such that

(Yy1,y2 € TF5) Dleyzfz(x) + Dy, Dy, T(h,x,x) + Dy, D,,Q(x, x) = Dy, Dy,DyP(x).
which since Dy, D,, ¢} (x) = 0 simplifies to
T(hy1,y2) + T(hy2,y1) + Q(v1,y2) + Q(y2,¥1) = Dy, Dy, DyP(x) (4)

By commutativity of the derivative operator, we get that, for every h,y1,y2 € S

T(h,y1,y2) +T(h,y2,y1) +Q(y1, v2) +9(v2, 1) = T(y2, h,y1) + T(y2,y1, 1) +Q(h, y1) + Q(ys, h).

Thus lettingh = yand y; = y» = x —a € S, we have
T(x—ayx—a)+T(x—a,x—ay)+Q(x—ay)+Q(y,x—a)=0.

Observing thatdeg (Q(x —a,y) + Q(y,x —a)) < 1,deg(T(x,y,x) —T(x —a,y,x—a)) <1
and degy(T(x,x,y) — T(y,x —a,x — a)) < 1 concludes the claim. O

Note that if 7" denotes the tensor corresponding to the map y (where 1 (y) corresponds
to the quadratic part of D, P for the true polynomial P) then T’ satisfies the above symmetry
for all x,y € IF.

We decode a cubic polynomial P’ from the “symmetrised” version of T. Define a poly-
nomial M(h, x) := T(h,x,x) + T(h,x,h) + T(x,x,h), where M is linear in & and quadratic
in x.
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Claim 3.9. There exists a cubic polynomial P' : F} — IF, efficiently computable from M, such
that
deg (DyP'(x) — M(h,x))) < 1.

Namely, there exists an affine ¢} (x) such that Dy P'(x) = M(h, x) + £}/ (x).

Proof. Suppose that

M(h,x): 2 M,‘,j/khix]'xk.
i,j,k€[n]

It follows from the definition of M that for every i, j, k € [n], the coefficients of hixjxk, xihjxk
and xih;x; are the same; we denote this value by A; ;. It is easy to check that P'(x) :=
Yoicj<k AijkXiXjXg satisfies the claim. O

Suppose that h € S is such that §(Dy, f, D;,P) <  —¢'. By a simple averaging argument,
there exists a € IF such that

1
8(Dpf|s4ar DuPlsta) < 7 — €. (5)

S

Note that by Claim 3.8, deg, (M(h,x) — T(h,x,x)) < 1forallh € Sand x € S+ a. Thus

by Claim 3.9 and Eq. (3) we can find P’ such that for all 1 € S, there exists an affine ¢, ,
such that

(Vx € S+a) DyP(x) — DyP'(x) = £} ,(x). (6)

Thus, over the coset S + a, Dy, f — D, P’ has distance at most 1 — ¢ from ¢ . By a
standard averaging argument, this implies that there exists an affme function ¢}, such that

Corr(Dy,f — Dy P, 4y) > ‘25| <i+£'> = Q) (quasipoly(e)).

It follows that
|(=1)P/=PrP| 2 = Q(quasipoly(e)).

Finally, observing from Eq. (3) that the above inequality holds with probability
quasipoly(e) over h € [F}, it follows from Eq. (2) that

1/8
-1 s = (U122 ) > quasipoly ()

Finally, we can use the quasipolynomial quadratic Goldreich-Levin theorem of
[BSRZTW12] below, with g := (—1)/~F, to find a quadratic polynomial Q’ such that f
has correlation at least quasipoly(quasipoly(e)) = quasipoly(e) with P’ + Q’.

Theorem 3.10. There exists a randomized algorithm that given ¢,6 > 0 and oracle access to a
function f : B — {—1,1}, runs in time O;(n°1)), and either outputs a quadratic Q(x) or L.
The algorithm satisfies the following guarantee

o If ||(=1)F ||y = e, then with probability at least 1 — & it finds a quadratic form q such that
(f,(=1)Q) > quasipoly(e).

e The probability that the algorithm outputs a quadratic form Q with (f, (—1)2) < 1 is at
most 6.

12



3.5 Putting Things Together

Within the previous sections we have developed an algorithm that given query access to a

function F : IF} — IF, with the guarantee that 6(F, RM(FF4,3)) < 1 — \/g — ¢, runs in time

Os¢(n°1)), and returns with probability quasipoly(¢) a cubic polynomial P := P’ + Q' such
that Corr(f, P) > quasipoly(e).

Applying the above algorithm O(M

; ), and each time using Lemma 2.1 to test
quasipoly(e)

whether Corr(f, P) > quasipoly(e) given the desired algorithm in Theorem 1.1.

