
4 Matoušek’s Result: Embeddings into `∞

In the last class we have seen that any finite metric on n points embeds isometrically into
`∞ with n − 1 dimensions. In this class we show a theorem due to Matoušek that gives an
embedding into a low-dimensional `∞ space with some distortion. We first recall the definition
of a Fréchet-type embedding.

Fréchet-type (Subset) Embeddings: Given a metric d on points V , a Fréchet-type embedding
is a map

f(x) =
⊕
S⊆V

βSfS(X)

where fS(x) = d(x, S) = minv∈Sd(x, v). Such mappings are also sometimes called subset
embeddings.

Lemma 4.1 When βS = 1, ∀S ⊆ V , ‖f(x)− f(y)‖∞ ≤ d(x, y) which means that the subset-
embedding is a contraction when distances are measured in the `∞-norm.

Proof. For all S ⊆ V , let Sx (resp Sy) denote the point in S closest to x (resp y). Then

d(x, S)− d(y, S) ≤ d(x, Sy)− d(y, Sy) ≤ d(x, y),

the last step following by the triangle inequality. Similarly,

d(y, S)− d(x, S) ≤ d(y, Sx)− d(x, Sx) ≤ d(x, y)

Thus ‖f(x)− f(y)‖∞ = |d(x, S)− d(y, S)| ≤ d(x, y).

We now prove an important result by Matoušek which uses subset embeddings in a nice
way.

Theorem 4.2 (Matoušek (1996)) Given an arbitrary metric space (X, d) on n points and

an integral value D. There is an embedding φ : (X, d) → `
O(Dn2/D log n)
∞ with distortion D.

Corollary 4.3 For the special case of D = Θ(log n), this implies that (X, d) → `
O(log2 n)
∞ .

The embedding used to prove Theorem 4.2 will be a subset embedding. Before describing
the construction in detail and giving a formal proof, we first give a high level idea of the
approach.

High Level Idea: We will choose about O(Dn2/D log(n)) subsets according to a procedure
specified later. Each subset will correspond to a dimension in the range metric space. For a
point x ∈ X, the jth coordinate of φ(x) will be d(x, S). Clearly, φ is a contraction. The crucial
step is to show that φ does not contract too much. The idea to show this is as following.

Consider two points x and y at a distance d(x, y). Suppose we have two disjoint balls, the
first Br(x), which is centered at x and has radius r and second Br+∆(y) which is centered
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Figure 4.1: Matoušek’s analysis. Crosses indicate nodes from a random set Sij .

at y and has radius r + ∆. Suppose we had a subset S ⊂ V such that Br(x) ∩ S 6= ∅ and
Br+∆(j) ∩ S = ∅. Then, this implies that the points φ(x) and φ(y) differ by at least ∆ in the
coordinate corresponding to the subset S.

Our goal will be to show that one can find a family of O(Dn2/D log(n)) subsets S ⊆ V such
that for every pair of vertices x, y there is at least one subset (depending on x, y) in the family
that satisfies the property mentioned above with ∆ about d(x, y)/D.

The idea of the algorithm is the following: Let ∆ = d(x, y)/D. For i ∈ {0, . . . , dD/2e} we
define a ball Bi with radius i∆. If i is odd then Bi is centered around x and if i is even Bi is
centered around y. See Figure 4.

We first claim that there exists a t ∈ {0, . . . , dD/2e − 1} such that |Bt| ≥ n2t/D and
|Bt+1| ≤ n2t+1/D (see proof of Lemma 4.4).

If we choose sets S by randomly sampling nodes at rates pj = n−2j/D for j = 1, . . . , dD/2e,
then for j = t + 1, Bt+1 will be empty with constant probability. Moreover, the probability
that there is a point in Bt will be about n−2/D. So, if we repeat this experiment say about
m = O(n2/D log n) times, this will guarantee that for each vertex pair (x, y) we get a separation
of ∆ in some coordinate.

We now describe and analyze the algorithm formally.

Algorithm:

p := n−2/D

m := O(n2/D log n)
for j = 1 to dD/2e do /* levels of density */

for i = 1 to m do /* repeat for high probability */
choose set Sij by sampling each node
independently with probability pj = n−2j/D

end
end
φ(x) :=

⊕dD/2e
j=1

⊕m
i=1 d(x, Sij)
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Lemma 4.4 Fix x, y ∈ X. There exists an index j ∈ {1, . . . , dDe /2e} such that if Sij is
chosen randomly as above,

P (|d(x, Sij)− d(y, Sij)| ≥
d(x, y)

D
) ≥ p

12
=

1
12n2/D

.

We first see how the lemma implies Theorem 4.2.

