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Abstract

We discuss the hierarchies of linear and semidefinite programs defined by Lovász and Schri-
jver [33]. We describe recent progress on these hierarchies in the contexts of algorithm design,
computational complexity and proof complexity.
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A common technique for solving a 0-1 integer program is to work with its linear programming (LP)
relaxation, and then relate the optimum of the relaxation to that of the integer program. Consider
an integer program with a feasible region described by the m inequalities of the form ai ·x− bi ≥ 0
in variables x1, . . . , xn ∈ {0, 1}. In formulating a convex relaxation of this problem, one would like
to optimize over the convex hull of the integral solutions to the above program (since for a linear
objective function, the optimum over the integral solutions would be equal to the optimum over
their convex hull). Most LP relaxations are obtained by simply relaxing the domain of the variables
to be [0, 1] instead of {0, 1}. However, in that case the resulting polytope may contain points which
are outside this convex hull.

Starting from the works of Gomory [23] and Chvàtal [12], a large amount of research has been
done on developing methods which generate additional constraints valid for the integral solutions
of the problem, to obtain tighter and tighter convex relaxations. Lovász and Schrijver [33] describe
a powerful such technique for generating additional inequalities. Given a program as above, let P
denote the feasible polytope for the linear program obtained by relaxing the domain of the variables
to be [0, 1]. Using the fact that any integer solution must satisfy x2

j = xj for all j ∈ {1, . . . , n}, it
is easy to check that for λij , σij ≥ 0 and µj ∈ R, any quadratic inequality of the form∑

1≤i≤m
1≤j≤n

λij(ai · x− bi)xj +
∑

1≤i≤m
1≤j≤n

σij(ai · x− bi)(1− xj) +
∑

1≤j≤n
µj(x2

j − xj) ≥ 0 (1)

is also valid for any integer solution to the program. The Lovász-Schrijver reformulation automat-
ically adds any linear inequalities which can be derived as above, to the linear program describing
P. They also define a stronger version which adds even more constraints giving a semidefinite
program (SDP).

Thinking of the strengthening as an operator applied to a polytope, we can also apply it iteratively,
yielding a sequence of stronger and stronger relaxations, often referred to as hierarchies of linear
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and semidefinite programs. We describe two such hierarchies defined by Lovász and Schrijver,
known as the LS (linear) and LS+ (semidefinite) hierarchies. These hierarchies have been studied
in different contexts such as algorithmic analysis, computational complexity and proof complexity;
and somewhat different ways of looking at them were considered in each of these. The rest of this
section is devoted to describing some of these viewpoints.

1 Description of the hierarchies

To describe these hierarchies it will be more convenient to work with convex cones rather than
arbitrary convex subsets of [0, 1]n. Recall that a cone is a subset K of Rd such that if x,y ∈ K and
α, β ≥ 0 then αx + βy ∈ K. If we are interested in a convex set P ⊆ [0, 1]n (which might be the
feasible region of our starting convex relaxation), we first convert it into a cone in Rn+1. We define

cone(P) = {y = (λ, λx1, . . . , λxn) | λ ≥ 0, (x1, . . . , xn) ∈ P}.

It is easy to check that all the quadratic constraints of the form described in (1) would follow if
we could impose constraints of the form x2

j = xj for each j ∈ {1, . . . , n}. However, this constraint
is neither linear nor convex. We thus impose linear constraints implied by this, by introducing
auxiliary variables Yi,j which are supposed to be equal to the product xixj when y = (1, x1, . . . , xn).
We require that Yi,i = yi. Also, if Yi denotes the ith row of the matrix Y , then it must be true
that (Yi/yi)1...n ∈ P when yi 6= 0, where by (Yi/yi)1...n we denote the vector consisting of the last
n coordinates of (Yi/yi). This is equivalent to saying that Yi ∈ cone(P). Similarly, yi 6= y0 must
imply ((Y0 − Yi)/(y0 − yi))1...n ∈ P and hence Y0 − Yi ∈ cone(P). Lovász and Schrijver use this to
define two operators N and N+, such that for a starting cone K, N+(K) ⊆ N(K) ⊆ K.

Definition 1.1 For a cone K ⊆ Rn+1 we define the set N(K) (also a cone in Rn+1) as follows: a
vector y = (y0, . . . , yn) ∈ Rn+1 is in N(K) iff there is a matrix Y ∈ R(n+1)×(n+1) such that

1. Y is symmetric.

2. For every i ∈ {0, 1, . . . , n}, Y0,i = Yi,i = yi.

3. Each row Yi is an element of K.

4. Each vector Y0 − Yi is an element of K.

In such a case, Y is called the protection matrix of y. If, in addition, Y is positive semidefinite,
then y ∈ N+(K). We define N0(K) and N0

+(K) as K, and N t(K) (respectively, N t
+(K)) as

N(N t−1(K)) (respectively, N+(N t−1
+ (K))).

