
12 Improved Embeddings from cutting schemes (Measured de-
scent)

In this section we show how to improve on the result from the previous lecture by giving an
embedding into `1 with distortion

√
log n/β. We first introduce some terminology.

Given a distance scale i and a partition Pi of the graph (where the diameter of a component
is at most 2i), let Ci(v) denote the component containing a vertex v ∈ V . We say that a pair
(x, y) is δ-separated by the partition Pi if

• the vertices x and y lie in different components; i.e., Ci(x) 6= Ci(y), and

• both of x and y are “far from the boundary of their components”, i.e., d(x, V \ Ci(x)) ≥
δ · d(x, y) and d(y, V \ Ci(y)) ≥ δ · d(x, y).

A decomposition suite Π is a collection {Pi} of partitions, one for each distance scale i
between 1 and blog ∆c. Given a separation function α(x, y) : V ×V → [0, 1], the decomposition
suite Π is said to α(x, y)-separate (x, y) if for the distance scale i such that 2i ≤ d(x, y) ≤ 2i+1,
(x, y) is α(x, y)-separated by the corresponding partition Pi ∈ Π.

Finally, a α(x, y)-decomposition bundle is a collection {Πj} of decomposition suites such
that for each (x, y), at least a constant fraction of the Πj α(x, y)-separate the pair (x, y).

Note that these definitions about decomposition suites and bundles are in some sense an
extension of a cutting scheme. By using a cutting scheme for every distance scale we get
a decomposition suite where nodes are β-separated with constant probability. In this sense
a cutting scheme is a randomized procedure for constructing decomposition suites and can
therefore be viewed as a decomposition bundle. Note that one difference between cutting
schemes and decomposition bundles is that the separation parameter may depend on the
node-pair (x, y).

Theorem 12.1 Given an α(x, y)-decomposition bundle for the metric d, there exists a ran-
domized contracting embedding ϕ : V −→ `2, such that for each pair (x, y),

||ϕ(x)− ϕ(y)||2 ≥ Ω
(√

α(x, y)
log n

)
·d(x, y) .

We define a measure of “local expansion”. Let

V (x, y) = max
{

log
|B(x, 2d(x, y))|
|B(x, d(x, y)/8)|

, log
|B(y, 2d(x, y))|
|B(y, d(x, y)/8)|

}
where B(x, r) denotes the set of nodes within the ball of radius r around x. We will derive
Theorem 12.1 from the following lemma.
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Lemma 12.2 Given an γ(x, y)-decomposition bundle, there is a randomized contracting em-
bedding ϕ : V −→ `2 such that for every pair (x, y) with constant probability

||ϕ(x)− ϕ(y)||2 ≥ Ω
(√

V (x, y)
log n

· γ(x, y)
)
· d(x, y) .

By repeatedly applying Lemma 12.2, we obtain the following guarantee:

Corollary 12.3 Given a γ(x, y)-decomposition bundle, there is a randomized contracting
embedding ϕ : V −→ `2 such that for every pair (x, y),

||ϕ(x)− ϕ(y)||2 ≥ Ω
(√

V (x, y)
log n

· γ(x, y)
)
· d(x, y) .

Proof. The corollary follows by applying Lemma 12.2 repeatedly and independently for each
decomposition suite several times. Then concatenating and rescaling the resulting maps gives
with high probability an embedding that fulfills the corollary.

To see that the above corollary implies Theorem 12.1, we observe that the cutting scheme
that was used for the FRT-result has the property that with constant probability a pair (x, y)
is Ω(1/V (x, y))-separated in the decomposition bundle that results from the cutting scheme.
(Recall that in FRT the probability for cutting the ball B(x, ρ) was bounded by log( |B(x,2δ)|

|B(x,δ/8)|) ·
1
δ

when creating cluster of diameter at most δ. This also gives a decomposition bundle with this
parameter).

Applying the corollary to this decomposition bundle, we get an embedding ϕ1, such that

||ϕ1(x)− ϕ1(y)||2 ≥ Ω
(

1√
V (x, y) · log n

)
· d(x, y) .

Applying the corollary to the decomposition bundle assumed by Theorem 12.1, gives an
embedding ϕ2 with

||ϕ2(x)− ϕ2(y)||2 ≥ Ω
(√

V (x, y)
log n

· α(x, y)
)
· d(x, y) .

