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Abstract

This notes is ment to be a review of some basic inequalities and
bounds on Random variables. A basic understanding of probability
theory and set algebra might be required of the reader. This document
is aimed to provide clear and complete proof for some inequalities. For
readers familiar with the topics, many of the steps might seem trivial.
None the less they are provided to simplify the proofs for readers new
to the topic. This notes also provides to the best of my knowledge,
the most generalized statement and proof for Symmetrization lemma. I
also provides the less famous but geralized proof for Jensen’s inequality
and logarithmic sobolev inequality. Refer [2] for a more detailed review
of many of these inequalities with examples demonstrating their uses.

1 Preliminary

Throughout this notes we shall consider a probability space (2, £, P) where
Q) is the sample space, £ is the event class which is a o —algebra on 2 and P
is a probability measure. Further, we shall assume that there exists a borel
measurable function mapping every point w € €2 to a real number uniquely
called a random variable. We shall call the space of random variables X
(note that X C R). Further, we shall assume that all the functions and sets
defined in the notes are measurable under the probability measure P.

2 Chebychev’s Inequality

Let us start this notes by proving what is refered to as Chebychev’s Inequal-
ity in [3]. Note, often by Chebychev’s inequality an inequality derived from
the below proved theorem is used. However [3| refers to this inequality as
Tchebycheff’s Inequality and the same is followed in this notes.



Theorem 1 For somea € X where X C R, let f be a non-negative function
such that { f(z) > b|Vx > a} , whereb € Y where Y C R. Then the following

inequality holds,
E
Pz >a) < %ﬂj)}

Proof Let set X1 = {z : © > a&x € X} therefore we have,
X1CX

Since f is a non-negative function, taking the lebesgue integral of the func-
tion over sets X; and X we have,

/fdP> fapzb [ ap
X1

where [y dP = P(X1). However the lebague mtegral over probability mea-
sure of a function is its expectation. Hence we have,

E{f(zx:x e X)} > bP(X1)
= E{f(2)} =2 bP(z > a)
and hence
Pz o)< BV "
[ |

Now let us suppose that the function f is monotonically increasing. There-
fore for every x > a, f(z) > f(a). In (1) use b = f(a). Therefore we
get

B{f()}
Pleza)< =)

From this we can get the well known inequalities like
E
P(x > a) < ﬂ
a

called Markov inequality which holds for @ > 0 and nonnegetive z,

E|z — E(x)?} _ Var{z}

P(le — B(x)| 2 ) < 2N 20 e )
often called the Chebychev’s Inequality! and the Chernoff’s bound
E ST
Plx>a) < — (3)

n this note, Var{} and ¢? are used interchangeably for variance



3 Information Theoretic Bounds

3.1 Jensen’s Inequality

Here we shall state and prove a generalized, measure theoretic proof for
Jensen’s inequality. In general, in probability theory, a more specific form
of Jensen’s inequality is famous. But before that we shall first define a con-
vex function.

Definition A function ¢(x) is defined to be convex in interval (a,b) if for
every point 2’ in the interval (a,b) there exists an m such that

¢(x) = m(z — ') + ¢(a’) (4)
for any x € (a,b) R

Note that this definition can be proved to be equivallent to the definition
of convex function as one in which the value of the function for any point
in the interval of convexity is always below the line segment joining the end
points of any subinterval of the convex interval containing that point. We
chose this particular definition for simplyfying the proof of Jensen’s inequal-
ity. Now without further a due, let us move to stating and proving Jensen’s
Inequality. (Note: Refer [4] for a similar generalized proof for Jensen’s In-
equality.)