Remark 1.2 Lovász and Schrijver also define a third operator which they denote by N0 which is
weaker than the ones described here. It is defined in a manner similar to the N and N+ operators,
except that the protection matrix Y is not required to be symmetric. However, we shall not discuss
here.

If y = (λ, λx1, . . . , λxn) ∈ Rn+1 for x1, . . . , xn ∈ {0, 1}, then we can set Yi,j = λ · xixj . Such a
matrix Y is clearly positive semidefinite, and it satisfies Yi,i = λx2

i = λxi = yi. Also Yi = xi ·y and
Y0 − Yi = (1− xi) · y. Hence they lie in the same cone as y.

In the case when P ∈ Rn is a polytope defined by linear constraints and cone(P) is the corresponding
cone, we will often use the notation N t(P) and N t

+(P) to denote N t(cone(P)) ∩ {y0 = 1} and
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N t
+(cone(P))∩{y0 = 1} respectively. The following claim characterizes N(P) and N+(P) in terms

of the additional inequalities imposed by the reformulation.

Claim 1.3 Let P ∈ Rn be a polytope defined by the constraints ai · x − bi ≥ 0 for i ∈ {1, . . . ,m}.
Then for a vector x ∈ Rn,

1. x ∈ N(P) iff it satisfies all linear equalities c · x− d ≥ 0 which can be derived as

c · x− d =
∑

1≤i≤m
1≤j≤n

λij(ai · x− bi)xj +
∑

1≤i≤m
1≤j≤n

σij(ai · x− bi)(1− xj) +
∑

1≤j≤n
µj(x2

j − xj)

for λij , σij ≥ 0 and µj ∈ R.

2. x ∈ N+(P) iff it satisfies all linear equalities c · x− d ≥ 0 which can be derived as

c · x− d =
∑

1≤i≤m
1≤j≤n

λij(ai · x− bi)xj +
∑

1≤i≤m
1≤j≤n

σij(ai · x− bi)(1− xj) +
∑

1≤j≤n
µj(x2

j − xj)

+
∑
k

(gk · x− hk)2

for λij , σij ≥ 0, µj , hk ∈ R and gk ∈ Rn.

The characterization in terms of the inequalities is particularly useful when reasoning about these
hierarchies as proof systems for (say) proving that a certain integer program has no integral so-
lutions. The rules for deriving the inequalities characterizing N(P) from those characterizing P
can then be thought of as the derivation rules of this proof system. One is then interested in the
smallest t such that N t(P) is empty (called the rank of the proof system) and in the minimum
number of inequalities needed (called the size of the proof) to derive a convex system of inequalities
that has no feasible solution. We discuss two different ways of viewing Definition 1.1 below.

1.1 The prover-adversary game

It is sometimes convenient to think of the LS and LS+ hierarchies in terms of a game between two
parties called a prover and an adversary. This formulation was first used by Buresh-Oppenheim et
al. [9] who used it to prove lower bounds on the LS+ procedure as a proof system. For example,
the following is a formulation that is convenient to use for proving that a certain vector belongs to
N t

+(K) for a cone K ⊆ Rn+1. The formulation remains the same for talking about N(K), except
that we omit the positive semidefinite-ness constraint in the matrix below.

A prover is an algorithm that, on an input vector (y0, . . . , yn), either fails or outputs a matrix
Y ∈ R(n+1)×(n+1) and a set of vectors O ⊆ Rn+1 such that

1. Y is symmetric and positive semidefinite.

2. Yi,i = Y0,i = yi.

3. Each vector Yi and Y0 − Yi is a non-negative linear combination of vectors of O.

4. Each element of O is in K.
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Consider now the following game played by a prover against another party called the adversary.
We start from a vector y = (y0, . . . , yn), and the prover, on input y, outputs Y and O as before.
Then the adversary chooses a vector z ∈ O, and the prover, on input z, outputs a matrix Y ′ and a
set O′, and so on. The adversary wins when the prover fails to output a matrix and vectors with
the required properties.

Lemma 1.4 Suppose that there is a prover such that, starting from a vector y ∈ K, every adversary
strategy requires at least t+ 1 moves to win. Then y ∈ N t(K).

Proof: We proceed by induction on t, with t = 0 being the simple base case. Suppose that, for
every adversary, it takes at least t+ 1 moves to win, and let Y and O be the output of the prover
on input y. Then, for every element z ∈ O, and every prover strategy, it takes at least t moves
to win starting from z. By the inductive hypothesis, each element of O is in N t−1

+ (K), and since
N t−1

+ (K) is closed under non-negative linear combinations, the vectors Yi and Y0 − Yi are all in
N t−1

+ (K), and so Y is a protection matrix that shows that y is in N t
+(K).

While the framework is simply a restatement of the conditions defining N(K) and N+(K), it turns
out to be surprisingly convenient to think of many arguments in terms of strategies for this game.
Also, note that we added the set O in the description of the conditions. In many proofs, it is
convenient to think of O as a set of vectors satisfying some structural invariant. Often it may be
easier to exhibit matrices Y for vectors satisfying some invariants, than for arbitrary vectors in K.