4 Decoding an Approximate Homomorphism

Theorem 3.7 (restated).There is an algorithm that given query access to a random map ¢ :
F; — IFZ2 given by Theorem 3.6, runs in time O,(n°())) and with probability quasipzoly(z-:)
(over the randomness of the algorithm and ¢) outputs an affine map 7 : F} — )" such
that

I‘;lr [t(h) = ¢(h) =¢(h) andh € B] > poly(e).

In this section, we start with a (randomized) function ¢ : IF; — [F}’, which has signif-
icant agreement with an unknown homomorphism ¢ : F; — IF}'. In particular, we have
that for a set B of size at least (say) ¢ - 2", we have that

VieB  Prp() = y(x)] > e 7)

This also implies that ¢ is an approximate homomorphism, satisfying

8
Pr LB o) +o(x)=0() + ()] > . (8)
We ¢ refine it to an affine map 7, which has a non-trivial agreement with ¢, and also with
the “hidden” homomorphism . Note that we do not have any access to 1, except through
the guarantee in Eq. (7). However, the output 7 is still required to have a significant agree-
ment with ¢, at least with a small constant probability (depending on ¢).

Also note that since ¢ is randomized, T, is actually a random variable which depends
on the choice of ¢. We will give an algorithmic procedure for computing 7, for a given ¢.
We assume that ¢(x) is chosen independently at random for each x € IF;. This allows us
to fix a ¢ and give a procedure for computing 7, by querying ¢(x) at a small number of
inputs. This can be easily combined with a random choice of ¢ since the value of ¢(x) at
each of the query points can be generated independently. For the rest of the section, we fix
the randomness in the choice of ¢ and take it to be a fixed deterministic function satisfying

Pr  lo(x)+9(x) =) +o(n)] > & & Prip(x)=yx)] > e

X1+Xx2=x3+x4

We will also consider the (unknown) set H defined as

H= {xeB | g(x)=p(x)}.

By the previous assumptions, we have |H| > ¢ - 2". The map 7 (for which we will suppress
the dependence on ¢) will still be random as the points at which ¢ is queried will be chosen
randomly.
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The procedure described in this section (for finding an affine map 7 that has significant
agreement with ¢) is implicit in the works on quadratic Goldreich-Levin theorems [TW14,
BSRZTW14], where it was described for a special ¢ based on the Fourier coefficients of a
given function. Here, we describe the procedure for any approximate homomorphism ¢.
We also show that (a slight modification of) this procedure ensures a significant agreement
with the hidden homomorphism 1, with at least a small constant probability.

4.1 Reduction to the Case of Approximate Linearity

Given a map ¢ : F} — I} as above, we modify it to obtain a map ¢’ which satisfies
Pr., [¢'(x) + ¢'(y) = ¢'(x +y)] = e. For a given z € FF}, define

p=(x) = @(x+2z)+ ¢(z).
Note that if z € H, then for all x € H + z, we have
p=(x) = ¢(x+2)+¢(z) = Pp(x+2)+9(z) = ¢(x).

The following claims show that one can take ¢’ to be ¢, for a random z. Also, it is sufficient
to find an affine map which has significant agreement with ¢'.

Claim 4.1. Let ¢ : IF} — IF5! be as above. Then, we have
— > 2 > &2/2.
e |, B () () = p:(xty)] 2 /2| > &/2
Proof. We note that
P=(x) + 9=(y) = pz(x+y) & @(x+z)+o(y+z)=e(x+y+z)+9(2)
© Ppx+y+z)=9ex+y+z)
using the facts that z, x + z,y + z € H and ¢ is linear. Moreover, we have

Pr [x+y+z€H] = Pr [x+y+z¢€H)|
z,x+z,y+z€H x,y,z€H

_ Exyeery n(0)1n(@)ln(2)1n(x +y +2)]
Eyyzer; (1 ()1 (y)1n(2)]
> 5 L (Tap) = dre = 2.

6
& pery

since x + y +z € H implies ¢(x +y +z) = P(x +y + z), this gives

E E

2
zeH x,ycH+z |:ﬂq)z(x)+q)z(y):goz(x+y)} > &

An averaging argument then proves the claim. O

Since a random z € FY lies in H with probability 2, with probability ¢*/2 a random
z € IF] satisfies the conclusions of Claim 4.1. We asume in the rest of the argument that we
have selected such a z. For ¢’ := ¢,, Hy := H + z, we have ¢'(x) = ¢(x) for all x € H.
Also, since |Hy| > €2 - 2", by Claim 4.1, we have
Pr [¢/(x)+¢'(y) = ¢'(x+y)] > <.

x,y€lF}

The following claim shows that it suffices to find an affine map having significant agree-
ment with ¢, for such a z.
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Claim 4.2. If T : F} — I} is an affine map satisfying Prycpy [T'(x) = ¢z(x) = ¢(x)] >
7y for some z € H and v > 0, then the map t(x) = T'(x) + v'(z) + 7/(0) + ¢(z) satisfies
Procpy [T(x) = ¢(x) = ¢p(x)] = 7.