Theorem 2 Let f and p be measurable functions of x which are finite a.e.
on A C R"™. Now let fu and p be integrable on A and p > 0. If ¢ is a
function which is convex in interval (a,b) which is the range of function f
and [, ¢(f)p exists then,

Jatuy o Jadoln

# Jar "7 Jan

()

Proof From our assumptions, the range of f is (a,b) which is the interval
in which ¢(z) is convex. Hence, consider the number,

r_ fAfM
! Jan




Clearly it is within the interval (a,b). Further, from Equation (4) we have
for almost every =,

¢(f(x)) = m(f(z) —2') + ¢(a')
Multiplying by u and integrating both sides we get,

Joonuzm([ fu=a' [ w+o@) [

Now see that [, fu— 2’ [, p = 0 and hence we have,

[ otom= o) [ n

hence we get the result,

Jafu
/A o= 6(2h /A i

Now note that if p is a probability measure then, [, = 1 and since
expected value is simply lebesgue integral of function w.r.t. probability
measure, we have

E[¢(f ()] = o(E[f(x)]) (6)

for any function ¢ convex for the range of function f(z).

Now a function ¢(x) is convex if ¢/(z) exists and is monotonically in-
creasing and if second derivative exists and is nonnegetive. Therefore we
can conclude that the function —log x is a convex function. Therefore by
Jensen’s inequality, we have

E[~log f(z)] > log E[f(z)]

Now if we take function f(x) to be the probability result we get the result
that Entropy H (P) is always greater than or equal to 0. If we make f(z) the
ratio of two probability measures dP and d(@), we get the result that relative
entropy or KL divergence of two distributions is always non negetive. That
is

D(PIQ) = Erflog o) = loglEr {2 1) = log(EolaQ(a)]) =0
Therefore,
D(PIQ) > 0



3.2 Han’s Inequality

We shall first prove the Han’s Inequality for entropy and then usingthe
result, we shall prove the Han’s Inequality for relative entropy.

Theorem 3 Letxq,xs, ..., x, be discrete random variables from sample space
X. Then

1 n

ZH(&H,...,$i_1,xi+1,...,xn) (7)
i=1

Proof Note that D(Px y||Px x Py) = H(X) — H(X|Y). Since we already

proved that Relative entropy is non-negetive, we have, H(X) > H(X|Y).

This in a vague way means that information (about some variable Y) can

only reduce entropy or uncertainity (H(X|Y')), which makes intutive sense.

Now consider the entropy,

H(xy,...,zp) < p—

H(:El, ,:En) = H(wl, cey Li—1, Tit1, ,xn) + H(xi|x1, vy Li—1, Tit1, ,:En)
Since we have already seen that H(X) > H(X|Y), applying this we have,
H(xl, ,xn) < H(.%'l, vy Ti—1, Tit1, ,{Bn) + H(mi\xl, ...,xi_l)

Summing both sides upto n we get
n
nH(x1, .o wn) <Y H(@1, oy e 1, Tig 1, oy T) + H(wi|21, ., 221)
i=1

Now note that by definition of conditional entropy, H(X|Y) = H(X,Y) —
H(Y'). Therefore extending this to many variables we get the chain rule of

entropy as,
n

H(zy,..,zpn) = ZH(xi]xl, ey Ti—1)

i=1

Therefore using this chain rule,
n
nH(zy,...,zy) < Z H(xy, oy Tim1, Tig 1y ooy Tny) + H(x1, ooy )
i=1
Therefore,

1
n—1

n
ZH(:B].) ooy Li—15 L1, 7:1717,)
1=1

H(zy,...,zp) <



Now we shall prove the Han’s inequality for relative entropies. Let
xy = x1,x2,...,2y be discrete random variables from sample space X just
like in the previous case. Now let P and () be probability distributions in
the product space X™ and let P be a distribution such that Mﬂlx") =

dPy(w1) dPs(w2) ...dpg(m”) That is distribution P assumes independence of the

dxq dxo
variables (z1,... mn) with the probability density function of each variable
T; as dP (x) Let () = (T1y ey Tim1, Tig1, .-, Tpn). Now with this setting we

shall state and prove Han’s relative entropy mequhty

Theorem 4 Given any distribution Q on product space X™ and a distribu-
tion P on X™ which assumes independence of variables (x1, ..., xy)

1 " ) .
D@IIP) = —— S D(QY||PY) (8)
i=1
where p
Q(z ( (3 ) / Q(xlw‘wx’b—;vizaxl-f—l) 7$n) dmz
X xl
and

P(i)(l‘(i)) :/ dP(.’L'l,...,xi_l,xiyxi—&-la'“axn)dxi
X dry

Proof By definition of relative entropy,

dQ dQ,

aQ, _ aQ . ,dP
aP) = Jxn dr’!