1.2 The view in terms of local probability distributions

Yet another view of the conditions which has been useful in reasoning about optimization problems
is the interpretation of solutions as “locally conditioned probability distributions”. Let x ∈ P be
expressible as x =

∑
i λiz

(i) where
∑

i λi = 1 and ∀i. z(i) ∈ P ∩ {0, 1}n, λi ≥ 0. Then, we can
consider a random variable z which takes value z(i) with probability λi. For j ∈ {1, . . . , n}, the
numbers xj then are equal to P[zj = 1] i.e. the marginals of this distribution.

To prove that x ∈ P, we then require a matrix Y ∈ Rn+1 which satisfies the conditions stated
in section 1.1. For each z(i) such a matrix Y (i) can be given as Y (i) = (1, z(i))(1, z(i))T where
(1, z(i)) ∈ Rn+1. The matrix Y for x can then be exhibited as Y =

∑
i λiY

(i), where each entry
Yij = P[(zi = 1) ∧ (zj = 1)]. Arguing that the vector Yi ∈ cone(P) is then equivalent to arguing
that the vector x(i,1) ∈ Rn with

x
(i,1)
j = Yij/xi = P[zj = 1 | zi = 1]

is in P. Similarly, Y0−Yi ∈ cone(P) is equivalent to proving that the vector x(i,0) with coordinates
x

(i,0)
j = (Y0j − Yij)/(1− xi) = P[zj = 1|zi = 0], is in P.

Thus, the conditions for membership in N(P) and N+(P) can be thought of as conditions for
checking that a vector x indeed represents the marginals of a distribution over P ∩ {0, 1}n. The
test is the existence of conditional distributions, conditioned on each coordinate i being either 0
or 1. Similarly, exhibiting membership in N t(P) then corresponds to exhibiting distributions after
conditioning on any t variables instead of just one.

Combining this with the prover-adversary framework, we can think that at each step, the adver-
sary conditions a particular variable to be 0 or 1. The task of the prover is then to provide a
matrix corresponding to the conditional distribution. We must emphasize that this is not an exact
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characterization of the hierarchies, but this intuition has been quite useful in arguing about their
performance on optimization problems, as discussed in Section 3.

1.3 Relation to Sherali-Adams and Lasserre hierarchies

Hierarchies of relaxations similar to the ones by Lovász and Schrijver were also defined by Sherali
and Adams [39] and Lasserre [29]. For a starting linear program with feasible region P, let SAt(P)
and Last(P) denote the feasible regions of the relaxations obtained at the tth level of these hierar-
chies. The set SAt(P) can be described as the projection of the feasible region of a linear program
in nO(t) variables, while Last(P) is the projection of the feasible set for a semidefinite program in
nO(t) dimensions.

It is also known that SAt(P) ⊆ N t(P) and Last(P) ⊆ N t
+(P) and thus the Sherali-Adams and

Lasserre hierarchies provide tighter relaxations, respectively, than the LS and LS+ hierarchies.
Figure 1 shows the relationships between these different hierarchies, with an arrowA→ B indicating
that A ⊇ B and thus B is tighter than A. A more detailed comparison can be found in the excellent
survey by Laurent [30].

N t(P)

N t
+(P)SAt(P)

Last(P)

Figure 1: A comparison of the hierarchies

2 Algorithmic aspects and applications

We first note that if K is defined by a linear program with m constraints in the n + 1 variables
y0, . . . , yn, then N(K) is defined by a linear program with O(mn) constraints in the O(n2) variables
corresponding to the entries of the matrix Y . Similarly, N+(K) is defined by a semidefinite program
in Y with O(mn) constraints. More generally, Lovàsz and Schrijver show the following.

Theorem 2.1 Given a weak separation oracle for the cone K, the weak separation problem for
N(K) and N+(K) can be solved in polynomial time.

Hence, whenever it is possible to easily optimize over the cone K, one can also optimize over the
cone N(K) (or N+(K)) with a polynomial overhead. Using the above, it is also easy to deduce
that weak separation oracles for N t(K) and N t

+(K) can be implemented in time nO(t), given one
for K running in polynomial time. For a convex region P ⊆ Rn, let KI ⊆ Rn+1 denote the cone
generated by the integral vectors {(1,x) | x ∈ P ∩{0, 1}n} and let K = cone(P). Then it is known
that n applications of N(·) are sufficient to converge to KI .

Theorem 2.2 Nn(K) = Nn
+(K) = KI .
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However, note that n applications take time nO(n), which is super-exponential in n. For general
cones, this bound is known to be tight for both N and N+ operators, as was shown by Cook and
Dash [15] and also by Goemans and Tunçel [21]. Typically, the interesting question is if for a given
problem, optimizing over N t(K) or N t

+(K) for a small t, can give some non-trivial approximation
guarantee.