Proof. The claim follows by observing that

Pr [p:(x) =T'(x) =y(x)] = Pr [p(x+2)+¢(z) =1'(x) = y(x)]

x€lF} xelFy
= xle)ngg [p(x) + 9(z) = T'(x +2) = P(x +2)]
= Pr (o) +9(2) = 7(0) + 7 (2) + 7(0) = p(x) + 9(2)]

where the last equality uses the fact that 7’ is an affine map, ¢ is linear, and ¢(z) = ¥(z)
since z € H. n

For the rest of this section, we will refer to ¢’ as ¢ (to avoid notational clutter) and
assume that it satisfies the above properties. Note that the above reduction works with
probability at least et/2.

4.2 Applying the Balog-Szemerédi-Gowers Theorem
As in [Sam07, TW14] we first apply the Balog-Szemerédi-Gowers (BSG) theorem to the set

Ay = {(x,9(x)) : xe€Fj}.

For any set A that has some additive structure, the Balog-Szemerédi-Gowers theorem al-
lows us to find a large subset A’ C A with small doubling. We state the following version
from [BS94].

Theorem 4.3 (Balog-Szemerédi-Gowers Theorem [BS94]). Let A C I} be such that
Prg aca (a1 +az € Al = p. Then there exists A” C A, |A'| > p - |A| such that |A" + A’| <
(2/p)% - |Al.

We are interested in finding the set A;, which results from applying Theorem 4.3 to the
set A,. However, since the set A’(P is of exponential size, we do not have time to write
down the entire set (even if we can find it). Instead, we will need an efficient algorithm
for testing membership in the set. We follow the algorithmic version in [TW14], based on
the proofs in [SSV05, Viol1]. We will modify the algorithm to ensure that (with significant
probability) the set A’ has a significant intersection with the set

Hy = {(x,¢(x)) : x€Ho} = {(x,¢(x)) : x€ Hp}.

In this proof one constructs a graph on the set A, and then selects a subset of the neigh-
borhood of a random vertex as Aip, after removing certain problematic vertices. It can be
deduced that the set A;, can be found in time polynomial in the size of the graph. However,
as discussed above, this time is still exponential in n and hence we instead develop a (ran-
domized) membership oracle for Ag,. This will be an approximate oracle and we will only

be able to say that the output of the oracle is sandwiched between two sets A Epl) - AS,,Z).
We first define a graph G, = (A, E,) where the edge set E,, is defined as

Ep = {(x,0(x)), W, e) | ¢(x)+e(y) =9(x+y)}.
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Let the size of the vertex set be N = 2". Claim 4.1 implies that G, has density at least

p = €. Moreover, there exists a set H,, of size at least €2 - N, which has density at least
1/3 _ 2

e =g

The proof by in [SSV05] considers the neighborhood of a random vertex # and removes

vertices that have too few neighbors in common with other vertices in the graph. For a

vertex u = (x, ¢(x)) € A, they define the following sets.
N(u):= {v : (u,v) € E,}

S(u) = {v € N(u) : Pr[o; € N(u) and |[N(0) N N(v1)| < p°N| > pz}

41

= {veN(u) : Pr|v; € N(u) and Pr[ov; € N(v) N N(v;)] < p° >p2}
(%1 U2

T(u):= N(u)\ S(u)

= {UEN(L[) : Pr|v; € N(u) and Pr[o; € N(v) N N(v;)] < p° gpz}
U1 U2

It is shown in [SSV05] (see also [Viol1]) that if the graph has density p, then picking A’qp =
T(u) for a random vertex u is a good choice.

Lemma 4.4. Let G have density at least p, and set Aj, = T(u) for a random vertex u. Then, with
probability at least p/2 over the choice of u, the set A, satisfies

ALl = p-N and |A,+ A,| < (2/p)°-N.

We now translate the condition for membership in the set T(u) into an algorithm.

BSG-Test (u,v, p1,02) (Approximate test to check if v € T(u))

Letu = (x,9(x)) and v = (1, 9(y)).

Sample (z1, ¢(z1)),- -, (z¢r, (2¢)).

For each i € [r], sample (wgi)/ <p(w§i))), L (wgi), ¢(w§i))).