D@IIP) = [ dQlog( 09(d4Q) ~ oclog gr)dat (9)

dxz?
n

In the above equation, consider the term [y, J log(d—P))dml. From our
assumption about P we know that

dP(z7)  dPi(z1) dPy(z) dPp(zy)
dz?  dxy dre = dz,

Now P®(2()) = [, dP(e1,-. 25 jx’f“m”l’ =) g. . therefore,

dP(at) _ dP(x;) dP (zW)
dx? dx; dx(®)

Therefore using this we get

49,

Xn dac?

olP(a:1 dP® (1)

)

og( e Z/n dwl ig(cxi))ﬂog(—dx(i) ))da

n
1

)



QU dP<i>(a;<i>) RONNR! 4aQ, dP(}) .,

Xn d$1 1

Rearranglng the terms we get,

dQ AP@E), o D) )
log(=gom 1_n—1 Z/dew) d() )dz)

Now also note that by Han’s inequlity for entropy,

d d d (@) d (@) (2@ )

xn da: dz(®
Therefore when we consider relative entropy given by Equation (9) we get,

D(QI|P)

dQ(Z dQ(i)(v’U(i)) @ 1 = dQ W@®)
/Xn 12 dz® Jd n—1 /anzzl dz(® log( d (4) )dz

Thus finally simplifying we get the required result as

n—l

D(QIP) < =3 DQU|IPY)
=1
[ |

4 Inequalities of Sums of Random Variables

4.1 Hoeffding’s Inequality

Theorem 5 Let be independent bounded random wvariables such that the
random variable x; falls in the interval [p;,q;]. Then for any a > 0 we have

n n 242

P> i — B> m) > a) <e i@’
=1

i=1
Proof Form the Chernoff’s bound given by (3) we get,

Ees(x—E(x))

esa

Plx —E(z)>a) <



Let S, = > 1" ; ;. Therefore we have,

Ees(Sn—E(5n))
esa

P(S,—E(S,) >a) <

< e 50 HEes(ﬂ%—E(M)) (10)
i=1

Now Let y be any random variable such that p <y < ¢ and Ey = 0. Then
for any s > 0 due to convexity of exponential function we have

eV <L Posa I7Y sp
T q—p q—p

Taking expectation on both sides we get,

Ee’Y < P

Now let a = q_TZ;?. Therefore,

Ee® < (ae®T7P) 4 (1 — q))e5aP)
= Ee% < ¢log(ae’li™P)+(1-a))—sa(q—p)
= Ee’ < ¢?W) (11)

Where the function ¢(u) = log(ae® + (1 — a)) — ua and u = s(q — p).
Now using Taylor’s theorem, we have for some 7,

2
6(x) = $(0) +2¢/(0) + 6" (n) (12)
But we have ¢(0) = 0 and ¢/(z) = #&:_a) — a. Therefore ¢'(0) = 0 Now,
" _ a(l B O‘)em
(@) = (1— o+ ae®)?