2.1 Application to Independent Set

As an example, we consider the constraints obtained by applying the N(·) and N+(·) operators to
the feasible set of the LP relaxation for Maximum Independent Set; which is the problem of finding
the largest subset of vertices in a graph not containing an edge (also known as the Maximum Stable
Set problem). Let G = (V,E) be a graph on n vertices. Then the linear programming relaxation for
the Maximum Independent Set problem has variables x1, . . . , xn ∈ [0, 1] and constraints xi + xj ≤ 1
for all (i, j) ∈ E. We denote the feasible region of these constraints as IS(G). The objective is to
maximize the sum

∑
i xi.

The set cone(IS(G)) is then given by the inequalities 0 ≤ yi ≤ y0 for all i ∈ {1, . . . , n} and
yi+yj ≤ y0 for all (i, j) ∈ E. We will be interested in the sets given by N(IS(G)) and N+(IS(G)).

There are also various additional constraints that are satisfied by an integer solution to the indepen-
dent set problem. Lovász and Schrijver consider the so called “odd-cycle constraints” and “clique
constraints” and show that they are implied by one application of N(·) and N+(·) respectively.
The former type of constraints say that if C is a set of vertices forming a cycle of odd length,
then

∑
i∈C xi ≤ (|C| − 1)/2. The latter require that if B is a set of vertices forming a clique, then∑

i∈B xi ≤ 1. We give a proof below for the sake of illustration.

Claim 2.3 For a graph G = (V,E), let x = (x1, . . . , xn) be a vector in IS(G). Then

1. If x ∈ N(IS(G)), then for every odd cycle C in G,
∑

i∈C xi ≤ (|C| − 1)/2.

2. If x ∈ N+(IS(G)), then for every clique B in G,
∑

i∈B xi ≤ 1.

Proof: For this part, it is convenient to think of N(IS(G)) in terms of the rules for deriving
new inequalities by a combination of old ones, as given in Claim 1.3. Let C = {i1, . . . , ik} be a
cycle of odd length in the graph. Since i1, . . . , ik−1 can be covered by (k− 1)/2 edges, adding their
inequalities we have xi1 + . . . + xik−1

≤ (k − 1)/2. Similarly, xi2 + . . . + xik−2
≤ (k − 3)/2. Using

these and Claim 1.3, we get that (x1, . . . , xn) must satisfyk−1∑
j=1

xij −
(k − 1)

2

 (1− xik) +

k−2∑
j=2

xij −
(k − 3)

2

+ (xi1 + xik − 1) + (xik−1
+ xik − 1)

xik
− 2(x2

ik
− xik) ≤ 0

Simplifying the above yields
∑k

j=1 xij ≤ (k − 1)/2.

For the second part, it will be more convenient to think of x ∈ N+(IS(G)) in terms of the protection
matrix Y certifying that y = (1, x1, . . . , xn) ∈ N(cone(IS(G))), as in Definition 1.1. Since the
matrix must be positive semidefinite, we consider its Gram decomposition, say given by the vectors
v0, . . . ,vn. The conditions Yi,0 = Yi,i = yi imply that |v0|2 = 1 and 〈v0,vi〉 = |vi|2 = xi.

If (i, j) is an edge in the graph, then since Yi must be in the cone IS(G), we get Yi,i + Yi,j ≤ Yi,0
and hence Yi,j ≤ 0. However, since a vector in the cone must have non-negative entries, we must
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have Yi,j = 〈vi,vj〉 = 0 for any edge (i, j). Thus, all the vectors corresponding to vertices in a
clique must be orthogonal. By Pythagoras’ theorem,∑

i∈B,|vi|>0

〈v0,vi〉2

|vi|2
≤ |v0|2 =⇒

∑
i∈B,xi>0

x2
i

xi
≤ 1 =⇒

∑
i∈B

xi ≤ 1.

The graphs for which the clique constraints exactly characterize the convex hull of 0/1 independent
sets, are called perfect graphs. Hence, the above shows that optimizing over N+(IS(G)), finds
exactly the size of the maximum independent set for a perfect graph G. Similarly N(IS(G)) finds
the maximum independent set in graphs for which the odd-cycle constraints characterize the 0/1
independent sets. Such graphs are known as h-perfect.

2.2 Deriving the SDP relaxation for Sparsest Cut

Alekhnovich, Arora and Tourlakis [1] sketch how the well known semidefinite programming relax-
ation for Sparsest Cut by Arora, Rao and Vazirani [5] can be derived by three levels of the LS+

hierarchy starting from a basic linear program. We give a proof below showing that in fact, one
level of the LS+ hierarchy already derives the relaxation in [5].