If (u,v) & E,, then output 0.

Fori € [r],j € [s], let

Xi = Lip()+o(z)=g(x+2)}

For each i, take B; = 1 if % Y Yij-Zij < prand 0 otherwise.

Answer 1 if % Y. Xi - Bi < p2 and 0 otherwise.
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Choice of parameters for BSG-Test: Recall that p = ¢°, and let p; = 210%/80 and p, =
1902/20. Given an error parameter 17, we take r and s to be poly(1/p,log(1/7)), so that
with probability at least 1 — 7, the error in the last two estimates is at most p°/100.

As in [TW14], we “sandwich” the elements on which BSG-Test answers 1 between a
large set and a set with small doubling.

Lemma 4.5. Let y > 0 and let the parameters py,02,7,s be chosen as above. Then for every

u = (x, p(x)), there exist two sets Ag,l) (u) C ASPZ) (u) such that the output of BSG-Test satisfies
the following with probability at least 1 — 1.

e BSG-Test(u,v,71,01,02) =1 = ©ve€ Agpz)(”)-

e BSG-Test(u,v,71,p1,02) =0 — v ¢ Ag:”(”)-

Moreover, with probability at least p/3 over the choice of u, we have
|AY ()N Hy| > (p/3) N and |A} (u) + AP ()] < (2/p)® - N.

Proof. To deal with the approximate nature the test, we define the following family of sets
T(u,p1,p02) := {v € N(u) : Iv’r v1 € N(u) & Iv’zr [0 € N(v) N N(v1)] < pl} < pz}
1
It is easy to check that for pj, p5 > 0, one has the inclusion

T(u,p1,02) € T(u,p1 — P12+ p3)-

We define the sets Ag,l) (1) and AEPZ) (u) as follows.

AV () == T(u,11p%/40,902/10)
Ag,,z)(u) = T(u,0%/4,0%)

By the monotonicity property noted above, we have that Agpl) (u) C Agpz) (u). Also, by

choice of the parameters r, s, with probability at least 1 — #, the error in all estimates used
in BSG-Test is at most p>/100. Hence, we find that with probability at least 1 — 7, if
BSG-Test answers 1, then the input is in ASPZ) and if BSG-Test answers 0, then it is not in
AS,}). It remains to prove the bounds on the size and doubling of these sets.

The proof that Agaz) (1) has small growth is identical to the one in [SSV05, Violl] (with
slightly different parameters). We include it below for completeness.
Claim 4.6. Let |A$P2)(u)| > (p/6) - N. Then, we have ]Ag,z)(u) + ASPZ)(u)| <(2/p)% N

Proof. Consider any vq,v, € Afﬁ )(u) = T(u,p®/4,0%). By definition, we have
Hw e AP (u) | |N(v;) N N(w)| < (p3/4)NH < ®N  fori=1,2.

Thus, there exist at least (0/6 —20%) - N > (p/12) - N vertices w € ASPZ)(u) such that
Hw € Ag,z)(u) | |N(v;) ﬂN(w)\H > p3/4 for both i = 1,2. For any such w, and w; €

17



N(v;) " N(w), (v1, w1, w, wy, v7) is a length-4 path in G,. Thus, we have at least (07/192) -
N3 paths of length 4 from v; to v3, any two of which differ in at least one vertex.
For any such path (v1, wy, w, wy, v2), we have by definition of G,

U1 +0 = (vl—l—w1)+(w1+w)+(w+w2)+(w2+vz),

where each of the terms on the rightarein A, = {(x, ¢(x)) | x € F}}. Since, no two paths
agree on all vertices, we have

AP W)+ AP W] (07/192)- N < (A" = AP ) + AP W] < 270N
which proves the claim. O

To show the lower bound on the size of Ag) (1), we will show that \Ag,l) (u) NHy| >

(p/6) - N. Since AS,}) (u) C Ag}z) (u), this suffices for the proof. This will require a slight
modification of the argument from [SSV05], to take care of the (hidden) set H,.