If we consider ¢”(x) we see that the function is maximum when

() = a(l — a)e” B 202(1 — a)e?” _
(1-—a+ae?)?2 (1 —a+ ae®)?
=" = 1-a
a



Therefore, for any x

1-a)?) 1
N 1
@S T T
Therefore from (12) and (11) we have

w2

Ee’Y <es
Therefore for any p <y <g¢q

s2(¢—p)?
8

Ee® <e (13)
Using this in (10) we get,

n 2
9 Zi:l (a;—p;)
8

P(S, — E(Sy) > a) < e *%°
Now we find the best bound by minimizing the L.H.S. of the above equation
w.r.t s. Therefore we have

J &2 Z?:I (g;-p3)2
e 8

_ n N2
" Rt o i @)

ds 8
Therefore for the best bound we have
4a
S=Sn . e
> (@i — i)
and correspondingly we get
_ 202
P(S, — E(Sp) > a) < e izt @ ri)? (14)

Now an interesting result from the Hoeffding’s inequality often used in
learning theory is to bound not the differnce in sum and its corresponding
expectation but the emperical average of loss function and its expectation.
This is done by using (14) as,

_ 2(an)2
P(S, — E(S,) >na)<e 2 iy (air)?
_ 2(aN)?
= P(& _ E(5) >a)<e 2 i (aimpi)?
n n

Now E,x = % denotes the emperical average of x and @ = Ex. There-

fore we have
2n2a2
)2

P(Ey(z) — E(z) > a) < e 2oim @7 (15)



4.2 Bernstein’s Inequality

Hoeffding’s inequality does not use any knowledge about the distribution of
variables. The Bernstein’s inequality [7] uses the variance of the distribution
to get a tighter bound.

Theorem 6 Letzxq,xo,...,x, be independent bounded random variables such
that Ez; = 0 and |z;| < ¢ with probability 1 and let 0? = 137 Var{z;}
Then for any a > 0 we have

1 L ne?
P(-) wi>¢) <e 2t

i=1

Proof We need to re-estimate the new bound starting from (10). Let

"2 E(a)
r!a?

OOS
F=Y
r=2

where 0 = Ex2. Now e* =1+ 2+ 3.2, fq—? Therefore,

[e%¢) E(x"
Eesmi — 1 —|—SECL‘1 _|_ Z M
r=2 r!

Since Fx; = 0 we have,
Ee’i =1+ Eus:Qai2

< eFiszaf

Consider the term Ez}. Since expectation of a function is just the Lebesgue
integral of the function with respect to probability measure, we have Ez] =
Ip x;_lmi. Using Schwarz’s inequality we get,

_ _ 1
Ba = [ e < ([l B )
P P P

= Baf <oi( [ |73
P

[ NI

Proceeding to use the Schwarz’s inequality recursively n times we get

1ply12, an—l Ny ondl_ 1
P

10



,l 271, 2n+1_1 1
LT[ )y

Now we know that |z;| <. Therefore
on._on+l_1 1 N, ont+1_ 1
([ "2 e < (@)

Hence we get
1n
Exf} < {072 2y

Taking limit n to infinity we get

_1n
Ex < lz’mn_)oo{al?(l 2 )g(r7272in)}
= Ex < 0'2 r—2 (16)
Therefore,
33 s 2 2gr 2
=y ey i
Therefore,

1 & s7¢T 1
F;, < = (e* —1—s¢)
T g2¢2 72:; 7! 5262

Applying this to (16) we get,

P(S, >a) <e %%’ " 2 (17)

Now to obtain the closest bound we minimize R.H.S w.r.t s. Therefore we
get

o2 zl=s)y o .
de ( %62 )= s noQ(i(e : 212 Sq)) sa 2
= e s$<q (no’ (
ds S

Therefore to get a tighter bound we have

11



Therefore we have 1
as
— Zlog(- X 41
s . og(ng2 +1)
Using this s in (17) we get

a

2
P(S, > a) < ¢ Gz —loal 5 +1)= 2log( 25 +1)

< 5 G lon )= S lon (25 +)

Let H(x) = (1 + z)log(1 + x) — x Therefore we get

a()

7710'2
P(S, >a)<e @ 15 (18)

This is called the Bennett’s inequality [?]. We can derive the Bernstien’s
inequality by further bounding the function H(x). Let function G(z) =
%x‘”—; We see that H(0) = G(0) = H'(0) = G'(0) = 0 and we see that
H'(z) = %H and G (z) = % Therefore H”(0) > G”(0) and further
if f*(x) of a function f represents the n'® derivative of the function then
we have H™(0) > G™(0) for any {n > 2}. Therefore as a consequence of

Taylor’s theorem we have
H(z) > G(x)Vz >0

Therefore applying this to (18) we get

—no? ag )

n
P>z >a)<e? Cl
7

n a2
L P> ) < T
i
Now let a = ne. Therefore,

2.2

n —€" N
P> i > ne) < e2nestane?)