Sparsest Cut is the problem of finding a cut (S, S̄) minimizing |E(S, S̄)|/|S|, the ratio of the number
of outgoing edges to the size of S. In the discussion below, we instead describe the argument for the
c-Balanced Separator problem, which is known to be closely related to Sparsest Cut (see [32, 31, 5]
for details). Instead of asking for the sparsest cut of any size, the c-Balanced Separator problem
asks for the sparsest cut with at least cn vertices on each side of the cut. For a graph G = (V,E) on
n vertices, the linear program involves n+

(
n
2

)
variables: xi ∈ [0, 1] for each vertex i, representing

which side of the cut it is, and dij ∈ [0, 1] for every pair {i, j} of vertices representing the distance
between them (which in an integral solution is 0 if they are on the same side and 1 otherwise).

minimize
∑

(i,j)∈E

dij

subject to dij ≤ xi + xj ∀ {i, j}
dij ≤ (1− xi) + (1− xj) ∀ {i, j}
dij ≥ xi − xj ∀ {i, j}
dij ≥ xj − xi ∀ {i, j}∑

{i,j}∈(V
2)
dij ≥ c(1− c)n2

xi, dij ∈ [0, 1]

Figure 2: LP relaxation for Balanced Separator

The constraint
∑
dij ≥ c(1 − c)n2 imposes the condition (on integer solutions) that the number

of vertices on each side of the cut is at least cn. Note that the above program is quite weak (in
fact its integrality gap, as defined in Section 3 is infinite). This can be seen by using the solution
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xi = 1/2 for all i and dij = 0 when (i, j) ∈ E and dij = 1 otherwise. This is a feasible solution with
objective value 0 for any graph in which |E| ≤

(
n
2

)
− c(1 − c)n2, while the integer optimum may

be arbitrarily large. Adding the inequality dij + djk ≥ dik for every triple i, j, k makes it at least
as strong as the linear program used by Leighton and Rao [32, 31] which was shown to achieve an
O(log n) approximation. However, even without this added inequality, one application of the N+

operator derives the relaxation in [5] which achieves an O(
√

log n) approximation.

Arora, Rao and Vazirani [5] use a semidefinite program with n × n semidefinite matrix Y whose
Gram decomposition is given by the vectors v1, . . . ,vn. A solution to their program would be a
feasible solution to the above LP if we take xi = |vi|2 and dij = |vi − vj |2. They also impose the
additional inequality that |vi − vj |2 + |vj − vk|2 ≥ |vi − vk|2. We argue below that this inequality
is derived by one application of N+.

Claim 2.4 Let (1,x,d) ∈ N+(cone(BS(G))) and let Y be its protection matrix with the Gram
decomposition

{
v0, {vi}i∈V , {vij}{i,j}∈(V

2)

}
. Then the vectors v1, . . . ,vn satisfy for all i, j, k

dij = |vi − vj |2 and |vi − vj |2 + |vj − vk|2 ≥ |vi − vk|2

Proof: If x1, . . . , xn were indeed an integer solution, we would have dij = (xi − xj)2, which is 1,
when exactly one of xi, xj is 1. To derive this for an integer solution, we use dij ≤ (1−xi)+(1−xj)
and dij ≤ xi + xj to get dijxj ≤ (2− xi − xj)xj and dij(1− xj) ≤ (xi + xj)(1− xj). Adding these
two, and using x2

i = xi and x2
j = xj gives dij ≤ (xi − xj)2. Similarly, starting with the inequalities

dij ≥ xi − xj and dij ≥ xj − xi, we can get dij ≥ (xi − xj)2.

The proof essentially simulates the “linearized” version of this reasoning, replacing a quadratic
term xixj by the entry Yi,j of the matrix. We also use Yi,jk to refer to the entry of the matrix
corresponding to variables xi and djk. Since Yj ∈ cone(BS(G)) and Y0−Yj ∈ cone(BS(G)), we get

Yj,ij ≤ 2Yj,0 − Yj,i − Yj,j and Y0,ij − Yj,ij ≤ (Y0,i − Yj,i) + (Y0,j − Yj,j).

Again, adding the two and using Yi,i = Y0,i and Yj,j = Y0,j gives

dij = Y0,ij ≤ Yi,i + Yj,j − 2Yi,j = |vi − vj |2 .

The proof of the inequality in the other direction is similar.

For the second part, we again note for an integer solution, dij = (xi−xj)2 = xi(1−xj)+xj(1−xi).
Hence, it would suffice to prove xj [(1 − xi) + (1 − xk)] + (1 − xj)[xi + xk] ≥ dik. However, this
follows by using xj [(1 − xi) + (1 − xk) − dik] ≥ 0 and (1 − xj)[xi + xk − dik] ≥ 0. For the matrix
version, we again use Yj , Y0 − Yj ∈ cone(BS(G)) to get

2Yj,0 − Yj,i − Yj,k ≥ Yj,ik and (Y0,i − Yj,i) + (Y0,k − Yj,k) ≥ (Y0,ik − Yj,ik).

Adding the two and replacing every entry Yi,j by 〈vi,vj〉 gives |vi − vj |2 + |vj − vk|2 ≥ |vi − vk|2.