Claim 4.7. With probability at least p*/® /3 over the choice of a random u € H,, we have
’A )AH,| > (0*3/3)-N
Proof. We first show an upper bound on the expected size of the set S’ (1) defined as
S'(u) := N(u) \ T(u,11p%/40,90°/10)
= {v € N(u) : Iv’lr [vl eN(u) & l;zr [v2 € N(v) N N(v1)] < 1193/40] > 9p2/10}-
We call a pair (v, v1) bad if [N(v) N N(v1)| < 11p°N/40. Note that for each of the N(N — 1)

choices for (v, v1), if they form a bad pair, then a random u € A, is in N(v) N N(v;) with
probability at most 11p3 /40. Hence,

8/37\2
E [#{bad pairs (v,v1) midv € N(u) & v; € N(u)}] < N -N2. 11p° < Hp N

ueH, = |Hy| 40 40 7
using |Hy| > p'/® - N. Using Markov’s inequality, this gives that
1108/3N2 /40 23
< ———F7— = (11 .
E IS < e = (116736 N
Finally, using the fact that H,, has density at least p'/3, we get
(1) _ /
E [|aY @) nH,|| = 1:H [[(N(u) \ S'(w)) N Hy|]
=
> B [IN@NH] - E (8]
An averaging argument then proves the claim. U

To prove the lemma, we observe that since |H(P\ > pl/ 3.N,arandom u € A, satisfies
the conclusion of Claim 4.7 with probability at least p'/3 - (0>/3/3) = p/3. O
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4.3 Finding a Good Model Set

We will use the routine BSG-Test described in Section 4.2, and assume that we have chosen
a good vertex u guarantee in Lemma 4.5 for BSG-Test. Since the output of BSG-Test is
contained in a set Ag,,z) with doubling p~°(), we will apply Sanders’ quasi-polynomial

Bogolyubov lemma, which lets us conclude that 4Ag,2) contains a large subspace V. If the

subspace V was indeed inside Ag,z), we have a subspace with points of the form (x, ¢(x)).

Thus, ¢ must be a linear map when restricted to points in V.

However, since the Bogolyubov lemma only finds a subspace inside the set 4A£P2 ), an
element of the subspace is of the form (x1 + x2 + x3 + x4, ¢(x1) + @(x2) + @(x3) + @(x4)).
Unlike tuples of the form (x, ¢(x)), the second half of the tuple (¢(x1) + ¢(x2) + ¢(x3) +
¢(x4)) may not uniquely depend on the first (x; + x2 + x3 + xa).

Since it will be important to have this uniqueness property from our subspace, we
restrict our sets to get new sets Aip(l) - Aip(z). These restrictions will satisfy the following
property: for all tuples x1, xp, x3, x4 and x, x5, x4, x; satisfying x1 + x2 + x3 + x4 = x] + x5 +
x3 + xj, we also have ¢(x1) + ¢(x2) + ¢(x3) + @(xs) = @(x7) + @(x3) + @(x3) + @(x4)".
In other words, ¢ is a Freiman 4-homomorphism on the first n coordinates of A/qu). We
will, in fact, need to ensure that it is a Freiman 8-homomorphism in order to obtain a truly
linear map.

This step is often called finding a good model, and appears (in non-algorithmic form) as
Lemma 6.2 in [GTO08]. The version described here is the algorithmic version developed in
[TW14] (Lemma 37).

We will intersect the original sets with a subspace defined using a random linear map
I : F} — TF; and a random element ¢ € F}, (for r = O(log(1/¢))). We shall apply the
restriction I'(¢(x)) = c to the elements v = (x, ¢(x)) on which BSG-Test outputs 1.

Model-Test (v, I, ¢)

- Letv = (y, 9(v))-

- Answer 1 if BSG-Test returns 1 on v and I'(¢(y)) = ¢, and 0 otherwise.

We also define
Ay = {(x9() e A | T(p(x) =c} forje (1,2}

Recall that a map ¢ is called a Freiman 8-homomorphism on its domain if for any x,...,xg
with the property that x; + x2 + x3 4+ x4 = x5 + X6 + x7 + xg, we also have ¢(x1) + ¢(x2) +
p(x3) + @(xa) = @(x5) + @(x6) + ¢(x7) + ¢(xg). We re-state the lemma from [TW14] which
proves the required properties of the above procedure.

Lemma 4.8 (Lemma 37 from [TW14]). Let the calls to BSG-Test in Model-Test be with a
good choice of parameters u, p1, p2 and with error parameter 1 > 0. Then, there exist two sets

Aip(l) C A;(z) for which the output of Model-Test on input v = (y, ¢(y)) satisfies the following
with probability 1 — 1.

e Model-Test(v,I,c) =1 = v¢€ A;SZ).

e Model-Test(v,I,c) =0 — ov¢ Agl).
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Moreover, with probability at least § = é°() over the choice of T and c , we have
‘A/qgl) N Hgg‘ >0-N and ¢isaFreiman 8-homomorphism on A(Z),

)

where we denote the projection of A/(,FZ onto the first n coordinates by A,

We remark that [TW14] only proved a lower bound on the size of A’(,E” . However, this

is simply proves using linearity of expectation and since here we know that ‘Ag,,l) NH 4,) >

(p/3) - N from Lemma 4.5, the same argument also implies a lower bound on ]A;gl) N Hyl.