)

Therefore we get,

2

1 o mne
P(= E x; > €) < e 207+2¢/3 (19)
n -
=1

An interesting phenomenon here is that if ¢ < € then the upper bound
grows as e~ "¢ rather than e as suggested by Hoeffding’s inequality (14).

12



5 Inequalities of Functions of Random Variables

5.1 Efron Stien’s Inequality

Till now we only considered sum of R.V.s. Now we shall consider functions
of R.V.s. The Efron Stien [9] inequality is one of the tightest bounds known.

Theorem 7 Let S : X™ — R be a measurable function which is invari-
ant under permutation and let the random wvariable Z be given by Z =
S(z1,x2,...,xyn). Then we have

Var(2) < 53 BI(7 - 2

Lo xy) where {x, .2} is another sample from the
same distribution as that of {x1,...xy}

/ /
where Z! = S(x1,...,x

Proof Let
EzZ = E[Z]xl, cees Lj—15 Lj4-1, ,:Bn]

and let V = Z — EZ. Now if we define V; as
Vi = E[Z|x1,...,xzi] — E[Z|z1,...,zi1],Yi=1,.,n

then V =37, V; and

Var(z) = BV? = (Y Vi?] = E[Y V3] + 263 Vv,

i=1 i>j

Now E[XY] = E[E[XY|Y]] = E[Y E[X|Y]], therefore E[V;V;] = E[V;E[V}|z1, ...

But since i > j E[Vj|x1,...,2;] = 0. Therefore we have,

Var(Z) = E[zn: V3 = zn:E[Vf]
i=1 i=1

Now let £ ; represent expectation w.r.t variables {zi, ..., z;}.

Var(Z) = iE[(E[Z‘.’I}l, ,J}z] — E[Z‘xl, ...,xi_l])Q]

13

7‘7:2]]



n
Z En, | (Z|x1, .y mi] — [Z|x1,...,xz,1])2]

E,,|Z|x1, .. zi1]])?]

|

@
Il
—

E [(Ex?H[Z\:cl, ,ZL’l] — Exn

Zy z‘+1[

[\

However, x* is a convex function and hence we can apply Jensens inequality

(6) and hence get,

Var Z Z—Exi[Z|ac1,...,xi_l,xi+1,...,mn])2]

z+1

Therefore,
n

Var(Z) <Y E|(Z — E[2])?]

i=1
Where E;[Z] = E[Z|z1, ..., Xi—1, Tit1, ..., Tn). Now let x and y be 2 indepen-
dent samples from the same distribution.
E(x —y)? = E[2* +y* — 2zy] = 2B[2?] - 2(Blz])”
Hence, if z and y are i.i.d’s, then Var{z} = E[3(z — y)?]. Thus we have,
1 N2
iEi[(Z —Z;)’]

Thus we have the Efron-Stein inequality as

Ei((Z - E[2))’] =

1 n
= [(Z — Z/ 2
Var(Z 2 ; (20)

Notice that if function S is the sum of the random variables the inequality
becomes an equality. Hence the bound is tight. It is often refered to as
jacknife bound.