2.3 Finding dense subgraphs in a graph

Both the above arguments start with a polytope P and only consider N(P) and N+(P). Tighter
relaxations which are still efficient, can be obtained by considering N t(P) and N t

+(P), where
t = O(1) or even when t = ω(1) is a slowly growing function of n. However, not many arguments
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are known which use these, as the sets N t(P) or N t
+(P) are often difficult to understand for large

t.

Very recently, an application for the Densest k-Subgraph problem was obtained by Bhaskara et al.
[8]. Given a graph G and a size parameter k, the problem requires finding a subgraph of k vertices
in G, with the maximum number of edges. The previously best known approximation factor for this
problem was O(n0.3159) (see [17], [22]). The authors achieve an approximation factor of O(n1/4+ε)
using NO(1/ε)(·).
Starting with a basic linear program, they strengthen it to a linear program implied by O(1/ε)
applications of N(·). The strengthening uses intuition of the solution as a distribution over dense
subgraphs. The constraints require that when one conditions O(1/ε) vertices to be in the subgraph,
they all must have large expected degree according to the conditional distribution. The full algo-
rithm, however, is significantly more involved and uses various other combinatorial arguments in
addition to the LP.

3 Hardness results for optimization problems

As discussed in the algorithmic applications, for hard optimization problems, one is often interested
in how well the relaxation obtained by N t(P) approximates the value of the integer program.
For a maximization problem, if FRAC denotes the value of a relaxation, and OPT denotes the
combinatorial optimum for the optimization problem (i.e. the maximum objective value for an
integer solution), then we define the integrality gap of the relaxation as the supremum of the ratio
FRAC/OPT over all instances of the problem. For a minimization problem, we take it to be the
inverse ratio. When the integrality gap varies with the size of the problem, we take the supremum
over all instances of size n and express it as a function of n. Note that according to our definition,
the integrality gap is always larger than 1, and the closer it is to 1, the better the performance of
the convex relaxation.

From the perspective of complexity theory, one can view the hierarchies of programs defined by the
N and N+ operators as restricted models of computation, with the number of applications of these
operators as a resource. This also corresponds naturally to time of computation in this model as
optimizing over N t(P) takes time nO(t). One is then interested in the tradeoff between the level of
the relaxation in the hierarchy (denoted by t) and the integrality gap of the relaxation. A lower
bound in this computational model corresponds to showing that the integrality gap remains large
even for the relaxations obtained at very high levels of the hierarchy.

3.1 Integrality gaps for Vertex Cover

Minimum Vertex Cover, the problem of finding the smallest subset of vertices in a graph such that
every edge is incident to some vertex in the subset, is perhaps the most studied problem with regard
to integrality gaps in the Lovász-Schrijver hierarchy. The study of integrality gaps in this model
was initiated by the works of Arora, Bollobás, Lovász and Tourlakis [3, 4]. They showed that the
integrality gap remains at least 2−ε even after Ω(log n) levels of the hierarchy. Since the integrality
gap can be easily shown to be at most 2 even for the starting linear relaxation, this showed that
even using time nO(logn) in this model yields no significant improvement. The results were later
improved to 3/2 for Ω(log2 n) levels by Tourlakis [40] and to an optimal lower bound of 2 − ε for
Ω(n) levels by Schoenebeck, Trevisan and Tulsiani [38]. Note that the last result even rules out
exponential time algorithms (note that Ω(n/ log n) levels would correspond to 2Ω(n) time) in this
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model.

These results work implicitly or explicitly with the “locally conditioned distributions” interpretation
discussed in Section 1.2. One considers sparse random graphs which have no cycles of size less than
Ω(log n) so that any subgraph with O(log n) vertices is a tree. One then starts with a solution
which has fractional value 1/2 + ε on every vertex. The move of the adversary then corresponds to
selecting a vertex where the solution has a fractional value, and fixing it to 1 or 0 i.e. conditioning
it to be in or out of the vertex cover. As long as the adversary conditions on O(log n) vertices,
the set of conditioned vertices form a tree, restricted to which there is an actual distribution of
vertex covers with marginal values 1/2 + ε. Hence, one can use this to produce the required
conditional distribution. We remark that this is just an intuition for the proof in [4]. The actual
proof proceeds by looking at the duals of the linear programs obtained by the LS hierarchy and
involves significantly more work. The result in [38] for Ω(n) levels uses an explicit version of the
above intuitive argument together with a more careful use of the sparsity of these graphs.

Integrality gaps for the semidefinite version of this hierarchy have been somewhat harder to prove.
It was shown by Goemans and Kleinberg [26] that the integrality gap for the relaxation obtained
by one application of N+ (which is equivalent to the ϑ-function of Lovász) is at least 2 − ε. The
result was strengthened by Charikar [10], who showed that the same gap holds even when the
relaxation is augmented with “triangle inequalities” discussed in Section 2.2. The gap was extended
to Ω(

√
log n/ log logn) levels of the LS+ hierarchy by Georgiou et al. [20]. Interestingly, all the

these results for LS+ were proven for the same family of graphs, inspired by a paper of Frankl and
Rödl [19]. It is an interesting problem to construct an alternate family which is also an integrality
gap instance, or to extend the above results to even Ω(log n) levels.