Concatenating the two mappings and rescaling, we get a contracting embedding ϕ =
1√
2
(ϕ1 ⊗ ϕ2), with

||ϕ(x)− ϕ(y)||2 ≥ Ω
(

1√
log n

·
( 1

V (x, y)
1
2

+ V (x, y)
1
2 α(x, y)

))
· d(x, y)

≥ Ω
(√

α(x, y)
log n

)
· d(x, y)

as desired (note that 1
z + zα ≤

√
α for any value of z). Now it remains to prove Lemma 12.2.
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12.1 The embedding

Let T = {1, . . . , log ∆} and Q = {0, . . . ,m− 1}, for some suitably chosen constant m. In the
following we define an embedding into |T | · |Q| dimensions. For t ∈ T , let rt(x) denote the
minimum radius r such that the ball B(x, r) contains at least 2t terminal nodes. We call rt(x)
the t-radius of x. Further, let `t(x) ∈ N denote the distance class this radius belongs to (i.e.,
2`t(x)−1 ≤ rt(x) ≤ 2`t(x)).

Pick a decomposition suite Π = {Ps} from the decomposition bundle at random. In the
following δ(x, y) denotes the separation-factor between x and y in this suite, i.e., δ(x, y) =

1
d(x,y) min{d(x, V \Cs(x)), d(y, V \Cs(y))} if Cs(y) 6= Cs(x) and 0, otherwise. Observe that with
constant probability we have δ(x, y) ≥ α(x, y). We color all the clusters in the decomposition
suite uniformly at random with either ”0” or ”1”.

In order to improve on the results from the previous lecture, the goal is to construct an
embedding ϕ in which the distance between (ϕ(x), ϕ(y)) increases as the local expansion V (x, y)
increases. This means we not only want that x, y are far apart for a Θ(1/ log n)-fraction of
coordinates (this was used in the previous lecture) but for a Θ(V (x, y)/ log n)-fraction.

One (stupid) way to obtain this for a pair (x, y) is to create a coordinate for every t ∈ T
and then embed points in this coordinate according to the partitioning for the distance scale
`t(x). If V (x, y) is large this means that for many values of t, rt(x) (the length corresponding
to distance scale `t(x)) will be approximately the distance between x and y (indeed this holds
for approximately V (x, y) values of t). Therefore in total this embedding will obtain for a
Θ(V (x, y)/ log n)-fraction of coordinates a distance of Ω(α(x, y) ·d(x, y)) between x and y. This
means that this embedding makes the node x happy since all its distances to other nodes are
not distorted by too much; however this is mainly based on the fact that the embedding was
specifically designed for x in the sense that all nodes choose their color from the partitioning
on level `t(x).

We use a different approach now. We want to construct coordinates for every t ∈ T and
then a point x chooses a color according to the partitioning for the distance scale `t(x) (i.e.,
different points derive their color from partitionings for different distance scales depending on
their local expansion).

However, now if we define the set St (the subset for the t-th coordinate),as the nodes x that
are colored 1 in the partitioning for scale `t(x) we cannot argue that for a pair (x, y) either
d(x, St) or d(y, St) is large, because nodes u very close to x or y may have distance scales `t(u)
that are different from `t(x) or `t(y). In order to ensure local consistency such that all nodes
close to x obtain their color from the same partitioning, we construct several coordinates in the
embedding for every t, such that for each distance scale `t(x) there is a coordinate in which
all nodes close to x derive their color from the partitioning for scale `t(x). The details are as
follows.

Let Q = {0, · · · ,m− 1} denote the set of indices of coordinates corresponding to each value
of t. For each q ∈ Q, we partition the distance scales into groups gq of size m each, and let the
median scale in each group represent that group for the coordinate corresponding to q. In the
(q, t)th coordinate, the color of a node is picked according to the median distance scale in the
group gq to which `t(x) belongs.
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In particular, let gq(`) := d `−q
m e. Note that each distance group contains (at most) m

consecutive distance classes which means that distances within a group differ at most by a
constant factor – all distances in group g are in Θ(2m·g). We define a mapping πq between
distance classes that maps all classes of a group to the median distance class in this group (the
value of πq for the first and last distance group is rounded off appropriately; we omit a precise
definition for the sake of clarity).

πq(`) := i + m · gq(`)− bm
2
c

Observe that this partitioning satisfies the key property that for each distance class i, there
exists a q such that πq(i) = i, this means there is a q such that the distance classes close to i
(in the range i−m/2, . . . , i + m/2) are mapped to i.

Based on this mapping we define a set Sq
t for each choice of t ∈ T and q ∈ Q by Sq

t =
{x ∈ V : colorπq(`t(x))(x) = 0}, where colori(x) denotes the color of the cluster that contains
x in partitioning Pi. Note that all nodes whose t-radii fall into the same distance group
(w.r.t. parameter q) derive their color (and hence whether they belong to Sq

t ) from the same
partitioning.

Based on the sets Sq
t we define an embedding ϕt,q : V −→ R for each coordinate (t, q) —

ϕt,q(x) = d(x, Sq
t ). The embedding ϕ : V −→ R|T ||Q| is defined by

ϕ(x) := ⊗t,q ϕt,q(x). (12.1)

In the next section, we analyse the distortion of the map ϕ.