5.2 McDiarmid’s Inequality

Theorem 8 Let S : X" — R be a measurable function which is invari-
ant under permutation and let the random wvariable Z be given by Z =
S(x1,22,...,xyn). Then for any a > 0 we have

2
a
2 2

P(|Z — E[Z]| > a) < 2e 2ui=1*

14



whenever the function has bounded difference [10]. That is
supm’m’wn’:c;\S(a;l,xg, ey ) — S(X1y ey Ty )| < g

where Z! = S(x1,...,x}, ...,xpn) where {2, .2} is a sample from the same
distribution as {x1,...xn}

Proof Using Chernoff’s bound (3) we get
P(Z — E[Z] > a) < e *%eP1ZElZ]]
Now let,
Vi=E[Z|z1,...,x;) — E[Z]z1,...;xi—1),Vi=1,.,n
then V. =3"1", Vi = Z — E[Z]. Therefore,

n

P(Z — E[Z] > a) < e % E[eXim1 Y] = ¢~ ﬁ Ele™"] (21)
i=1

Now Let V; be bounded by the interval [L;, U;]. We know that |Z—Z])| <,
hence it follows that |V;| < ¢; and hence |U; — L;| < ;. Using (13) on E[e*"?]

we get,
s2(U;—1y)? 5?7

EleVi]<e ™ § <e7®

Using this in (21) we get,

n 2 2 2
5% i

P(Z—-E[Z]>a)<e ®]]eT = ¢ 2 Fsa
i=1

Now to make the bound tight we simply minimize it with respect to s.
Therefore to do that,

n §2
25 2 —a=0
2 5@
=1
N 4a
S pr
D %2

Therefore the bound is given by,

2 2
(st) 20, (=)
P(Z-E[Z]>a)<e it I DA

=1 "1

15



(=2

= P(Z—-FE[Z]>a)<e i=1"

Hence we get,
2

_( 2a

P(Z - ElZ)) > a) <2 S (22)
[ |

5.3 Logarithmic Sobolev Inequality

This inequality is very useful in deriving simple proofs for many known
bounds using a method famous as Ledoux method [11]. Before jumping into
the therem, let us first prove a useful lemma.

Lemma 9 For any positive random variable y and a > 0 we have
E{ylog y} — Ey log Ey < E{ylogy — ylog o — (y — )} (23)
Proof For any (x > 0 ) we have, log z < x — 1. Therefore,

log— < & _q
0_ —_
gEy_Ey

Therefore, o
Ey logE—y <a-—Fky
adding E{ylog y} on both sides we get,
Ey loga — Ey logEy + E{ylog y} < a — Ey + E{ylog y}
Therefore simplifying we get the required result as
E{ylog y} — Ey log Ey < E{ylogy — ylog a —(y—a)}
[ |

Now just like in the previous two sections, let .S : X™ — R be a mea-
surable function which is invariant under permutation and let the random
variable Z be given by Z = S(x1, z2,...,x,). Here we assume independence
of (x1,22,....;xpn). Z = S(x1,..., 7}, ..., xp) where {z],...a],} is another sam-
ple from the same distribution as that of {z1,...z,}. Now we are ready to
state and prove the logarithmic Sobolev inequality.

16



Theorem 10 If function (x) = e* —x — 1 then,
sE{Ze*?} — E{e*?}log E{e’?} < 2": E{e’%p(—s(Z — Z}))} (24)
i=1

Proof From Lemma 1 (Equation(23)) we have for any positive variable Y’
and o =Y/ >0,

E{Ylog Y} —E;Y log E;Y < E{YlogY — YlogY] — (Y -Y/)}
Now let Y = e% and Y/ = e°%i then,
E{Ylog Y} — EiY log E;Y < E{e*?(sZ — sZ]) — e*?(1 — e¥%4i7%)}
Writing it in terms of function ¥ (x) we get,
Ei{Ylog Y} — EiY log EY < E{e’y(—s(Z - Z}))} (25)

Now let measure P denote the distribution of (z1, ..., z,) and let distribution
Q@ be given by,

dQ(x1, ..., xy) = dP(x1, .ccyxp)Y (21, ..., Tp)
Then we have,
D(Q||P) = Eq{log Y} = Ep{Ylog Y} = E{Ylog Y}
Now since Y is positive, we have
D(Q||P) > E{Ylog Y} — EYlog EY (26)