4.4 Obtaining an Affine Function on a Subspace

We now identify an affine function that has significant agreement with ¢. However, we
only be able to identify it on a coset of a subspace V such that cod(V') = polylog(1/¢).

Lemma 4.9. Let ¢ be as above and let the parameters for BSG-Test and Model-Test be such
that they satisfy the guarantees of Lemma 4.5 and Lemma 4.8. Let € be as above. Then there
exists an algorithm running in time O (n®()) which outputs with probability at least quasipoly (&)
a subspace V of codimension at most (log(1/¢))°Y), ¢; € F", and an affine map x — 7(x)
satisfying Pryey e, [T(x) = ¢(x)] = 0.

Throughout the argument that follows, we shall assume that we have already chosen
good parameters for BSG-Test and Model-Test so that the conclusions of Lemma 4.5 and
Lemma 4.8 hold. We also assume that we have access to a good function ¢.

To find the subspace V we apply Bogolyubov’s lemma to the set identified by the pro-
cedure Model-Test. We shall look at the second half of the tuples in this subspace (coordi-
nates 1 + 1 to m + n) to find a linear choice function. Let A() and A denote the projection

onto the first n coordinates of the sets A;Sl) and A;SZ) given by Lemma 4.8. Also, recall that

the set Hy is the projection of H,, onto the first n coordinates. Since the last m coordinates
are a function (namely @) of the first n coordinates, we also have |A() N Hy| > 6 - N, for
0 = e°(1) as in Lemma 4.8. The Bogolyubov-Ruzsa lemma by Sanders [San10] shows that
there exists a subspace V of co-dimension (log(1/6))?, such that V C 4A() C 3.

We will need an algorithmic version of the lemma, with query access to the (random)
function i : F — {0,1} defined by h(y) = 1 if Model-Test((y, ¢(y)),T,c) = 1 and 0
otherwise. The error parameter ;' for Model-Test is taken to be 77/n*. We shall apply the
following algorithmic version from [BSRZTW14] with queries to & and with error param-
eter 71 = 17/20.

Lemma 4.10 (Algorithmic Quasipolynomial Bogolyubov-Ruzsa Lemma [BSRZTW14]).
There exists a randomized algorithm Bogolyubov with input parameters 1, > « > 0 which,
given oracle access to a function h : ¥y — {0,1} with Eh > w«, outputs a subspace Vo C Fj
of codimension at most O(log*(1/a)) (by giving a basis for Vo) such that with probability at
least 1 — 11, we have hx h x h x h(v) > a*/2 for each v € Vp. The algorithm runs in time
20(10g*(1/a)) . polylog(1/11) - n3log® n.

If h was indeed the indicator function of a set A, we would have that the support of
hxh* h x h is contained in 4A, implying Vo C 4A. However, we only have that with
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probability 1 — %’ for each input x, the inequality 1,4 (x) < h(x) < 1, (x) holds. We can
then define a function
W o= min{1,p,max{h, 1,0 }}

If t denotes the running time of the algorithm Bogolyubov, then with probability 1 —#’ - £,
it only reads outputs from the function %’ and hence with probability 1 — #; — #’ - t, the
output subspace satisfies

VoeV  Tuoxl,o*lo*l,0(0) = Kk <k« (v) > 6*/2,

which implies V € 4A?), Thus, each element x € V, can we written as x; + X + x3 + x4
for x1,x2,x3,x1 € A@. The following claim (well-known) shows that the set

+ x4+ x3+x4 €V,
Zy = {(x1 4+ X0 + X3 4 Xy, 4)(961) —i—(P(Xz) +(P(X3) —I—(p(X4)) X1 X2 T X3 X 0 }

X1, X2,X3,%4 € A?)

is also a subspace of F5*™. Observe that the value of ¢(x1) + ¢(x2) + ¢(x3) + @(x4) is
uniquely determined by x1 + x2 + x3 + x4.

Claim 4.11. There exists a linear map { : Vo — IF} satisfying the following property. For any
x1,%2,%3,% € A® such that x; + xp + x3 + x4 € Vo, we have o(x1) + p(x2) + @(x3) +
@(x4) = T(x1 4+ x2 + x3 + x4). Thus, the set Zy can be written as Zy = {(x,{(x)) : x € W}
and is a subspace of F5 ™.

