Mathematical Toolkit Fall 2026

Homework 2 Solutions

1. Projections.
A linear operator ¢ : V — V is called a projection if ¢? = ¢ i.e., 9*(v) = ¢(v) Vo € V.
For the parts below, let V be a finite dimensional vector space over a field F and let
@ : V — V be a projection.

(a) Show that ¢ : V — V defined as ¢(v) = v — ¢(v) is also a projection.

(b) Show that ker(¢) = im(y) and im(¢) = ker().

(c) Show thatany v € V can be uniquely decomposed as v = u +w, with u € im(¢)
and w € ker(¢). We say that those two subspaces are complementary.

(d) What are the possible eigenvalues A of ¢ and the respective eigenspaces, i.e.,
Uy :={v| ¢(v) = Av}?

For the remaining parts, we will call a projection ¢ an orthogonal projection if ker(¢) =
im(¢)*, where Wt := {v € V| (v,w) = 0 Vw € W} i.e., these two subspaces are
orthogonal complements.

(e) Let V = R? with the usual inner product, show that ¢ (x,y) = (xzﬂ, %) and

o2(x,y) = (2"; Z, 2"; L ) are projections with the same image. Are their kernels

the same?

(f) Which of ¢; and ¢, is orthogonal and which isn’t? Can you suggest a different
inner product on IR? which flips your answer?

Solution:

(a) Proof: ¢(1p(v)) = p(v) = ¢(Y(v)) = v = ¢(v) = ¢(v) + ¢(9(v)) = v = ¢(v) =
¥(0). u
(b) Proof: Vv € ker(¢), ¢(v) =0, therefore, v = v — ¢(v) € im(y).
Yo € im(yp), Jw € Vst. v = Pp(w) = w— ¢(w). Then ¢(v) = ¢(w) —
¢(@(w)) = 0, therefore v € ker(¢).
Hence ker(¢p) = im().
Vo € im(@), Jw € V s.t. v = ¢(w). Then ¢(v) = p(w) — ¢(¢(w)) = 0. Hence,
v € ker().




Yo € ker(y), (v) = v — @(v) = 0, therefore, v = ¢(v) € im(g).
Hence, im(¢) = ker(y). ]
(c) We can decompose v as v = ¢(v) +v — ¢(v). ¢(v) € im(¢) and v — ¢(v) €
im(p(v)) = ker(¢). If this is not unique, then Jy € V, u = ¢(y) # ¢(v) and
w:=1v— @(y) € ker(¢). Therefore p(w) = ¢(v) — ¢(y) = 0, which contradicts
that ¢(y) # ¢(v).
(d) A =1 and im(g) is its respective eigenspace. A = 0 and ker(¢) is its respective
eigenspace.

(e) Both images are V;,, = {(x, x)|x € R}.

Proof: It is easy to check that im(¢p1) C Vi, and im(¢2) C Vjy, since xery Ty
and 2ty — 2ty
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For any (x,x) € Vi, we can find ¢1(2x,0) = (x,x) and ¢2(3x/2,0) = (x,x). ®
Their kernels are different. ker(¢1) = {(x, —x)|x € R} while ker(¢2) = {(x, —2x)|x €
R}.

(f) @1 is while @2 not. We can define a different inner product as ((x,y), (1,v)) =
2xu + yo.

2. Adjoints.

Let V, W be finite-dimensional inner product spaces ¢ : V. — W and let ¢* : W — V
denote the adjoint of ¢. Prove that (¢*)* = ¢.

Solution:

Proof: Yo € V,Vw € W, (w go(v)} = (¢p*(w),v) and (v, ¢*(w)) = (¢**(v),w).
(w, 9(0)) = (w, 9™ (v)). Let w = @(v) — ¢ (v), we have (p(v) — ¢ (v), ¢(v) —
@™ (v)) =0 and thus, @(v) = ¢**(v), i.e. ¢ = @**. ]

3. Various.

The following are some useful results we have sketched in class and also used some
of them in proofs. Here, you will prove them. For all the parts below, let V be a finite
dimensional inner-product space with dimension 7.

(a) Let {wy, ..., wi} be an orthonormal subset of V. Show that it can be completed
to an orthonormal basis of V i.e., there exist vectors {wy.1, ..., w,} such that the
set {wy, ..., w,} forms an orthonormal basis of V.