Proof. The probability that none of the m trials for the appropriate index j generate
d(u, v)/D ≤ (1− p/12)m ≤ e−pm/12 ≤ 1/n2 as m = O(n2/D lnn) and p = n−2/D.

Thus by the union bound, the probability that any pair (x, y) is not well separated is at
most

(
n
2

)
· n−2 ≤ 1/2.

We now prove Lemma 4.4.

Proof of Lemma 4.4. There exists t ∈ {0, . . . , dD/2e − 1} such that |Bt| ≥ n2t/D and
|Bt+1| ≤ n2(t+1)/D. To see this assume for contradiction that the statement does not hold
for any t ∈ {0, . . . , dD/2e − 1}. Then, in particular it does not hold for t = 0. However,
|B0| = 1 ≥ n2·0/D. Therefore, the second requirement (the one on |Bt+1|) must be false. This
means |B1| > 1 ≥ n2·1/D. Now, checking the statement for t = 1 we see again that the first
requirement (|B1| ≥ n2·1/D) is true, therefore the second has to be false. Continuing in this
manner gives that the second requirement for t = dD/2e − 1 has to be false. But this means
|BdD/2e| > n2dD/2e/D ≥ n which is a contradiction.

In the following let t be chosen such that |Bt| ≥ n2t/D and |Bt+1| ≤ n2(t+1)/D. Now for
density j = t + 1 we consider the event that Sij hits Bt and avoids Bt+1. The balls Bt and
Bt+1 are disjoint (check!). Therefore the events that Sij hits Bt and the event that Sij avoids
Bt+1 are independent.

The probability of Sij hitting Bt is 1− P (Sij ∩Bt = ∅) which is simply

1− (1− pj)n2(j−1)/D ≥ 1− e−pjn2(j−1)/D
= 1− e−p

Assuming p ∈ [0, 1/2], we have that 1− e−p ≥ p/3.
Remark: Note that we can assume (w.l.o.g.) that p ∈ [0, 1/2], because if p > 1/2, then

D = Ω(log n). In Theorem 4.2 if D = Ω(log n), then it is strictly better to reset D = Θ(log n)
as we get a better bound both in terms of distortion and in terms of the dimensions required.

Similarly, the probability of avoiding Bt+1 is

(1− pj)n2j/D
= (1− pj)1/pj ≥ 1/4

for pj ≤ 1/4. By independence of the events it follows that Sij hits Bt and avoids Bt+1 with
probability at least p/12.

Corollary 4.5 There exists an embedding (X, d) → `
O(log2 n)
1 with distortion O(log2 n).

II-3



Proof (sketch). Using the theorem for D = Θ(log n) we get an `∞ embedding into O(log2 n)
dimensions with distortion D. Let K denote the number of dimensions. Calculating the
`1-distortion of this embedding gives the following.

Expansion: ‖φ(x)− φ(y)‖1 ≤ K · d(x, y) since every coordinate is a subset-embedding and is
therefore contracting.

Contraction: For the `∞-analysis we analyzed the event that at least one of the m trials for
a distance scale are successful when trying to create distance between x and y at ’their’
distance scale. We obtained that with high probability (probability > 1− 1/n2) this event
holds.
By using Chernoff bounds one can show that with high probability at least log n trials
are successful (one might have to choose m slightly larger but still O(log n)). This means
that with high probability our embedding fulfills

‖φ(x)− φ(y)‖1 ≥ log n ·∆ = log n · d(x, y)/Θ(log n) = Θ(d(x, y)) .

Altogether this gives a distortion of O(log2 n).

One can improve the above theorem slightly when embedding into `2 instead.

Corollary 4.6 There exists an embedding (X, d) → `
O(log2 n)
2 with distortion O(log1.5 n).

Proof. The proof is similar to the analysis above.

Expansion: ‖φ(x)− φ(y)‖2 =
√∑

s |φs(x)− φs(y)|2 ≤
√

K · d(x, y) since again every coordi-
nate is contracting.

Contraction: With high probability our embedding fulfills

‖φ(x)− φ(y)‖2 =
√∑

s

|φs(x)− φs(y)|2 ≥

√
log n ·

( d(x, y)
Θ(log n)

)2 ≥ 1
Θ(

√
log n)

d(x, y) .

This gives a distortion of O(log1.5 n).

We will see in a later class that any `2-metric embeds isometrically into `1. By using the
observation that if X ↪

a−→ Y and Y ↪
b−→ Z then X ↪

a·b−−→ Z we get an embedding into `1 with
distortion O(log1.5 n).