Somewhat incomparable to the above results, integrality gaps of factors 7/6 for Ω(n) levels and 1.36
for nΩ(1) levels of the semidefinite hierarchy were obtained by Schoenebeck et al. [37] and Tulsiani
[41]. These results also differ from the ones discussed above in that they do not directly exhibit
a family of integrality gap instances for vertex cover. Instead, they start with an integrality gap
instance for a constraint satisfaction problem, and proceed by using a reduction from the constraint
satisfaction problem to vertex cover.

3.2 Results for Constraint Satisfaction Problems

For constraint satisfaction problems with 3 or more variables in each constraint, strong integrality
gaps have been shown for the Lovász-Schrijver semidefinite (and hence also the linear) hierarchy.
For these problems one studies how well convex relaxations approximate the maximum number of
constraints that can be satisfied by any assignment to the variables.

Optimal integrality gaps of a factor 2k/(2k − 1) for MAX k− SAT with k ≥ 5 and Ω(n) levels were
shown by Buresh-Oppenheim et al. [9]. These were later extended to the important remaining case
of MAX 3− SAT by Alekhnovich et al. [1], who also proved strong lower bounds for approximating
Minimum Vertex Cover in hypergraphs. Ω(n) level integrality gaps for other constraint satisfaction
problems also follow from the corresponding results in the Lasserre hierarchy by Schoenebeck [36]
and Tulsiani [41]. All these results crucially rely on the ideas of expansion from proof complexity,
explained in Section 4.
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3.3 Results for other problems

The performance of the LS hierarchy for the Traveling Salesman Problem was considered by Cook
and Dash [15] and by Cheung [11]. A basic LP relaxation for the problem with n cities involves
n(n − 1)/2 variables and is due to Dantzig, Fulkerson and Johnson. This relaxation is known to
have integrality gap at least 4/3. Cook and Dash showed that exactly characterizing the integer
optimum requires at least dn/8e levels of the LS+ hierarchy. They also exhibited an inequality
valid for the integer solutions, such that any LS+-derivation of it requires to use at least 2n/8/n4

intermediate inequalities. Cheung showed that that the integrality gap of the relaxation remains
at least 4/3 after any constant number of levels in the LS hierarchy.

Feige and Krauthgamer [18] studied how well the programs in the Lovász-Schrijver hierarchy do
in determining the size of the largest clique in random graphs. Let Gn,1/2 denote the probabilistic
model for generating a random graph by picking each pair of vertices to be an edge independently
with probability 1/2. They were motivated by the the problem of distinguishing a random graph
in Gn,1/2 from one in which a clique of size k (≈ √n) has been planted, which has been suggested
as the basis of a cryptographic scheme [25, 28].

They showed that the value of the relaxation for Maximum Clique obtained by N t
+ is almost surely

between
√
n/(2 + ε)t+1 and 4

√
n/(2− ε)t+1 for any ε ∈ (0, 2) and t = o(log n). Hence, their result

shows that one can use N t
+(·) to find planted cliques of size greater than 4

√
n/(2− ε)t, but not

much smaller than that.

Also, it is well known (see for example [2]) that the size of the largest clique in a random graph
generated according to Gn,1/2 is almost surely equal to (2 + o(1)) log2 n. It was shown by Lovász
and Schrijver [33] that if largest clique in G has size ω(G), then the value of the relaxation obtained
by t = ω(G) levels of the LS+ hierarchy is exactly ω(G). Hence, while the relaxation obtained by
(2+o(1)) log n levels of the hierarchy almost surely is tight, any relaxation obtained by t = o(log n)
levels has a large integrality gap.

4 Proof Complexity

Proof complexity studies the efficiency with which the proof of a given proposition can be derived
by a proof system. As discussed earlier, the Lovász-Schrijver hierarchies can be viewed as a proof
system, where one starts with a given set of inequalities defining a convex region and derives new
ones using the rules in Claim 1.3. This proof system is known to be at least as powerful as the well
known Resolution proof system [14].

Consider a formula ϕ in conjunctive normal form (CNF), the feasibility of which can be phrased
as an integer program in n variables. If P is the feasible polytope for an LP relaxation of this
program, and if ϕ is unsatisfiable, then we must have P ∩{0, 1}n = ∅. Hence, t applications of N(·)
will prove that ϕ is unsatisfiable, if N t(P) = ∅. The smallest t for which N t(P) (or N t

+(P) = ∅) is
known as the N -rank (resp. N+-rank) of ϕ. For proving a lower bound on proof complexity, one is
then interested in exhibiting a family of formulas with large (typically Ω(n)) rank.