Proof. We first show that the value of ¢(x1) + ¢(x2) + ¢(x3) + ¢(x4) is uniquely deter-
mined by x; + x2 + x3 + x4. By Lemma 4.8, we know that ¢ is a Freiman 8-homomorphism
on A? and hence it is also a Freiman 4-homomorphism. In particular, if for x1, xp, x3, x4 €
A® and x}, x5, x4, xy, € AP, we have that x; + X2 + x3 + x4 = x} + x5 + x + x}, then it
also holds that ¢(x1) + ¢(x2) + ¢(x3) + ¢(xs) = @(x]) + (x3) + ¢(x3) + ¢(x}). Thus, we
can write the set Zp as {(x,{(x)) : x € Vy}, where { is some function on V. We next show
that { must be a linear function.

We begin by showing that (0) = 0. Since 0 € V), we must have elements x1, x2, X3, x4 €
A®@) with the property that x1 + x2 + x3 4+ x4 = 0, in other words, x1 + x2 = x3 4 x4. But
since ¢ is also a Freiman 2-homomorphism, we get that ¢(x1) + ¢(x2) = @(x3) + ¢(x4),
which implies that ¢(x1) + ¢(x2) + ¢(x3) + ¢(x4) = (0) = 0.

Since ¢ is a Freiman 8-homomorphism on A and V, C 4A®), it follows that (isa
Freiman 2-homomorphism on Vj. Since Vj is closed under addition, for x,y € Vj we can
write x +y = 0+ (x + y) with all four summands in V;. Since { is a 2-homomorphism, we

get that {(x) +{(y) = £(0) + {(x +y) = {(x +y). 0

We would like to use the linear map { to obtain the choice function on a coset of the
space Vp. However, we do not know the function {. We get around by generating random
tuples (x1 + X2 + X3 + X4, q)(xl) + QD(Xz) + ¢(X3) + q)(x4)) such that x; + x2 + x3 + x4 as
well as each x; are in A(2). We show that for sufficiently many samples, the sampled points
span a large subspace V of V. Since ¢(x1) + ¢(x2) + ¢(x3) + @(xa) = {(x1 + x2 + x3 + x4)
on Vp, we will be able to obtain the desired linear map on the subspace V.

We sample a point as follows. For the j" sample, we generate four pairs

(x]i qo(x]i)),...,(xi,q)(xi)): We accept the sample if all four pairs are accepted by

Model-Test and if x} + x5 + x5 + x), € Vy. If a sample is accepted, we store the point
Y =x+x+xy+xpand {(y)) = o(x)) + 9(x3) + @(x3) + ().
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Note that membership in Vj can be tested efficiently since we know the basis for V"
We first estimate the probability that a point (y,{(y)) for y € Vp is accepted by the above
test. This also gives a bound on the number of samples to be tried so that at least t = O(n?)
samples are accepted.

Claim 4.12. For y € Vy, the probability that a sample is accepted by the above procedure and the
stored pair is equal to (y, {(y)) is at least 6* /AN. Moreover, for some sufficiently large constant C,
the probability that out of exp (C -log(1/6)*) - t - log(10/n) samples fewer than t are accepted is
at most 1/10.

Proof. Since the function h(x) = 1 exactly when Model-Test accepts (x, ¢(x)), the proba-
bility that a sample (x1, ¢(x1)), ..., (xa, (x4)) is accepted and that x; + x2 + x3 + x4 = v,
is equal to

Pr [/4\(}1(3@) = 1) VAN (X1 +x2+x3+ x4 = y)] = 1 E [ﬁh(xz)]

i1 N h,x1+x24+x3+x4=Yy i—1

As before, we consider the function ' = max{1 4u), min{h, 1, } } satisfying that for each
x, Pr[h(x) # I (x)] <7’ (where i’ is the error parameter in Lemma 4.10), and that i’ I’ %
W« h'(x) > 6% /2 for each x € V. We can now estimate the above expectation as

E [ (x1) 1 (x2)h (x3)h(x4)]
h,x1+x+x3+x=Yy
> 4 N = W (x: . / / / /
> P A = 1) B G (o)l () (x4 2 o 33)]
> (1—4n") -0« <« « W (y)
> (1-47)-(6*/2) > 6*/4.

The last inequality exploited the fact that i’ x h' « I’ x h'(y) > 6*/2 for y € V.

The probability that a sample is accepted is equal to the probability that one selects a
pair (y,{(y)) for somey € Vy. This is least (|Vp|/N) - (6*/2) = exp (—O((log(1/6))*)) -
(6*/2). The bound on the probability of accepting fewer than t samples is then given by a
Hoeffding bound. O

Let (y',2(yY)), ..., (¥',Z(y")) be t stored points corresponding to t samples accepted by
the above procedure. It is easy to check that the projection onto the first n coordinates of
these points must span a large subspace of Vj.

