Jensen’s Inequality

Jensen’s inequality applies to convex functions. Intuitively a function is
convex if it is “upward bending”. f(z) = z? is a convex function. To make
this definition precise consider two real numbers x; and zs. f is convex if the
line between f(x;1) and f(x3) stays above the function f. To make this even
more precise consider p € [0, 1] and consider the weighted average px; + (1 —
p)za. This is a number between x; and xs. For a given function f we can
consider the same weighted average between f(z1) and f(xs). As p goes from
1 to 0 we have that the z-y pairs (pz; + (1 —p)z2, pf(z1) + (1 —p)f(z2))
trace a line from the point (xq, f(x1)) to the point (zy, f(z2)). Jensen’s
inequality states that this line is everywhere at least as large as f(x).

Definition: A function f from the reals to the reals is convex if
for every z; and x5 and every p € [0, 1] we have

pf(z1) + (1 =p)f(xa) = flps + (1 = p)za).

If f is (doubly) differentiable then f is convex if and only if d*f/dz* > 0.

Now consider a probability distribution P on a set M and a function X
assigning real values X (m) for m € M.

Theorem 1 (Jensen’s Inequality) If f is convex then for any distribution
P on M we have the following.

Enp [{(X(m))] > f (Epp [X(m)])

Usually the right hand side above — f of an expectation — is simpler than
the left hand side — the expectation of f. Jensen’s inequality is used to bound
the “complicated” expression E [f(X)] by the simpler expression f(E [X]).
Often these expression are actually very close to each other. (Assuming that
these expressions are equal is called the mean field approximation).

We prove Jensen’s inequality only for the case where M is a finite set
{mq,...,my}. Let z; abbreviates X (m;) and p; abbreviates P(m;). First
consider the case where M contains only two elements. In this case we have



the following.

Enom [f(X(m)] = pif(x1) + paf(z2)
> f(p1z1 + paxa)
= f(Em~m [X(m)])

Note that the definition of convexity is simply the statement that Jensen’s
inequality holds for two point distributions. We prove Jensen’s inequality for
finite M by induction on the number of elements of M. Suppose M contains
k elements and assume that Jensen’s inequality holds for distributions on
k — 1 points. We now have the following where the fourth line follows from
the induction hypothesis.

Epnp [{(X(m))]
= pif(xy) + paf(z2) + psf(xs) + - + prf(xk)

y41 D2
= (p1+p2) <<p1 +p2> flx1) + <p1 +p2> f(iEQ)) +p3f(xs) + -+ pif(zr)

(p1 +p2) f ((plz—):p) 1 + (plzfm) 332> +p3f(xs) + -+ pif(zr)

p1x D2
< f((pl +p2)< kR >+P3$3+"'Pkﬂik>
p1+p2 p1+De

= f(p1x1 + paxe + p3xs + - - - prTy)
= f(Emn [X] (m))

IA

The definition of convexity generalizes to the case where f is a function
from vectors to reals and z; and x, are taken to be vectors. Jensen’s in-
equality also generalizes to the case where X (m) is a vector. In this case
Em~p [X(m)] is an average vector. In the vector case the above definitions
and derivations go through unchanged.

1 Problems

1. Which of the following functions are convex. (Hint: compute the second
derivative.)



e 73 (on all reals)
e 272 — 3z + 1 (on all reals)
e 22 —Inz (on positive reals only)

o ln( : ) (on all reals)
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2. Show that if f and g are convex then so is f + ¢ and max(f,g).

3. Use Jensen’s inequality to show that if f is convex and a; > 0 then we
have the following.

> aif (@) 2 (Z ai) ! (Zza ax)