However by Han’s inequality for relative entropy, rearranging Equation (8)

we have,
n

D(Q|IP) < Z (QIIP) = D(QWIPY) (27)

Now we have already shown that D(Q||P) = E{Ylog Y} and further,
E{E;i{Ylog Y}} = E{Ylog Y} therefore, D(Q||P) = E{E;{Ylog Y}}. Now
by definition,

dQ® ( z) / dQ(xl,...,xi_l,xi,xiﬂ,...,xn)dm'
Cde(® X dz? !
_/ (T1y ..., p)dP(x1, ... ,$i—17$i,$i+1,~~,ﬂ?n)dm
dz? ¢

17



Due to the independence assumption of the sample, we can rewrite the above
as,

(@) (@) . .
dQ (1‘ ) _ dP(l‘l,...,xz7111‘1+1,.--,$n) / Y(fl’”,’fn)dpl(f[,'l)
dx(l) dq;(z) X

- dP(LL“l, coey Lj—1y Ljd-15 +vvy .’En)
- 420 By

Therefore D(Q®||P®) is given by,

D@UIPY) = [ EYiog EYdP(') = E{EiYlog EY)
Xn-

Now using this we get,

n

> D(@IIP) - D@V PY) = iE{Ei{Ylog Y}} — E{EYlog E;Y'}
i=1 i=1

Therefore, using this in Equation (27) we get,
n
D(Q||P) <Y E{Ei{Ylog Y}} — E{E;Ylog E;Y'}
=1
and using this inturn with Equation (26) we get,
n
E{Ylog Y} —EYlog EY < ZE{Ei{Ylog Y} — E;Ylog E;Y'}
i=1

Using the above with Equation (25) and substituting Y with e*# we get the
first required result as,

sE{Ze?} — E{e’?Ylog E{e’?} < i E{e*y(—s(Z - Z)))}
i=1

6 Symmetrization Lemma

The symmetrisization lemma is probably one of the easier bounds we re-
view in this notes. However, it is extremely powerful since it allows us to
bound the difference between of emperical mean of a function and its ex-
pected value, using the difference between emperical means of the function
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for 2 independent samples of the same size as the original sample. Note
that in most literature, the symmetrization lemma stated and proved only
bounds zero one functions like loss function or the actual classification func-
tion. Here we derive a more generalized version where we prove the lemma
for bounding the difference between expectation of any measurable function
with bounded variance and its emperical mean.

Lemma 11 Let f : X — R be a measurable function such that Var{f} <
C. Let En{f} be the emperical mean of the function f(x) estimated using
a set (x1,xa,...,Ty) of n independent identical samples from space X. Then
for any a >0 if n > ¢ we have,

a2

P(IE{f} = Ea{f}>a)  (28)

N =

PESf} - B {11 > 50 >

where Enl{f} and En//{f} stand for emperical mean of the function f(x)

estimated using samples (2}, ), ..., x)) and (xf, 25, ..., xll) respectively

Proof By the definition of probability,

Ny N 1
PE (S} = B ()] = 50 = | ar

1
X2n [

|En {f}—En"{f}1-1d]

Where function 1, is 1 for any z > 0 and 0 otherwise. Since X?" is the
product space X™ x X™, using Fubini’s theorem we have,

~ Y A I "3l
P(E,{f} = E {1} = 50) —/Xn oo HIE (B -1 AP

Now since the set Y = {(z1, 22, ..., ) : |E{f} — E,{f}| > a} is a subset of
X"™ and term inside the integral is always non-negetive,

N Al 1 1" 1l
Now let Let Z = {(z1, 20, ...,an) : |En{f} — E{f(2)}| < 5} Clearly for any
sample (z1, o, ...,xay,), if (x1,22,....,2,) € Y and (zp+1, Tnt2,...,Ton) € Z

it implies that (z1,x2, ..., T9y) is a sample such that ]En/{f} — En/,{f}| > g
Therefore, coming back to the integral since Z C X" |