Claim 4.13. Let (v',Z(yY)),..., (v, Z(y")) be t points stored according to the above procedure.
For t = n* +1og(10/7), the probability that cod((y*, ..., y")) = cod(Vp) + log(4/6*) is at most
1/10.

Proof. Letk = cod(Vy) +41log(4/0) and let S be any subspace of codimension k. The prob-
ability that a sample (x1, ¢(x1)),..., (%1, ¢(x4)) is accepted and has x1 + xo + x3 + x4 = y
for a specificy € Sis at most 1/N. Thus, the probability that an accepted sample (y/, (y/))
has y/ € S, conditional on being accepted, is at most (|S|/N)/((|Vo|/N) - (6*/2)). Thus,
the probability that all ¢ stored points lie in any subspace of co-dimension k is at most

[Vol/N) - ( 6/2
which is at most 17/10 for t = n? +1log(10/7). O

t 4 t
<( |S|/N94/2)> - #{subspaces of co-dimension k} = (9 /4> (k) < o=t on?)
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Let V = Span (y!,...,y"). The above claim shows that with high probability, the codi-
mension of V satisfies cod(V ) = exp( (log(1/6))*). From the way the samples were
generated, we also know {(y!),...,{(y!). Since { is a linear function by Claim 4.11, we can
extend it to a linear transform x — T( ) such that Vx € V, 7(x) = {(x).

Let Z C 4A/(,§2) be the subspace {(x, 7(x)) | x € V}. We now show that there is a coset

of Z in a significant fraction of points are of the form (x, ¢(x)) € A/qu).

Claim 4.14. The sets Z + Ago(l) and Z + A'(p(2) both consist of at most (1/6) - (N/|Z|) cosets of

Z. Hence, for some c € A’(,Sl) we have
Z+onal| > [z+on (a4 )| > ez,
Proof. Since Z C 4A$2) and A/qsl) - A/qu), we have that

/(1) '(2) "(2) (2)
Z+ A, C Z+Ay" C 5A,7 C 5A,".
The last inclusion follows from the fact that A (P( ) was obtained by intersecting A (glven
by Lemma 4.5) with a subspace.

We know from Lemma 4.5 that ]Ag,,z) + AE,,Z)\ < (2/p)8-N < (2/p)8- (6/p) ]A @) ]
Lemma 2.4 (Pliinnecke’s inequality) then gives that \SASPZ)| (6 /p)® - ]A \ < (1/0) -
|ASP2)| < (1/0) - N. Thus, |Z + A$2)| < (1/6) - N and it is the union of at most (1/6) -
(N/|Z|) cosets.

Since A;Sl) NH, CZ+ A;Sl), there must exist at least one coset Z + ¢ forc € A;gl), such
that
/(1
Ag" N Hy|

2.
/ey -z = &1

(Z+oyn (A nH,)| =

where the last inequality used the fact that |A'(P(1) N Hy| > 6-N, as guaranteed by
Lemma 4.8. H

Since Z + A’(,Sl) is contained in at most (1/0) - (N/|Z|) = exp O((log(1/6))*) cosets of
Z, we can simply pick a coset at random and it must satisfy the conclusion of Claim 4.14
with probability at least exp (—O((log(1/6))*)). To find all cosets, we first sample ran-
dom points from A;Sl) as above using Model-Test. Since the desired coset has large size,
exp O((log(1/6))*) samples suffice to identify a collection of cosets, containing the de-
sired one (with high probability). We omit the details. We can now combine the previous
argument to prove Lemma 4.9.

Proof of Lemma 4.9: We follow the steps described above to find the subspace Vj, and
subsequently the subspace V together with the transformation 7. This immediately yields
the subspace Z = {(x,7(x)) : x € V}. With probability exp —O((log(1/6))*), we can
find a ¢ = (c1,¢2) € F"™ such that a fraction of at least §%/2 of points (y + c1, T(y) + c2)
in the coset Z + (c1,c2) are of the form (x, ¢(x)) for (x, p(x)) € Ago(l) N H,, which gives
P(x) = @(x) = 7(x) + T(c1) + 2 for these points. Thus, we have

& )t Tla) +a =) =p@)] > (02/2) > £0).
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The errors in the application of Bogolyubov’s lemma and in Claim 4.12, and Claim 4.13 add
up to /2 < 1. The running time is dominated by the C exp(O((log(1/6))*)) - t-log(10/7)
calls to Model-Test in Claim 4.12 for + = O(n?). Since each call to Model-Test takes
nP . poly(1/¢) - log(17/n*) time, the total running time is n°(1) - exp(O((log(1/6))*)) -
log?(1/7). O
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