(b) Let{ws,...,wy}and {uy,...,u,} be two different orthonormal bases of V. Prove
that for all v1,v, € V
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Note that this implies that for all v € V, ¥, [(w;, 0)[* = YL, |(u;,0) %
(c) We call ¢ : V — V a unitary operator if pp* = ¢*¢ = id. Show that ¢ is a
unitary operator if and only if for any orthonormal basis {w, ..., w,} of V, the
set {op(w1),...,p(w,)} is also an orthonormal basis. Hint: use the Real Spectral

Theorem.
Solution:

(a) Proof: According to Proposition 1.3 in Lecture 3, we know that there exists a basis
B of V containing {w1, -, wi}. Let B = {wy, -+, Wk, Vs, ,0n}. Similar to
the proof of Gram-Schmidt orthogonalization, for i = k+1,--- ,n, define

i—1
Ui =0i — Z (wj, vi) - wj,
j=1
w; = i .
o

It is easy to check that (w;, w;) = 0 for all j < i. Therefore, {wy,---,w,} are

mutually orthogonal and forms an orthonormal basis of V. [
(b) Proof: We can represent v3 = Y/ ; (w;, v1)w; and vy = Y1 (w;, v2)w;. Then we

have (v1,v2) = (LiLy (wi, v1)wi, ity (wi, v2)wi) = Yiq ((wi, 01)wy, (wi, v2)w;) =

Yity (wi, 01) - (wj, 02).

Similarly, (v1,v2) = Yy (uj,v1) - (u;,v2). Therefore, Y1 | (w;, v1) - (w;, v2) =

Vit (ui,01) - (i, 02) m
(c) Proof: “="

For any orthonormal basis {wy,--- ,wy,} of V, (@(w;), p(w;)) = (¢*¢(w;), w;) =

(w;, wj). (p(w;), p(w;)) =0 for i # j and (@(w;), p(w;)) =1 for i = j. We have

{p(w1), -+, ¢(wy)} is orthonormal and dim(Span({¢(w1),---,¢(wn)})) = n.
Thus {¢(w1),- -, @(wy)} is an orthonormal basis of V.

=
Let {wy,---,w,} be an eigenvector basis of ¢*¢ corresponding to eigenvalues
{M, -+, A} as @*@ is self-adjoint. A; = (wi, p*¢(w;i)) = (@(w;), ¢(w;)) =1
foralli=1,---,n. Foranyv =Y/ cw; €V, o*¢p(v) = ¢*p(XiL;ciw;) =
Y1 cidiw; = v. Therefore, ¢*¢ = id.

Similarly, po* = id. ]

4. Eigenvalue interlacing.

Let « be a self-adjoint operator on an n-dimensional inner-product space V, and let



wo € V' \ 0 be a non-zero vector with ||wg|| = 1. Let W C V denote the subspace
definedas W:={v e V | (wp,v) =0}. Let p: W — V be defined as

B(w) = a(w) — (w0, x(w)) - wo.
(a) Show that B is in fact an operator from W to W i.e., for all w € W, we have

B(w) € W.
(b) Show that : W — W as defined above is self-adjoint.

(c) Let Ay > --- > A, denote the eigenvalues of « and let y; > --- > -+ -,y
denote the eigenvalues of B (since dim(W) = n — 1). Show that A; > ;.

(d) Show that the eigenvalues of « and B are interlacing i.e.,
A > ui 2 Aiv1 Vie [n—l].
Solution:

(a) Proof: Vw € W, (wp, B(w)) = (w
|[wol|* (w0, a(w)) = 0. Therefore, B(w
(b) Proof: Vw,u € W, (w,B(u)) =
(w, (wo, a(u)) - wo) = (a(w),u) = (a
(c) Proof: A; = maxycy (o, 'Z(Z» and p; = maxyew < ) _ maxpep A0 As
WCV, A > . [ |
(d) Proof: We prove it by induction. Let {vy,---,v,} denote an orthonormal eigen-

vector basis of a for V corresponding to Ay,- -, A, and {wy, -+ ,w,_1} denote an
orthonormal eigenvector basis of a for W corresponding to p1, -+, fn—1.

Base case: from solution of (c), we know that Ay > py. Also, dim(Span({v1,v2}) N
W) > dim(Span({v1,v2})) +dim(W) —n = 1. Thus, there exists a w = c1v1 +
c2vp € Span({v1,v2}) NW\{0}. Then,
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Induction: if for any i < k, we have A;_1 > p;—1 > A;. Then we want to prove
that Ay > e > Agyq. dim(Span({vq,--- ,vk1}) N Span({wy, - -+, wy—1})) >
dzm(Span(vl,- o, Uk1)) +dim(Span(wy, - -+ ,wy—1)) —n = 1. Thus, there exists
aw= 21 1 Ci0; € Span({vl,- . /Uk+1}) N Span({wk, Tt /wn—l})\{o}- Then,

w, B(w w, a(w YR 2A,
, () _(mete) EHN

Similarly, dim(Span({vi, - -+ ,v,}) N Span({wy, - - - ,w})) > dim(Span({vy, - - -,
dim(Span({wy,--- ,wr})) —n =1 and thus, Ay > py. =