The techniques developed for proving lower bounds in proof complexity have been also useful in
reasoning about general constraint satisfaction problems, and in proving hardness of approximating
various optimization problems (using convex relaxations), as discussed in Section 3.
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4.1 Expansion and rank lower bounds for formulas

An important technique for proving lower bounds in proof complexity has been the use of expansion
in formulas. It was used for proving that if ϕ is an unsatisfiable 3-CNF formula in n variables, with
each set of s clauses (for say s ≤ n/1000) involves at least (say) 3s/2 variables, then any proof of
the unsatisfiability of ϕ in the resolution proof system, must have exponential size (see [7], [6]).

Rank lower bounds for LS-proof systems were first proved by Grigoriev et al. [24]. Buresh-
Oppenheim et al. [9] were the first to use expansion arguments in the context of Lovász-Schrijver
proof systems. They also proved lower bounds for various optimization problems which were later
extended by Alekhnovich et al. [1]. Both these papers phrase their arguments in terms of the
prover-adversary game discussed in Section 1.1.

In their argument, they start with a vector with a fractional value for each variable and prove that
the vector is in N t

+(P) for t = Ω(n). A move of the adversary in their setting amounts to fixing
one of the fractional variables to 1 or 0 (i.e. true or false) and the prover is supposed to provide a
fractional assignment consistent with the fixing which is still in the polytope of feasible solutions.
They then obtain the set O by fixing additional variables such that the desired fractional vector
is a convex combination of the assignments in O. The additional variables are fixed to maintain
the invariant that if one considers the formula restricted only to the variables which have not been
fixed to 0 or 1, then the formula is still expanding (in the sense that a set of s clauses will contain
at least 3s/2 unfixed variables). Expansion essentially means even when O(n) variables are fixed,
most clauses still have a large number of unfixed variables, whose value can be modified suitably
to satisfy the constraints of the convex program.

4.2 Lower bounds on size of proofs

A finer measure than the rank of a proof that ϕ is unsatisfiable, is the size of the proof. For
the Lovász-Schrijver proof system, where one proves unsatisfiability by progressively deriving new
inequalities until one gets an obvious contradiction like 0 = 1, the size may be thought of as the
number of inequalities one needs to derive before one can obtain a contradiction. A lower bound
of t on the rank implies that one will need to use at least nΩ(t) inequalities, if one uses all the
inequalities describing N t(P). On the other hand, a size lower bound of nΩ(t) would rule out any
way of using nO(t) inequalities to prove unsatisfiability. We remark that a more accurate definition
would involve the sum of the sizes of the coefficients in all the inequalities used. However, the lower
bounds described here also hold for the definition involving number of inequalities.

Dash [16] provided exponential size lower bounds for version of the Lovász-Schrijver proof systems,
which uses an operator weaker than the N and N+ operators. For “cutting-plane” proof systems
based on the cut procedures of Gomory and Chvàtal [23, 12], exponential lower bounds on the
size of proofs were proved by Pudlák [35]. Kojevnikov and Itsykson [27] later proved exponential
lower bounds for “tree-like” proofs in the Lovász-Schrijver proof system, using expansion-based
arguments. One says that a given proof is tree-like when each derived inequality is used in at most
once for another derivation i.e. the derived inequalities form a tree, where the parent is derived
using the children.

Pitassi and Segerlind [34] later derived a general tradeoff between the rank and size of tree-like
proofs in the LS and LS+ proof systems. They proved that if such a proof has size S and rank
t, then one must have t = Ω(

√
n logS). Using a rank lower bound of t = Ω(n), this implies a

lower bound of 2Ω(n) on S. However, they also showed that this tradeoff did not hold for general
(non-tree like) proofs in these proof systems.
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Size lower bounds for general proofs in the LS and LS+ can now be derived via an indirect route,
by combining the the results of Pitassi and Segerlind with those of Schoenebeck [36]. Although
the tradeoff of Pitassi and Segerlind did not work for general proofs in the LS-proof system, they
showed (extending an argument of [13]) that it does hold for general proofs in the proof systems
corresponding to the Sherali-Adams and Lasserre hierarchies. This means that an Ω(n) lower bound
on the rank of Lasserre proofs would imply an exponential lower bound on the size in the Lasserre
proof system; and hence also on the size of general proofs in the LS and LS+ proofs systems (each
LS and LS+ proof can be simulated by a Lasserre proof of the same size). Such rank lower bounds
for Lasserre proofs were provided by Schoenebeck [36], thus also proving the required size bounds.

5 Conclusion

The hierarchies of Lovász and Schrijver are an interesting computational model, and can be seen
to capture many known approximation algorithms within the first few levels. Perhaps the most
interesting problem about these is finding algorithmic applications of programs at the higher levels
of these hierarchies. For problems such as Sparsest Cut and Approximate Graph Coloring, the known
lower bounds are far from tight, and it is an intriguing possibility that programs at higher levels
can provide a better approximation guarantee for these problems.

In the context of lower bounds, it still remains to settle the integrality gap for the much investigated
Minimum Vertex Cover problem in the LS+ hierarchy. Also, it is interesting to investigate the
integrality gaps for other optimization problems such as Sparsest Cut and Unique Games.
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