5 Application to Sparsest Cut

On reason for our interest in `1-embeddings is that they provide an elegant way to approximate
the so-called sparsest cut problem, which is defined as follows. An instance to the sparsest
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cut problem is a graph G = (V, V × V ) with edge-capacities given by cap : V × V → R+ and
pairwise demands by dem : V × V → R+. The sparsity of a cut S ⊂ V is given by

αS =
cap(S, V \ S)
dem(S, V \ S)

,

where we extend the functions cap and dem by defining for two disjoint subsets A,B ⊂ V ,
cap(A,B) :=

∑
(a,b)∈A×B cap(a, b) and dem(A,B) :=

∑
(a,b)∈A×B dem(a, b).

The sparsity of G is defined as

α = min
S⊆V

αS = min
elementary cut metrics d

∑
x,y cap(x, y) · d(x, y)∑
x,y dem(x, y) · d(x, y)

(5.1)

Computing α using the right-hand-side identity above amounts to solving an integer program
(IP). Let S∗ ⊆ V achieve the optimal flux, which we denote by IP ∗ = αS∗ = α. We can also
relax the IP to obtain the following cut (primal) LP, by requiring that d merely be a metric,
and not necessarily an elementary cut metric:

minimize
∑
x,y

cap(x, y) · d(x, y)

subject to
∑
x,y

dem(x, y) · d(x, y) = 1

d(x, y) ≤
∑

(u,v)∈P

d(u, v) ∀ path P between x and y

d(x, y) ≥ 0

(LP1)

Let d∗ be the metric that achieves the optimal value of this LP, and let LP ∗ denote the optimal
value. The dual (or flow) LP is given by:

maximize λ

subject to
∑

path P betw.
x and y

fxy(P ) ≥ λ · dem(x, y) ∀x, y

∑
x,y

∑
P :(u,v)∈P

fxy(P ) ≤ cap(u, v) ∀ edges (u, v)

λ ≥ 0

fxy(P ) ≥ 0 ∀ path P between x and y, ∀x, y

(LP 2)

Let the optimal value of the dual program be λ∗. Recall the following basic result from
linear programming duality:

Theorem 5.7 (Strong duality) The optimal values of the primal and dual linear programs
are equal. I.e., LP ∗ = λ∗.
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Figure 5.2: An instance in which IP ∗ > LP ∗.

On the other hand, LP ∗ ≤ IP ∗, since LP is a relaxation of the integer program IP . The
inequality may be strict for some instances, such as the bipartite graph in Figure 5.2; here all
the edge capacities (indicated by solid lines) and the symmetric demands (indicated by the
dotted lines) are set to one. By separating any one of the 3 vertices from the larger set in the
bipartition from the rest of the graph, we achieve LP ∗ = α = 1. However, a simple volume
argument gives us λ∗ ≤ 3

4 : each demand has to travel two edges to reach its destination, and
hence every unit of demand sent must occupy two units of volume. Since each edge has unit
capacity, and there are six edges, there are only six units of volume available. Hence 8λ ≤ 6,
and thus λ ≤ 3

4 . Hence, on this instance, IP ∗ ≥ 4
3LP ∗.

Definition 5.8 Given an integer program, and a linear programming relaxation for it, the
integrality gap on an instance is the ratio IP ∗/LP ∗ for that instance. The supremum of the
ratio IP ∗/LP ∗ over all instances is called the integrality gap of the relaxation.

5.1 The Integrality Gap and Distortion into `1

We can use a low-distortion embedding of a finite metric into `1.

Theorem 5.9 Given an instance of the sparsest cut problem, let d∗ be the metric given by LP 1.
If (V, d∗) ↪

D−→ `1, then
IP ∗ ≤ D · LP ∗ ,

or in other words there exist a cut with sparsity at most D · LP ∗.

Proof.
We know that

LP ∗ =
∑
x,y

cap(x, y) · d∗(x, y) =

∑
x,y cap(x, y) · d∗(x, y)∑
x,y dem(x, y) · d∗(x, y)

.

By our assumption, there is a metric µ in `1 such that

µ ≤ d∗ ≤ D · µ .
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Hence,

LP ∗ ≥
∑

x,y cap(x, y) · µ(x, y)
D ·

∑
x,y dem(x, y) · µ(x, y)

.

But since µ is an `1 metric, it is also a cut metric; i.e., µ(x, y) =
∑

S⊆V :(x,y)∈S×V \S yS . So we
have:

LP ∗ ≥
∑

S yS cap(S, V \ S)
D ·

∑
S yS dem(S, V \ S)

≥ min
S:yS 6=0

cap(S, V \ S)
D · dem(S, V \ S)

≥ IP ∗

D
(5.4)

Therefore, LP ∗ ≤ IP ∗ ≤ D · LP ∗.

This means if we can construct an embedding with distortion D into `1 using only a
polynomial number of non-zero yS ’s we directly get an approximation algorithm for the sparsest
cut problem with approximation guarantee D.
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