/! / /! /
/Y o MBS 151 B 1113 AP 2 /Y /Z1[\En'{f}—ffn”{f}l—%a]dp P
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Now since the integral is over Y and Z half spaces as we saw earlier,

Lo dP"dP' = / / 1dP"adpP’
/Y/Z En {f}—En {f}\—%a] v )z

R 1
= [ PUBL{}~ B(s} < ja)aP
Therefore,
1 3l 5/ 1 /
/Y/n1[\En’{f}—ff"”{f}|—%a}dp = /YP“E” U} = EAfH = ga)dP

Now,

Al 1 Al 1
BT ~ BUY < La) = 1 PE, (7}~ BUY > Sa)
Using Equation (2) (often called the chebyshev’s inequality) we get,

P(B,"{f} - B{f}| > %a) < Warlf} 40

8¢
a2

na? T na?

Now if we choose n such that n > as per our assumption then,

Al 1 1
P(E,{f} = B{/}| > 50) < 5
Therefore,

~ I 1 1 1
P(EASY = Bifllsga) 21 -5 =35

Puting this back in the integral we get,
. . 1 1 1
PUE) ~ B () 2 g0 = [ saP' =3 [ aP
2 y 2 2 Jy
Therefore we get the final result as,

B}~ B} 2 Ja) = SPIBLS) — Bul )] > )

DN | =

Note that if we make the function f to be a zero one function then the
maximum possible variance is %. Hence if we set C to i then the condition
under which the inequality holds becomes, n > % Further note that if
we choose the zero one function f(x) such that it is 1 when say = is a
particular value and 0 if not, then the result basically bounds the absolute
difference between probability of the event of x taking a particular value and
the frequency estimate of x taking that value in a sample of size n using
the difference in the frequencies of occurance of the value in 2 independent

samples of size n.

20



References

1]

[10]

[11]

V.N. Vapnik, A.YA. Chervonenkis, ”On the Uniform Convergence of
Relative Frequencies of Events to Their Probabilities”, Theory of Prob-
ability and its Applications, 16(2):264-281, 1971.

Gabor Lugosi, ”Concentration-of-Measure Inequalities” , Lecture
Notes, http://www.econ.upf.es/ lugosi/anu.pdf

A.N. Kolmogorov, ”Foundations of Probability”, Chelsea Publications,
NY, 1956.

Richard L. Wheeden, Antoni Zygmund, ”Measure and Integral:An In-
troduction to Real Analysis”, International Series of Monographs in
Pure and Applied Mathematics.

W. Hoeffding, ”Probability Inequalities for Sums of Bounded Random
Variables”, Journal of the American Statistical Association, 58:13-30,
1963.

G. Benette, ”Probability Inequalities for Sum of Independent Random
Variables”, Journal of the American Statistical Association, 57:33-45,
1962.

S.N. Bernstein, ” The Theory of Probabilities”, Gastehizdat Publishing
House, Moscow, 1946.

V. V. Petrov, "Sums of Independent Random Variables”, Translated
by A.A. Brown, Springer Verlag, 1975.

B. Efron, C. Stein, ”The Jacknife Estimate of Variance”, Annals of
Statistics, 9:586-96, 1981.

C. Mcdiarmid, ”On the Method of Bounded Differences” , In Surveys
in Combinatorics, LMS lecture. note series 141, 1989.

Michel Ledoux, " The Concentration of Measure Phenomenon”, Ameri-
can Mathematical Society, Mathematical Surveys and Monographs, Vol
89, 2001.

Olivier ~ Bousquet,  Stephane Boucheron, and Gabor Lu-
gosi,” Introduction to Statistical Learning Theory” ,Lecture Notes
http://www.econ.upf.es/ lugosi/mlss_slt.pdf

21