12.2 The Analysis

Since each coordinate of ϕ maps point x to its distance from some subset of points, it follows
that each coordinate of this embedding is contracting. Therefore, we have for all x, y ∈ V

||ϕ(x)− ϕ(y)||2 ≤
√
|T | · |Q| · d(x, y)2

≤ O(
√

log n) · d(x, y) .

Now, we show that for a pair x, y that is δ(x, y)-separated in the partitioning corresponding
to its distance scale blog(d(x, y))c, with a constant probability, we get

||ϕ(x)− ϕ(y)||2 ≥ Ω(δ(x, y) · d(x, y)) ·
√

V (x, y) . (12.2)

This gives Lemma 12.2 since δ(x, y) > α(x, y) with constant probability.
Fix a pair (x, y) that is δ(x, y)-separated in the partitioning for distance scale blog(d(x, y))c.

Without loss of generality assume that the maximum in the definition of V (x, y) is attained by
the first term, i.e. |B(x,2d(x,y))|

|B(x,d(x,y)/8)| ≥
|B(y,2d(x,y))|
|B(y,d(x,y)/8)| . We show that for any t with |B(x, d(x, y)/8)| ≤

2t ≤ |B(x, 2d(x, y))|, there is a q ∈ Q such that the coordinate (t, q) gives a large contribution,
i.e., |ϕt,q(x)− ϕt,q(y)| ≥ Ω(δ(x, y) · d(x, y)). Equation 12.2 then follows.

We fix an integer t with log(|B(x, d(x, y)/8)|) ≤ t ≤ log(|B(x, 2d(x, y))|), and we use
i = blog d(x, y)c to denote the distance class of d(x, y). Clearly, the distance class `t(x) of the
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t-radius of x is in {i− 4, . . . , i + 2}, because d(x, y)/8 ≤ rt(x) ≤ 2d(x, y). The following claim
gives a similar bound on the t-radius for nodes that are close to x. This is the key property:
it says that nodes close to x use a distance class that is not too far away from the distance
class used by x. Because of the partitioning into distance-groups we can then find a coordinate
(i.e., a value of q) for which all the nodes around x derive their color from the partitioning
corresponding to `t(x).

Claim 12.4 Let z ∈ B(x, 1
16d(x, y)). Then `t(z) ∈ {i− 5, i + 3}.

Proof. For the t-radius rt(z) around z we have rt(x)− d(x, y)/16 ≤ rt(z) ≤ rt(x) + d(x, y)/16.
Since d(x, y)/8 ≤ rt(x) ≤ 2d(x, y) we get 1

16d(x, y) ≤ rt(z) ≤ 33
16d(x, y), which yields the claim.

In the following we choose m (the number of distances classes within a group) as 10, and q
such that πq(i) = i, i.e., i is the median of its distance group. Then the above claim ensures
that for all nodes z ∈ B(x, 1

16d(x, y)), the distance class `t(z) is in the same distance group as i.
Furthermore, these nodes choose their color (that decides whether they belong to Sq

t ) according
to the partitioning for distance scale i. Recall that x is δ(x, y)-separated in this partitioning.
Therefore, we can make the following claim.

Claim 12.5 If x does not belong to the set Sq
t , then,

d(x, Sq
t ) ≥ min{ 1

16 , δ(x, y) } d(x, y) ≥ 1
16

δ(x, y) d(x, y)

Now, we consider the following events concerning the distances of x and y from Sq
t , respectively.

• Xfar = {d(x, Sq
t ) > 1

16δ(x, y)d(x, y)}
• Y0 = {d(y, Sq

t ) = 0}, i.e., y ∈ Sq
t

These events only depend on the random colorings chosen for the partitionings in different
distance classes. First we claim that the event Xfar is independent of Y0. To see this, note that
Xfar only depends on colors chosen for nodes in B(x, 1

16δ(x, y)d(x, y)). Our choice of q ensures
that these colors are derived from the partitioning for distance class i, and Claim 12.4 implies
that all nodes in B(x, 1

16δ(x, y)d(x, y)) get the color assigned to the cluster Ci(x).
The event Y0, however, depends on the color chosen for y. This color is either derived from

a partitioning for a distance class different from i (in this case independence is immediate),
or it is equal to the color assigned to the cluster Ci(y). In the latter case the independence
follows, since x and y lie in different clusters in this partitioning as they are separated by it.

If Y0 ∩ Xfar happens, then the dimension (t, q) gives a contribution of Ω(δ(x, y)d(x, y)).
This happens with probability 1/4 as x needs to get color ”0” and y needs to get color ”1”.
This completes the proof of Lemma 12.2.
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